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Introduction 


Around 1900, physicists had good reason to feel pleased with themselves. The 
nineteenth century had seen huge advances in mechanics, optics, thermodynamics, 
fluid mechanics and electromagnetism. But the microscopic world of atoms 
remained at the boundaries of knowledge. The electron had just been discovered, 
but the atomic nucleus was still unknown, and the spectral lines emitted by atoms 
could not be properly explained. Many properties of materials had been measured 
and catalogued: copper, for example, was characterized by its colour, hardness, 
melting temperature, electrical conductivity, thermal conductivity, and so on. But 
no-one knew why copper behaved differently from iron. A major spur in the 
creation of quantum mechanics was the need to understand the structure and 
properties of atoms, molecules and solids. 


Today, the ambitions of physics have changed utterly. Using only the fact that 
copper atoms have atomic number 29, together with quantum mechanics and 
powerful computers, it is possible to give quantitative explanations of many of the 
measured properties of copper. Moreover, quantum mechanics is often used to 
find an arrangement of atoms that has a desired set of properties. Quantum 
mechanics is taking the lead in the production of tailor-made materials such as 
semiconductors for transistors, with huge economic implications. For example, in 
2002 it was estimated that the world produced about 10! transistors each year, 
mainly for use in computer memory; this was about 40 times greater than the 
annual production of grains of rice. 


This book will describe how quantum mechanics is used to explain the structure 
and properties of matter. Most of the discussion will be about atoms, molecules 
and solids, but we shall also mention some aspects of nuclear and sub-atomic 
physics. 


When we deal with real systems, such as atoms or molecules, we often run into a 
quagmire of mathematical complexity. Even a hydrogen atom is not as simple as 
it might seem; there are small influences, such as those due to the finite size of the 
proton, the spin of the electron and relativity, that prevent us from obtaining exact 
solutions. The skill then lies in choosing a suitable model— one that captures the 
essence of the true situation, but which is still mathematically tractable. We will 
find systematic ways of taking small effects into account, not exactly, but in 

an approximate way. Approximation is essential because a vast universe of 
systems and behaviour cry out for explanation, but very few quantum-mechanical 
problems can be solved exactly. Systematic approximations allow quantum 
mechanics to be used in the real world that Nature provides. 


The first two chapters begin by considering the hydrogen atom, treating the 
electron and proton as point charges; this is called the Coulomb model. Chapter 1 
shows how the energy eigenfunctions of a hydrogen atom are labelled with 
angular momentum quantum numbers. Chapter 2 then completes the solution of 
the Coulomb model of hydrogen, showing how discrete energy levels arise from 
the time-independent Schródinger equation. We also discuss how the electron 
probability density is distributed in various states of the atom. 


To go beyond the Coulomb model for hydrogen atoms, we must make 
approximations. Chapter 3 introduces two different approximation techniques; the 
variational method and perturbation theory, both of which are used in later 
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chapters. Chapter 4 discusses small corrections to the hydrogen-atom energy 
levels that arise from a variety of different influences, including relativity and 
quantum field theory. Over the years, the hydrogen atom has proved to be a 
good test-bed for physical theories because it is simple enough for very precise 
theoretical predictions to be compared with equally precise experimental data. 
Chapter 4 also examines systems that behave very much like hydrogen atoms. 
These include atoms in which an electron is replaced by a muon, and positronium 
— a bound system comprising an electron and its antiparticle, the positron. 


Chapter 5 discusses atoms beyond hydrogen. As a first step, perturbation theory is 
used to analyze the helium atom. A helium atom contains two indistinguishable 
electrons, described by an antisymmetric total wave function. Using this fact, and 
treating electron-electron repulsion by perturbation theory, the ground-state and 
low-lying energy levels of helium are calculated. We go on to describe other 
atoms, outlining the structure of the Periodic Table of the elements in terms of the 
filling of available quantum states. 


Chapter 6 considers simple molecules. The main issue here is the mechanism that 
binds atoms together in stable molecules. We explore this issue by examining the 
simplest molecule, the hydrogen molecule ion, which consists of two protons and 
one electron. By taking combinations of atomic orbitals and using the variational 
method, we show why this system is stable. Similar principles are applied to other 
diatomic molecules, and you will see why the nitrogen molecule is very strongly 
bound, and why the oxygen molecule displays magnetic properties. 


Chapter 7 discusses solids. To some extent, these can be thought of as giant 
molecules, but due account must be taken of the regular spacing of atoms in 
crystals. The energy levels in a solid form bands separated by gaps, and we will 
discuss how the filling of energy bands, and the spacing between energy bands, 
determines the electrical behaviour of conductors, insulators and semiconductors. 
Technological applications of semiconductors rely on the controlled addition of 
impurities. You will see how these modify the behaviour of materials, and how 
devices such as quantum dots function. 


Finally, Chapter 8 describes the processes by which light is absorbed or emitted 
by matter. It explains why some spectral lines are stronger than others, and why 
some lines that one might expect to observe are absent, or are too faint to be 
detected. This brings us full-circle in our journey through quantum mechanics. 
Patterns of spectral lines provide a wealth of data that contributed greatly to the 
development of quantum mechanics. Now, at the very end of the course, you will 
see in some detail how quantum mechanics is able to account for the observed 
patterns of spectral lines. 


Chapter | Angular momentum 
for atomic physics 


Introduction 


It is the proud claim of modern physics that it can, in principle, give an account of 
the structure and properties of the matter around us, including the matter in stars 
and galaxies. Underlying this are two great theories: the electromagnetism of 
Maxwell and quantum theory. The first great triumph of quantum theory was the 
explanation of the spectrum and other properties of hydrogen atoms; a door that 
opened upon a previously unimaginable vista of discovery. Soon, Heisenberg had 
done what had seemed impossible and used quantum mechanics to explain the 
structure of helium. A rich stream of new developments followed, including the 
explanations of molecular bonding and electrical conduction in semiconductors. 
However, it was hydrogen, the simplest element, that provided the starting point. 


In many ways, hydrogen atoms have remained at the centre of interest. In the 
course of refining the understanding of hydrogen, profound new discoveries have 
been made. The hydrogen atom was the first system for which quantum theory 
and special relativity were put together — with unexpected results including the 
prediction of antiparticles. Precise measurements of spectral lines in hydrogen 
atoms also provided early evidence which confirmed the success of quantum 
electrodynamics. Moreover, hydrogen-like systems are found in many branches of 
physics, including particle physics, where a quark and an antiquark bind together 
to form something that has many similarities with a hydrogen atom. 


Much of the quantum mechanics we have developed so far applies in one 
dimension. This was done to clarify essential ideas, but it is clear that a hydrogen 
atom is a three-dimensional system, and any realistic description of it must be 
three-dimensional. An essential concept needed to describe the states of atoms in 
three dimensions is angular momentum. This chapter will therefore be devoted to 
extending the theory of angular momentum, previously developed in Book 2, 
stressing the concepts that are needed for atomic physics. 


Section 1.1 begins by listing some properties of orbital angular momentum that 
were covered in Chapter 2 of Book 2; there is no new material here and the list is 
given for ease of reference. Section 1.2 then introduces the time-independent 
Schródinger equation for a particle in a spherically-symmetric Coulomb potential 
energy well — a reasonable model of a hydrogen atom. We stress the advantages 
of using spherical coordinates, and show how orbital angular momentum enters 
into the time-independent Schródinger equation. Section 1.3 develops the theory 
of angular momentum by introducing functions called spherical harmonics, which 
are eigenfunctions of the magnitude and the z-component of orbital angular 
momentum; these functions will play an important role in the description of atoms 
in succeeding chapters. Finally, Section 1.4 combines the orbital and spin angular 
momenta of a particle to produce the total angular momentum, and concludes 
with brief discussions of applications to atoms and atomic nuclei. 
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The magnetic quantum number 
is sometimes called the 
azimuthal quantum number. 
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l.l A review of orbital angular momentum 


Before getting started on the main subject matter of this chapter, we list some key 
points about orbital angular momentum that have been discussed earlier in the 
course (Chapter 2 of Book 2). We shall not elaborate on these points here, but just 
collect them together for ease of reference. Some of them will be used and 
developed further in this chapter. 


Key points about orbital angular momentum 
1. In classical physics, the orbital angular momentum of a particle relative 
to a fixed origin is defined by 

L =r X p= (ypz — zpy) €x + (2Px — pz) ey (py — ypx) ez; 
where r and p are the instantaneous position and momentum of the particle. 


2. In quantum mechanics, Ly, Ly and L, are represented by linear 
Hermitian operators, obtained by making the usual operator substitutions, 
po => Pz = —ihO/Ox, etc. This gives 


= ' o o 
Lz = —ih lus: 23 (1.1a) 
E o o 
L, = —i 1.1b 
y ih E E" "x (1.1b) 
= : Ó o 
L, = —iħ ls. 7A : (1.1c) 
3. In spherical coordinates, L, can be expressed as 
A O. 
ll; = gc (1.2) 
The eigenvalues and normalized eigenfunctions of È z are given by 
zd s Oo 1-3 INE 
poco d cuc. 1853, 
i V 2T Ob 2r y 2r gi 


where m is the magnetic quantum number, which takes integer values 
(positive, negative or zero): m = 0, +1, £2, .... 


4. The square of the magnitude of the orbital angular momentum is 
represented by the operator 


GUI m9 2 Z2 
l=, tL eL: (1.4) 


This operator has eigenvalues /(1 + 1)72, where / is the orbital angular 
momentum quantum number, which takes non-negative integer values: 
[20,125 .ze 


5. The orbital angular momentum operators satisfy the commutation 
relations: 


n~ 


L,L,| =iAL,, [L,L, =iAL,, [|L,L,|—ihL (1.5) 
y y y 


1.2 Quantum mechanics in three dimensions 


and so do not commute with one another. This makes it impossible to find a 
set of simultaneous eigenfunctions, with non-zero eigenvalues, for any pair 
of D "m and DA It is therefore impossible to find a state in which any pair 
of Lz, Ly and L, have definite non-zero values, and the observables L,, Ly 
and L, are said to be incompatible. 


AD TE zs 
6. The operator L commutes with L;, Ly and Lz, so it is possible to find 


: : : : eu es e 
functions that are simultaneous eigenfunctions of L and any one of Lz, Ly 


zs A2 a 
and L;. Normally we consider simultaneous eigenfunctions of L and L;. In 
Dirac notation, the eigenvectors are generally labelled by the quantum 
numbers / and m and obey the eigenvalue equations 


^m) = (1+ 1h? Il, m) (1.6) 
Lall, m) = mAll, m). (1.7) 


These eigenvectors describe states in which both Z? and L, have definite 
values, so the observables L? and L, are said to be compatible. For a fixed 
value of l, the possible values of m are 0, +1, ... +l, giving (2l + 1) values 
of m for each value of l. 


7. When a particle interacts only via a spherically-symmetric potential 
energy function, V (r), its Hamiltonian operator H, and the orbital angular 


momentum operators [is and L z, form a mutually-commuting set. It is then 
possible to find a set of functions that are simultaneous eigenfunctions of all 
three operators. These eigenfunctions describe states in which the system 
has definite values of energy, the magnitude of orbital angular momentum 
and the z-component of orbital angular momentum. 


1.2 Quantum mechanics in three dimensions 


A simple model of a hydrogen atom treats the proton as being at rest, attracting 
the electron according to Coulomb's electrostatic force law. The electrostatic 
potential energy associated with this force is 
12 £o is a fundamental physical 
y-————, (1.8) constant called the permittivity 
Areo r 
of free space. 
where r is the distance between the electron and the proton, and the energy zero 
has been chosen to be at r = oo, corresponding to the electron and proton being 
infinitely-far apart. 


In this section, we shall develop a form of the time-independent Schrédinger 
equation that describes this situation. We shall, however, make a generalization 
which will be useful in later chapters. Rather than considering the Coulomb 
interaction between an electron and a proton, we shall consider the potential 
energy function 


E ge 


— 1. 
Aneg r’ d 
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Figure I.1 Representing the 
position of a point in spherical 
coordinates. Here, r is the 
radial coordinate, 0 is the 
polar angle and ¢ is the 
azimuthal angle. Both 0 and à 
are measured in radians and they 
lie in the ranges 0 < 0 < m and 
0<@ < 2a. 


v3 


O 


E 
V(r) 


Figure 1.2 The attractive 
Coulomb potential energy well 
is infinitely deep at r — 0 and 
does not depend on the angles 0 
and œ. 
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which describes the Coulomb interaction between charges Q and q. We shall 
regard the charge Q as being fixed at the origin, while a particle of mass m and 
charge q moves subject to the potential energy function in Equation 1.9. Clearly, 
if we put Q — e and q — —e in this equation, we recover the potential energy 
function for a hydrogen atom. 


The potential energy function in Equation 1.9 describes a potential energy well in 
three dimensions. The three-dimensional nature of the well becomes clear if we 
remember that r = 4/ x? + y? + z? is the distance of a point from the origin, so V 
is a function of x, y and z, and could be written as V (x,y,z). For most purposes, 
however, it is better to use the spherical coordinates r, 0 and à shown in 

Figure 1.1. In this case, the potential energy function depends only on the 

radial coordinate, r, and we simply write V(r). Because this potential energy 
function is independent of the angular coordinates 0 and 6, it is said to be 
spherically-symmetric. Figure 1.2 shows how V (r) depends on r. 


O In classical physics, it can be shown that any spherically-symmetric potential 
energy function corresponds to a central force. What is a central force, and 
what significance do central forces have for angular momentum? 


O A central force is one that points directly towards, or directly away from a 
fixed point (in this case, the origin) and it has a magnitude that only depends 
on the distance from the fixed point. Any particle subject to a central force 
has an angular momentum that is conserved. 


Referring back to Point 7 in Section 1.1, we note that the spherically-symmetric 
nature of V (r) is highly significant in quantum mechanics. It tells us that 
the energy eigenfunctions can be chosen so that they are simultaneously 


eigenfunctions of L and L z. This means that the stationary states of the system 
can be labelled by their energy, and also by the quantum numbers / and m 

that determine the values of L? and L,. Much of this chapter is devoted to 
showing explicitly how this comes about, by writing down the time-independent 
Schrödinger equation and investigating the general form of its solutions. The 
argument will be similar to that given in Section 2.5.4 of Book 2, which 
considered a two-dimensional model of an ‘atom’; here we use a more realistic 
three-dimensional model. 


1.2.1 The time-independent Schrodinger equation 


We now write down the time-independent Schródinger equation for a particle of 
mass m moving in three dimensions subject to the potential energy function of 
Equation 1.9. Following the general procedure of Book 1, Chapter 2, we first 
write down the Hamiltonian function of the system in Cartesian coordinates. This 
is the sum of kinetic energy and potential energy terms: 


1 
H = y (p3 + py +2) + V(n y, 2). (1.10) 


We then derive the Hamiltonian operator H for the system by substituting 

Pz => Pz = —ihO/Ozx, and making similar substitutions for p, and pz, to get 
ES a a 9? 
2m | Ox? i Oy? j Oz? 


+V(a,y, z). (1.11) 


1.2 Quantum mechanics in three dimensions 


The time-independent Schródinger equation is obtained by substituting this 
Hamiltonian operator into the energy eigenvalue equation 


Hz, y, z) = Enp(a, Y, z). 


The energy eigenvalues, E, are the allowed energies of the system, and the 
eigenfunctions describe states of definite energy. The eigenfunctions are subject to 
conditions of continuity and finiteness. They are interpreted, as usual, according 
to Born's rule: |V(z, y, z)? 6x dy óz is the probability of finding the particle in a 
small volume element ôx dy dz, centred on the point (x, y, z). 


This may sound straightforward, but let's consider what is involved. Writing out 
the time-independent Schródinger equation in Cartesian coordinates, and using 
Equation 1.9, we obtain 


h? [O^w(x,y, z) 4 Zele y 2) 4 Zele 4,2) 
2m Ox? Oy? Oz? 


+ SS (sz) = EdGs a). (1.12) 
MEQ yr? + y? + z? 

The key point to note is that, unlike the case of the three-dimensional 

infinite square well, this equation does not separate: we cannot write 

v(r,y,z) = X(x) Y (y) Z(z) and solve three separate one-dimensional 

equations. The problem is that the potential energy term contains the expression 

v/ x? + y? + z?, which involves all three coordinates and prevents such a 

separation. This last expression is, of course, simply r, suggesting that we should 

turn to spherical coordinates. Note that Cartesian coordinates are the essential 

starting point for writing down the time-independent Schrödinger equation 

through the transformation from p; to p,. However, now that we have established 

the equation in Cartesian coordinates, we are free to change coordinates to obtain 

an equation that is easier to solve. 


1.2.2 Transforming to spherical coordinates 


We first introduce a convenient definition: the Laplacian operator V? is defined 
as 


o o? o? 
~ Ox? T Oy? T Og? 


In terms of this operator, the time-independent Schródinger equation becomes 


v? (1.13) 


2 
LU SH aca esc E (1.14) 
2m 


where we have omitted the arguments of y% and V for simplicity (and also because 
they are about to change). Since the potential energy is most naturally expressed 
in spherical coordinates, it is sensible to recast Equation 1.14 in terms of these 
coordinates. The main task is that of expressing the Laplacian operator V? in 
terms of r, 0 and ¢. This task was carried out by mathematicians long before 
quantum mechanics; we simply quote the result. When the Laplacian operator 


acts on any scalar function f(r, 0, 9), the following identity applies: You are not expected to 
ber the form of V? in 
1 04 07 1 O/. of E MM 
o i à 0 . (1.15 herical coordinates. 
f r2 Or ¢ s£) r2 sin 0 00 (sin a) r? sin? 0 Od? ( ) Spanien coordimatss 
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This equation is not as complicated as it might appear, since a wonderful 
coincidence will soon be revealed. It turns out that the last two terms have a 
special significance, and we shall denote them by X f where X is the operator: 


S 1 o o EE: 
X= Ven s (sme) + aR |: aoe, 
The Laplacian operator then becomes 
1 ð o 
Ds m rou 
V^ 2 5 5) d (1.17) 


and the time-independent Schródinger equation for a particle of mass m, charge q, 
in the field of a charge Q at the origin, can be written as 


h2 E °(, x) +k] + Bu Ey. (1.18) 


2m | r2 Or Or 4m£g T 


Comparing Equation 1.18 with Equation 1.12, you can see that the conversion to 
spherical coordinates has simplified the potential energy term at the expense of 
complicating the kinetic energy term. You might wonder whether any progress 
has been made. You will soon see that it has, because Equation 1.18 is separable, 
and this will allow us to obtain separate differential equations for the r, 0 and 
o-dependences. 


Born’s rule and normalization in spherical coordinates 


The solutions of Equation 1.18 are the energy eigenfunctions v(r, 0, à), expressed 
in spherical coordinates. As usual, these eigenfunctions are interpreted using 
Born’s rule: the probability of finding the particle in a small volume element ôV, 
centred on a point with spherical coordinates (r, 0, œ), is |v(r, 0, @)|? 6V. To 
make this result more useful, we need to express the small volume element dV in 
spherical coordinates. Using the geometric argument shown in Figure 1.3, it can 
be shown that 


ôV = r? sin0 ôr 60 9. 


So the probability of finding the particle in a small volume element in which the 
spherical coordinates range from (r, 0, à) to (r + ôr, 0 + 00, o + ó9) is 


probability = |v(r, 0, $)|? r° sin 6ór 60 50. (1.19) 


Since the particle is certain to be found somewhere, the expression in 

Equation 1.19, when integrated over all space, must be equal to 1. The whole of 
space is mapped out when r varies between zero and infinity, 0 varies between 0 
and 7, and $ varies between 0 and 27. So, in spherical coordinates, the 
normalization condition is expressed as 


p=20 
|. f. fo (r,0, 9)? r? sin dr dé do = 1. (1.20) 
$-—0 0— r= 


Here, we have attached the variables 0, ¢ and r to the limits on the integral signs, 
but we shall not always do this. The general rule is that we work from the inside 
outwards; the inner integral is over r when the inner infinitesimal element of 
integration is dr, and so on. 
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volume of box at P = óV 


— 5A x ór 
(5) Figure 1.3 A small volume 
element around a point P 
expressed in spherical 
coordinates. (a) The point P has 
spherical coordinates (r, 0, à). 
AL a ii (b) The volume element ôV 
PEN x JL between the two shaded surfaces 
= rin Odd x v 60 is the product of the area 6 A and 
y — r^ sin 868 69 the length dr. (c) The area 5A is 
6V —ó6Aór- r’ sin @ br 6646 the product of two lengths: 
LM = rsin@6¢ and JL = r 60. 
The final working for the 


volume element ôV is shown in 
the bottom right of the figure. 


Exercise 1.1 
(a) What are the dimensions of v(r, 0, 9)? 


(b) What are the dimensions of the Laplacian operator and of the 
operator X? a 


1.2.3 Making the link with angular momentum 


Apart from a multiplicative factor, it turns out that the operator X is none other 

a2 22 <2 22 
than the operator L = L, +L, + L, that represents the square of the orbital 
angular momentum. We shall not give a detailed derivation of this fact, but just 
sketch the reasoning that is involved. First, recall that L, can be expressed in 
spherical coordinates as 


L, = —ih—. (1.21) 


We derived this formula i in Chapter 2 of Book 2. With more effort we can also 
express i" and Ls in spherical coordinates. The results are: 


cot Ó cos TR (1.222) You are not expected to 
Og remember these equations. 


Lus = in| sing 2 
= —iħ loos a; 58 — cot üsin à nu (1.22b) 
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eA ; i ; 
Now we can use these results to express L in spherical coordinates. First, note 


a2 
that L is an operator which acts on an arbitrary function f(@,). We therefore 
consider the identity 


A2 A2 ES ^2 
L f= Lf + lyf + Lf, 


and substitute Equations 1.21 and 1.22 into the right-hand side. Some care is 
needed because, for example, the formula for Ly involves cot 0 which must itself 


: ; a2 ums ; 
be differentiated when we evaluate L} f = LyLg f. After some work, it turns out 


that 
22. 2 1 o . Of 1 D^ 
Ven ET 80 (sina 2) we TAk (Naa 


Since this equation is true for arbitrary f, we can write it as a relationship 
between operators: 


a2 1 8 o io o 
L --m in 0 1.24 
as a0 (sin x) Jem A de) 
Comparing this expression with Equation 1.16 we now see that 
a2 
S L 


So the time-independent Schródinger equation (Equation 1.18) can finally be 
written in the form 
a2 


2 
HEINE ( A) " ET b+ V(r)9 = Ed, (1.25) 


2m r? Or i Or 


where we are especially interested in the case V(r) = qQ/4meor. Equation 1.25 
can also be written as Hw = Ey, where the Hamiltonian operator in spherical 
coordinates is 


~ À108/5,08 i 
ps 2m r? Or ( x) T 2mr? udo M 


We said earlier that a wonderful coincidence would occur, and here it is: the 
Hamiltonian operator involves the magnitude of the orbital angular momentum in 
the simple way revealed in Equation 1.26. It is perhaps naive to talk about 
coincidences in physics. In classical mechanics, it can be shown that 


TE L’ 


= —— 1.27 
2m  2mr?' ( ) 


1 
zp, Pa + Py +P: 


where p; is the radial component of the momentum and L is the magnitude of the 
orbital angular momentum, so Equation 1.26 may not be so coincidental after all! 


The classical expression in Equation 1.27 is so like the first two terms in 
Equation 1.26 that you might wonder why we started with Cartesian coordinates 
in the first place. The reason is that Cartesian coordinates provide the only safe 
way of converting a classical Hamiltonian function into a quantum Hamiltonian 
operator. The radial momentum p, is not expressed in Cartesian coordinates, and 
there are no simple rules for finding the corresponding operator in quantum 
mechanics. 


1.2 Quantum mechanics in three dimensions 


1.2.4 Energy eigenfunctions and how to label them 


It is a general principle that, when a particle is subject only to a 
spherically-symmetric potential energy function V (r), then its Hamiltonian 


H , ES! ES 
operator H, and the orbital angular momentum operators L and L;, form a 
mutually-commuting set. Using the explicit operators given above, we can now 
verify that this statement is true. 


Exercise 1.2 Use Equations 1.21, 1.24 and 1.26 to verify that each pair of L ds 
T” and fi commute. ii 


Given a mutually-commuting set of operators, we can find a set of functions that 
are simultaneous eigenfunctions of all the operators in the set. In the present 
context, this means that we can arrange for the eigenfunctions of energy to be also 
; ; a2 = ; : "-— 
eigenfunctions of L and L,. Let us go back to the time-independent Schrödinger 
equation in spherical coordinates (Equation 1.25) and see exactly how this works. 


The key feature of Equation 1.25 is that it is separable. This means that we can 
look for solutions in the product form: 


V(r, 0,9) = R(r)Y (6, 9). 


When such a function is substituted into Equation 1.25, and the method of 
separation of variables is used, we get two equations, one for R(r) and the other 
for Y (0, $), linked by a separation constant K: 


R21 d (5 dR(r) 
r 
2m r? dr dr 


T v(0,9) = KY(0,4). (1.29) 


) tg R()eV(G)RG)- ERG) 028 


. — : . a2 : 
Now, the second of these equations is just the eigenvalue equation for L . This 


means that Y (0, à) is an eigenfunction of L and K is the corresponding 
eigenvalue. 


@ What are the allowed values of K? 


O According to Point 4 in Section 1.1, the allowed values of K are I(l + 1)72, 
where l = 0, 1, 2, ... is the orbital angular momentum quantum number. 


Substituting these allowed values of K back into Equation 1.28, we obtain 


fe ed (ei) (l+ 1)h? 


22 qm EP a R(r) + V(r)R(r) = ER(r). (1.30) 


The solutions of this equation give R(r), the radial part of the energy 


eigenfunction. We therefore see that R(r) depends on the orbital angular In some special cases, states 
momentum quantum number, l. For a given value of l, there may be several with the same value of n and 
different solutions, and we can distinguish these with a second index, n. So the different values of | may be 
radial part of the wave function can be written as R, (1), with corresponding degenerate, as you will see in 
energy eigenvalue Ep. Chapter 2. 


The term /(1 + 1)h?/2mr? in Equation 1.30 arises from the kinetic energy terms 
in the Hamiltonian operator, but it plays the role of an effective potential energy. 
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It is sometimes called the centrifugal barrier since it has the effect of repelling 
particles away from r — 0, with a strength that increases with increasing angular 
momentum. This term plays an important role in atoms, as it tends to keep 
electrons with high angular momenta away from the nucleus. 


Returning to Equation 1.29, different eigenvalues have different eigenfunctions, 


so Y (0, à) must depend on /. That is not all, however. We know that [is and L, 
commute with one another, so we can choose each Y (0, $) to be an eigenfunction 
of Ls The eigenvalues of L, are given by mh, where m = 0, +1, ..., +l is the 
magnetic quantum number. So, a complete specification of Y (0, 9) involves two 
quantum numbers, / and m, and the angular part of the eigenfunction is written as 
Yi (0, 9). Functions of this type are called spherical harmonics; we shall 
discuss them further in the next section. 


Putting the radial and angular parts together, the energy eigenfunctions, which are 
also eigenfunctions of the magnitude, and the z-component, of the orbital angular 
momentum, are written as 


Vnim(7, 0,0) = Rni(r)Yim(9, $). 


This function describes a state in which the energy, the magnitude of orbital 
angular momentum and the z-component of orbital angular momentum all have 
definite values, given by the eigenvalues in the equations: 


Bw, 0, o) = Ent Pai Urs 0, o) 
E Ynimlr, 6,0) = UL + 1)8 us (r, 9, 6) 
LV (r, 0,0) = MA Ynim(r, 0, $). 


In general, the fact that L, has a definite value means that Ly and L, have 
indefinite values, with one exceptional case that will be discussed shortly. 


It is worth noting that the radial part of the solution, R„ı(r), depends on the 
precise potential energy function, V (r), but the angular part does not. Whenever 
we have a spherically-symmetric potential energy function, and L? and L, have 
given values, the angular part of the solution is always the same. 


Exercise 1.3 Write all combinations of possible quantum numbers / and m 


a2 
corresponding to eigenvalues of L that are less than or equal to 2072. [| 


1.3 Spherical harmonics 


1.3.1 The form of the spherical harmonics 


In this context, ‘well-behaved’ Spherical harmonics are well-behaved functions of 0 and ó that are eigenfunctions 


means single-valued and finite. of both Ê and L z, With eigenvalues I(l + 1)h? and mh, respectively. We denoted 
these functions by |l, m) in Book 2 and Section 1.1, and by Y, (0, à) in 
Section 1.2.4. Now that we have operators for p and L, in spherical coordinates, 
we can investigate the explicit forms of these functions, starting from scratch 
and making no special assumptions about the form of the eigenfunctions or 
eigenvalues. 
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ED 
Combining Equations 1.24 and 1.29, the eigenvalue equation for L can be 
written as 


1 ð ð i 2 K 
z = (sin Y(0,0) = =Y (0, ¢). 
ET (sin x) u Pa (9,9) = y; Y (6,0) 
We can look for solutions in the form of a product of a function of 0 and a 
function of ¢: 


Y(0,¢) = G(0)F(). (1.31) s Greek capital letter 


The usual method of separation of variables then leads to two ordinary differential 
equations for O(0) and F(¢). The differential equation for F (¢) is 
d^F(9) 
dd? 
2 


= —m?F(4), (1.32) 


where m^ is a separation constant (written in this form for reasons that will soon 
become apparent). Equation 1.32 is satisfied by functions of the form 


F(¢) = e", (1.33) 


where m could, at this stage, be any real or complex number. However, we can 
insist that F (à) should return to the same value when 6 increases by 27. This 
single-valuedness condition leads to the requirement that 


imọ 


eim(ó-2n) = eld giman = , 


and this tells us that m must be real and must be an integer: m = 0, +1, 2, .... 
So, the method of separation of variables automatically produces eigenfunctions 
of Lz: 


L. em? — -n eimó — mhe™?, 


with the expected eigenvalues, 0, +h, +2h, etc. 


Now let us turn to the equation for O(6), which takes the form 


1 d d m? 
— — [| sin0— O(0) — I(I 4- 1)60(0 1.34 

| sin 0 dé (n a) + zs eee) een) 
where m is the integer that appears in the solution for F(ó), and we have written 
K/h? as l(l + 1); there is no loss of generality in doing this, provided we defer 
making any special assumptions about /. 


It would be a lengthy detour to derive the general solutions of Equation 1.34, and 
we shall not attempt to do so. Instead, we rely on the fact that the solutions of this 
equation were extensively studied by mathematicians long before the advent of 
quantum mechanics. The main points to note are: 


e O(0) diverges as 0 — 0 and 0 — s unless | is a positive integer greater than or mE 
equal to the integer |m]. Apart from normalization 


factors, Or, (0) is what 

mathematicians call an 

associated Legendre function 

e Or, (0) is a sum of integer powers of sin 0 and cos 0. The precise combination with argument cos 0. 
depends on / and |m], but does not depend on the sign of m. 


e For each value of | = 0, 1, 2, ... and |m| = 0, 1, 2, ... l, we get a solution 
Or, (0) which remains finite for all values of 0. 
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In physical terms, | and m are the orbital angular momentum quantum number 
and the magnetic quantum number. These mathematical results show, among 
other things, why l is a non-negative integer, and why the magnitude of m is less 
than or equal to l. 


It is instructive to see how the first few solutions of Equation 1.34 arise. Let us 


start by supposing that there is a solution that is a constant. We can test this by 
substituting O(0) = constant into Equation 1.34. We then get the equation 


m? 


Ag (l4 1). (1.35) 
The only way of satisfying this equation for all 0 is to set | = m = 0. Soa 
constant solution is possible if and only if | — m — 0. Apart from a normalizing 
constant, we have found the / = 0 and m = 0 spherical harmonic; we shall see in 
the next chapter that this constant function leads to a very simple shape for the 
ground-state eigenfunction in a hydrogen atom. 


Since Equation 1.34 contains trigonometrical factors, we might guess that another 
possible solution would be Om = sin 0. We substitute this in Equation 1.34 and 
find 

1 2 
——— (cos? 0 — sin? 0) + — = (1(1+ 1)sin 6. 
S 


in 0 sin 


In other words, 
2 _ 2 2. . 2 
— cos" 0 + sin 0 + m^ = I(l + 1) sin* 6, 
which, using cos? 0 + sin? 0 = 1, can be rewritten as 
2sin? 0 — 1+ m? = I(l + 1) sin? 8. (1.36) 


This last equation holds for all values of 0 if and only if l = 1 and m? = 1. So we 
have found (apart from the normalizing factors) the solutions for l = 1, m = —1 
and | = 1, m = +1. These will turn up later in the description of the first excited 
states of a hydrogen atom. 


Exercise 1.4 For what values of l and m is cos @ a solution of 
Equation 1.34? | 


Combining Equations 1.31 and 1.33, we see that the complete spherical 
harmonics are of the form 


Yi (6, 9) = O1m(8) ei. (1.37) 


Although we write Ym for the general case, it is helpful to separate the orbital and 
magnetic quantum numbers with a comma if l and m are specific numbers, 
e.g. Y3 —2 or Yio,9. 


Table 1.1 displays all the spherical harmonics for | < 3; there is no upper limit to 
the value of l for which spherical harmonics exist. The numerical prefactors 

are normalization constants; we shall discuss the normalization of spherical 
harmonics shortly. 


1.3 Spherical harmonics 


Table 1.1 Normalized spherical harmonics for l < 3. Note that all the 
ó-dependence is in the factor e", 


l m Yon (@; $) 


1 
0 0 Vas 


1 0 — cos 0 


1 -1 \/ gi sin8e i? 
l +l —4/ & sin bet? 


2 0 ju (3cos? 0 — 1) 


2- s] + cos 0 sin Qe 1 


2 +1 —4/ i$ cos 0 sin det? 


2 —2 4/ — sin? 0 e- ?ió 


> d oe sin? 0 et2i¢ 


3 0 \/ qq (2 cos? 0 — 3 cos 0 sin? 0) 
3 —1 dg (4cos? 0sin0 — sin? 0) e? 


3 41 - a cos? 0 sin 0 — sin? 0) eti? 
3 —2 — cos 6 sin? 0 e- 2i? 

3 +2 J= cos Ü sin? 0 et i? 

3 -—3 S sin? 0 e-3ié 


3 43 -4/ e sin? 6 et 3i¢ 


Exercise 1.5 (a) Verify that the first two columns of Table 1.1 contain all the 
allowed combinations of quantum numbers for spherical harmonics with | < 3. 


(b) Identify in Table 1.1 those spherical harmonics that contain as a factor the 
functions of 0 we studied above. 


(c) Write out the spherical harmonic that corresponds to L? = 6h? and 
L; = ~A. E 


The exceptional case 


i : TR A eS 72 . 
The exceptional case in which L;, Ly, L; and L have a simultaneous 
eigenfunction, despite the fact that they do not all mutually commute, can now be 
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revealed. The eigenfunction is Yọ o, which, being independent of 0 and 9, gives 
zero when operated on by the operators of Equations 1.21, 1.22, and 1.24. Hence 
Yo,o is an eigenfunction of all four operators, with eigenvalue 0 for each operator. 


The orthonormality of spherical harmonics 


To ensure that an eigenfunction v4, (r,0, 0) = Rni(r) Yi (0, Q) is normalized, 


Remember that multiple we impose the normalization condition of Equation 1.20: 
integrals are done ‘from the S cA Foo 

inside out’, so the integral with f f | linm (r, 0, 9) |? r? sin 6 dr dð do = 1, 
limits 0 and oo is over r. 0 40 J0 


and this implies that 


oo 2m T 
f |Rai(r)|? r? dr x f f lYim(9, 9)? sind dé dó = 1. 
0 0 0 


We adopt a convention that requires each of the integrals in the above expression 
to be separately normalized. Thus, our normalization condition for spherical 
harmonics is 


27 T 
f | IY, (6, $)? sin 0 dd do = 1, (1.38) 
0 0 


for any allowed values of l and m. 


As well as being normalized it turns out that any spherical harmonics with 
different values of | or different values of m are orthogonal in the sense that 


2v T 
| f Yr (8,6) Vim, na, ifl Zlpormi A 
0 0 
(1.39) 


Combining Equations 1.38 and 1.39, we have 


2m rm 
n f Yia (0,4) Yam OP) sinód6dó — i, Gun, —— (140) 
0 Jo 
and we say that the spherical harmonics are orthonormal. 


Exercise 1.6 Show explicitly, by integration, that: 


(a) the spherical harmonics for / = 0, m = 0 and for | = 1, m = 1, as given in 
Table 1.1, are normalized; 


(b) the same two spherical harmonics are orthogonal to each other. E 


The parity of spherical harmonics 


The 1957 Nobel prize in physics You will recall from Book 1 that a function w(x) is said to be odd if 
was awarded to T-D. Lee and v(—z)-— —w(x) for all x, and it is said to be even if (—z) = w(x). This idea 


C. N. Yang for their important can be generalized in three dimensions. The transformation x —> —z, y — —y. 
discoveries relating to the parity z —9 —z, in which all the coordinates are reflected through the origin, is called 
properties of fundamental inversion. A function f(x, y, z) is said to have odd parity (or parity —1) if it 
particles. changes sign under inversion, and it is said to have even parity (or parity 4-1) if it 
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is unchanged by inversion. In terms of spherical coordinates (with r > 0 always), 
reversing the signs of x, y and z corresponds to the transformation 


0—57—0 and ¢6—¢47, (1.41) 


and a function f (0, @) is said to have odd parity if it changes sign under this 
transformation, and even parity if it remains unchanged. It turns out that the 
spherical harmonic Y;,, (0, $) has parity (—1)'. So spherical harmonics with 
l = 0,2,4,... have even parity, and those with / = 1,3,5,... have odd parity. 


Worked Example 1.1 Essential skill 


Show explicitly that the spherical harmonics for / — 1 all have odd parity. Determining the parity of a 
function of 0 and ¢ 

Solution 

Table 1.1 shows that the three l = 1 spherical harmonics involve cos 6, sin 0 

and e/"?, We have 


cos(z — 0) = — cos 0 


sin(z — 0) = sin 0 


ene for m = 0, 


ei (o+7) = eT gimó = Glee = 


Ec for m = +1. 


So, applying the parity transformation to the | = 1 spherical harmonics in 
Table 1.1, we see that each changes sign and therefore has odd parity. 


Exercise 1.7 Show that all the | = 2 spherical harmonics have even parity. 


Exercise 1.8 Show that |Yj,,|? is independent of ¢ for all | and m. L| 


1.3.2 Visualizing spherical harmonics 


Even for low values of the quantum number J, it is hard to visualize the spherical 
harmonics from the expressions in Table 1.1. It is easy to see that Yo o represents a 
function that is the same for all angles; it becomes harder to visualize Y2 2 
because it is complex. Fortunately, for many purposes it is the real quantity 
|Yim(O, à)? that is important. For | = 2 and m = 2, this quantity is zero for 

0 = 0 or 0 = 7, ie. in the direction of the ‘north pole’ or the ‘south pole’, and 
takes its maximum value for 0 = 7/2, i.e. in the ‘equatorial plane’ — see 

Figure 1.4, where |Y22(0, ¢)|? is presented in two different ways. 


The ‘polar diagram’ in Figure 1.4b has to be interpreted with care. In such a 
diagram, the magnitude of a quantity that depends upon angle is proportional to 
the length of an arrow drawn from the origin at that angle. The line traced out by 
the tip of the arrow as it covers all the angles shows how the magnitude of the 
quantity varies with the polar angle 0. 
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3 


Az 


sin’ 8 


(b) 

Figure 1.4 (a) A colour-scale representation of |Y5 »(0, ġ)|? taken from the 
software package Spherical harmonics. 'The brightness of the blue colouring of 
the surface of the sphere represents |Y2 2(0, ¢)|?. (b) A ‘polar diagram’ in which 
the length of the arrow represents |Y2 2(0, ¢)|?. In this panel, the x-axis is 
pointing straight out of the paper. This diagram shows that |Yo »(0, à) |? is zero in 
the directions of the poles (0 — 0 and 0 — 7) and has its maximum value at all 
points in the equatorial plane, i.e. for 0 = 7/2. 


Computer simulation: Spherical harmonics 


Now is the ideal time to study the software package Spherical harmonics. 
This is designed to help you visualize the spatial behaviour of both the 
complex Yim(0, $) and the real |Yim (0, ¢)|?. 


Exercise 1.9 (a) All of the spherical harmonics have a modulus that is 
symmetric about one of the three Cartesian axes. Which axis? 


(b) Are the spherical harmonics for l = 1 and m = +1 equal to zero at the poles 
or on the equatorial plane? Where are their magnitudes greatest? 


(c) All the spherical harmonics in Table 1.1 for which m = +} share a common 
feature. What is it? H 


Another general property of the spherical harmonics should now become 
apparent, especially after you have studied the computer simulations: they have 
values of 0 for which they are zero (with the exception of Yo,o). For m = +1, the 
zeros are in the directions of the poles, but as |m] decreases, there is a larger 
number of values of 0 for which the value of Yim is zero. 


1.4 Particles with spin in a potential energy well 


1.4 Particles with spin in a potential energy well 


It may not have escaped your attention that an electron bound in a potential energy 
well will have both orbital angular momentum and spin angular momentum. We 
will now see that these can couple together in a way that affects the energy levels 
and the labelling of energy eigenfunctions. 


We start by reviewing the situation before spin makes an entrance. For a 
particle bound by a spherically-symmetric potential energy well, V(r), the 
time-independent Schródinger equation is H w = E, where the Hamiltonian 
operator is given by 


~ 2 L 
H = rl (p x)* L 3 V(r). (Eqn 1.26) 


2m r? Or Ór 2mr? 


Ae DIN a 
We have seen that H, L and L, are a mutually-commuting set of operators, and 
this means that we can choose the energy eigenfunctions to be eigenfunctions of 


E and L z, labelled by the quantum numbers / and m. 


It turns out that things are not as simple as we have so far implied. For example, 

the Coulomb interaction is not the only interaction felt by an electron in a 

hydrogen atom; there is an additional contribution to the energy called the 

spin-orbit interaction. This has the form Vi, (r) L - S, where L is the orbital The subscript ‘so’ stands for 
angular momentum of the electron and S is its spin angular momentum. spin-orbit. The specific form of 
Vio(r) will be given in a later 
chapter; the simple existence 

of Vso(r) with a significant 
magnitude is all that matters 
here. 


In classical terms, the spin—orbit interaction can be understood as follows: a 
magnetic field arises as a result of the electron's motion around the nucleus, 
and the electron behaves like a tiny magnet in this field. The interaction is 
proportional to L - S because the magnetic field is proportional to L and the 
magnetic dipole moment of the electron is proportional to S. 


Including the spin-orbit interaction term in the Hamiltonian operator for a 
hydrogen atom gives 


~ 2 am ~ 
Hso = ea 5 "x)* L +V(r)+ Va(r)L-S, (1.42) 


The operator ils commutes with this Hamiltonian operator b because i commutes 
with any function of r, and with bra of the operators hs D and L " ane also 
with any spin operator. Similarly, 8 commutes with both fio and with it . Since 
Ho, E and g form a mutually-commuting set of operators, we can choose the 


: À > l a2 22 
eigenfunctions of H,, to be eigenfunctions of both L and S , and this means that 
we can label them with the quantum numbers l and s = 1/2, for the orbital 
angular momentum and the spin of the electron. 


By contrast, the operator jm does not commute with Bio because it commutes 
with neither D nor Ls As a consequence, the eigenfunctions of Ho are nof 
eigenfunctions of L gs uM the energy eigenstates of the atom cannot be labelled by 
the magnetic quantum number, m. By a similar token, S, does not commute with 
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In this book, | 1) always 
represents a state that is spin-up 
with respect to the z-axis. 
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Hio, and the energy eigenstates cannot be labelled by the spin magnetic quantum 
number, ms. As a result, our treatment of angular momentum to this point is 
incomplete. The new concept that is required is that of total angular momentum. 


1.4.1 Total angular momentum 


We define the total angular momentum of a spin-3 particle by the vector relation 
J = L + S, meaning that the components add: for example, J, = Lz + Sz. The 
quantum-mechanical operators representing the components of J also add: 


Ja =D +S, J=, +S, J= L+S, (1.43) 


and our first task is to see what this means. The operators Ja, Jy and Í. are each 
the sum of a differential operator (such as L x) that acts on functions of 0 and ¢, 
and a 2 x 2 matrix (such as Sa) that acts on spinors. This may seem strange, but 
any operator is defined by its actions, so let us see what de Jy and J, do to state 
vectors. 


For a spin-5 particle, the spin-up and spin-down states relative to the z-axis are 


In- H ad | |) = Hi ! (1.44) 


and we can construct state vectors that are products of spherical harmonics and 
spin state vectors, e.g. 


Yim Y) | 


Yin t= [in| or yaon ralo = [o (145) 


When an operator such as L, acts on such a product, it operates as usual on the 
spherical harmonic, but ignores the spinor; likewise, a spin operator ignores the 
spherical harmonic, and any other spatial factor, and acts only on the spinor. 


@ Given that 
8.|T}=+2h| 1), 8.2/1) =—28] 1), and L,Ya-mhYm, 


what is the result of operating on Y2 o | T) + Yo, | |) with J, =L, +8? 
O We have 


J, (Yo | T) + You | 1) = (Ds +8.) Yao T) alr am 48,)Y21 | 1) 
= (L.Y29)| 1) + Yao($.] 0) 
+ (,Y23)] D + Yaa 1). 


So using the eigenvalue equations given in the question, we have 
J. (Ya | D + Yor] 1)) 20| D + Yoo3A| 1) + Yos | 1) — Yo 3A | 1) 
= $h(Yoo| 1) + Y21 | D). (1.46) 


Exercise 1.10 Is (Y2o| f) + Y2,1| |)) an eigenfunction of Jz? If so, what is 
its eigenvalue? El 
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Commutation relations 


The operators Jz, Jy and J, do not commute with each other. In fact, they obey 
commutation relations similar to those for the components of orbital angular 
momentum or spin: 


ESAS dade] Stele, ass] eitis, (1.47) 
We can also introduce the operator 

42 a2 2 42 

J =J, +Jy +J; 
which represents the square of the magnitude of the total angular momentum. As 
you might expect (by analogy with orbital angular momentum) this operator 


commutes with all the components of J: 


PORS 


dle En: (1.48) 


These commutation relations tell us that it is impossible to find states in which 
any two of Jz, Jy and J, have definite values, but it is possible to find states in 
which both J? and any one of Jz, Jy and J, have definite values. 


Exercise |.| | Use the commutation relations for orbital angular momentum 
(Equation 1.5) and the analogous commutation relations for spin to verify that 
| disi Jy] EM. i] 


We pointed out earlier that the operators L, and 8, do not commute with the 
spin—orbit term in Ho (Equation 1.42). The consequence is profound: when the 
spin—orbit term is included, the energy eigenfunctions are not eigenfunctions of 
L, or <a and they cannot be labelled by the quantum numbers, m or ms. This is 
where the total angular momentum operators J, and 3 become important, 
because we can show that both these operators commute with fio. 


The operator 3 involves orbital angular momentum operators that act on 
functions of 0 and ó, and spin operators that act on spinors, so it clearly commutes 
with all functions of r. The real issue is whether it commutes with L - S. To show 
that it does, we note that 


JT-.S.&-8-f +8 408-8. (1.49) 


AQ A A 


BO a AS AQ A A A ee ae 

[J ,L-S]=[L,L-S]+[S,L-S]+2[L-S,L-S]. 

a2 

The first commutator on the right-hand side vanishes because L commutes with 
each of Lz, Ly and L, and, of course, it also commutes with the spin operators Sz, 
S, and S,. The second commutator vanishes for similar reasons, but applied to 
a2 
S . Finally, the last commutator vanishes because any operator commutes with 


; ^2 aoa : 
itself. We therefore conclude that J commutes with L - S, and hence with the 
entire Hamiltonian operator H;,. 


Exercise l.12 Show that J, = L + cf commutes with L - S, and hence that it 
commutes with Hso. [| 
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Quantum numbers such as J, 7 
and mj, that can be used to 
label energy eigenfunctions 
are sometimes called good 
quantum numbers. 
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^2 P 
1.4.2 Simultaneous eigenvectors of J and J, 


Let us summarize the situation for a spin-i particle in a spherically-symmetric 
potential energy well V (r): 


e When the spin-orbit interaction is neglected, the Hamiltonian operator H 
commutes with e L es 3 and Se, 

e When the spin-orbit interaction is included, the Hamiltonian operator Ayo 
commutes with LC and S but it no longer commutes with L z Or S.: instead, it 
commutes with the total angular momentum operators T and J. 

For any spin-3 particle, S? = 4 (4 + 1)h? = 3h? /4, no matter what state the 

particle is in, so this operator does not help us specify the state of the particle. 


AQ A 
However, the eigenvalues of J and J, do help us specify states, and we need to 
know the possible eigenvalues of these operators. The answer is as follows: 


Eigenvalues of total angular momentum for a spin-i particle 


The eigenvalues of F are j(j + 1)h?, where j is called the total angular 
momentum quantum number. This quantum number is always 
non-negative. For a spin-5 particle with l Z 0, it has two possible values: 
galt 5 o j=l- 1. For | = 0, it only has the value j = i. 


The eigenvalues of J, are mjh, where m; is called the total magnetic 
quantum number. This quantum number can have the values: 

mj -— —3, —j +1, ..., 2 — L 3. So, there are 27 + 1 different values of rn; 
for each value of 7. 


Because yo and L z do not commute, we cannot label the exact energy 

; : ; co c2 22 c 
eigenfunctions with | and m, but Hso, L , J and J, do commute, so we can label 
the energy eigenfunctions with l, 7 and mj. It is convenient to use ket notation 
and write |l, j, m;) for a combination of spherical harmonics and spinors that has 
these quantum numbers. The fact that |l, j, mj) is a simultaneous eigenvector of 


a2 42 ^. 
L,J and J, is then expressed as 


D, j, mj) = I(l + 1)h? |l, j, mj) (1.50a) 
2 : UE ; 

J |l, j, mj) = GG + 1)? |l, j, my) (1.50b) 
J-l, j, mj) = mjħ |l, j, m;). (1.50c) 


What specific combinations of spherical harmonics and spinors have these 
eigenvalues? They turn out to be of the form 


Il, j, mi) = AY, iil T) ERY matil l), 


where each Y;m is a function of 0 and ¢ and A and B are numerical constants. In 
general, there are two terms, one spin-up and the other spin-down. The spherical 
harmonics accompanying these terms both have the same value of l. This ensures 


: : a2 : 2 i 
that |}, j, m;) is an eigenvector of L . However, the spherical harmonic with the 
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spin-up state | 1) has a lower value of m than that with the spin-down state | |). 
This means that |l, j, m;) is not an eigenvector of Lz, but is instead an eigenvector 
of J}. Explicitly, we have 
Tell, j, mj) - (E. F 8.) |l, Ji mj) 
+ BLY, mt t)| D +BY, mit (Sel 1) 
= (mg — 5 + S)hAY, m2] 1) + (mg + $ - DABY, v il D 


= mjħ |l, j, mj). 


42 
To ensure that |I, j, m;) is also an eigenvector of J , the numerical coefficients A 
and B must be chosen carefully. For example, the state with | = 1, 7 = i and 
= ls 
Mj = 3 1S 


i15 = anl n- 2x. (L51) 


42 
We could verify that this is an eigenvector of J by writing out the spherical 
harmonics in full and using explicit forms for orbital and spin angular momentum 


42 
operators that appear in J . The calculation is straightforward in principle but 
lengthy in practice, so we shall not carry it out here. 


Different choices of l, 7 and m; produce different coefficients. Amazingly, the 
required coefficients were found by the mathematicians Clebsch and Gordan in 
the nineteenth century long before any application to quantum mechanics had 
been dreamt of. Table 1.2 lists all the possible |I, j, m;) eigenvectors for 1 = 0 and 
l=1. 


Table 1.2 Eigenvectors of iF T and J, for all states with | = 0 and | = 1. 


l j mj |l, j, mg) 

i d Yo,ol 1) 
@ l =l Yo,ol 1) 
11 4 V3Yiol t= V3Yul D 
12-2 Winalp-qJixen 
j$ 9 Yuil f) 
13 1 V 3Yiol p ViYul l) 
1 3 -$ ftv alt ivi 
j E = Yill) 


Exercise 1.13 Consider a spin-3 particle with orbital angular momentum 
quantum number / = 3. What are the possible values of 7? How many different 
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states |3, j, mj) correspond to | = 3? 


Exercise 1.14 Verify that the state |1, 5, 5) in Equation 1.51 is an 


eigenfunction of d with eigenvalue 5h. 


Exercise 1.15 Show that the state |1, 1, 1) in Equation 1.51 is normalized and 


that it is orthogonal to |1, 5, — 2). a 


1.4.3 Energy-level splitting due to spin-orbit interaction 


Ignoring the spin-orbit interaction, a spin-z particle in a spherically-symmetric 
potential energy well has a series of energy levels. Corresponding to a given 
solution E; (r) of the radial time-independent Schrödinger equation, there will be 
a number of degenerate quantum states with different values of the magnetic 
quantum number m and the spin magnetic quantum number, ms. The allowed 
values of these quantum numbers are m = 0, +1, ..., +l and m, = +4, so each 
solution R,, (1) corresponds to 2(2/ + 1) different quantum states, all with the 
same energy. 


When the spin—orbit interaction is included, the degeneracy of the energy levels is 
changed. To see why, we use Equation 1.49 to write 


PS 22 22 a2 
L-S=3(J -L -S). 
Fora spin-j particle, we then see that 


So, the presence of the spin-orbit interaction, causes states with the same value 
of l, but different values of 7, to have different energies. Nevertheless, some 
degeneracy remains because states with the same values of | and j, but different 
values of m; have the same energy. 


Fora spin-3 particle, each non-zero value of | corresponds to two values of j 
(namely, 7 = l + - and j = l — 3). So, each energy level with | Æ 0 splits 

into two. One of the resulting levels is labelled by j = l + i and consists of 

2(l + 5) + 1 = 2l + 2 degenerate states with different values of m;. The other 
level is labelled by j = l — i and consists of 2(/ — 1) + 1 = 2l degenerate states 
with different values of m;. 


It is interesting to note that the total number of states is the same whether we 
include the spin—orbit interaction or not. Including spin, but ignoring the 
spin-orbit interaction, there are 2(2/ + 1) states for each value of l. With the 
spin-orbit interaction, there are again 2l + 2 + 21 = 2(21 + 1) states. 


In Chapter 3 of Book 2 we referred to Pauli's discovery that a 'classically 
non-describable two-valuedness' was required to explain the Periodic Table of the 
elements. 'This was later understood to be an effect of spin. We now see that the 
number of combinations of quantum numbers is unaffected by the fact that the 
significant quantum numbers are l, 7 and m; rather than l, m and ms. When spin 
is included, there are 2(2/ + 1) sets of quantum numbers belonging to a particular 
value of the orbital quantum number /. The following table gives a hint of the 
connection with chemistry and the Periodic Table. 
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l 201-1 x2 Cumulative sum 


0 1 2 2 
1 3 6 8 
2 5 10 18 
3 7 14 32 


If you are familiar with the Periodic Table, you will know that the numbers in the 
last column above, i.e. the cumulative sums 2, 8, 18, 32, play a central role — they 
are the lengths of the periods (or rows) in the Periodic Table. This is just a 
glimpse of how the quantum mechanics of angular momentum affects the atomic 
structure of all elements, a story that will be continued later in this book. 


1.4.4 Examples from the world of atoms and nuclei 


We now present two very different examples of the spin-orbit interaction in 
operation, one from atomic physics, and one from nuclear physics. 


Yellow flame on the gas stove 


If you have ever cooked potatoes on a gas stove and the salty water has spilled 
over, you will doubtless have noticed a yellow colour in the flame (Figure 1.5). 
This is due to sodium atoms (from the salt) jumping between stationary states and 
emitting photons of yellow light in the process. A spectroscope would reveal two 
closely spaced lines: there are actually two different types of ‘yellow’ photon, 
with slightly different wavelengths A and hence different energies hf = hc/A. 
The explanation is as follows (see Figure 1.6). The sodium atom can, for many 
purposes, be viewed as a single electron, known as a valence electron, bound to a 
rather inert system consisting of a nucleus and ten other electrons (sodium has 
atomic number 11). The lowest energy level for the valence electron in sodium 


Figure 1.5 Salt ina gas 


has | = 0 and j = i (this consists of two degenerate states with mj = +3). pena ue chuc dude 
spectrum of sodium, also seen in 
ee some street lighting. 
— ; J — z 
apin awb b Figure 1.6 Thetwol=1 
x P P edd icd of sodium are about 
I21j-2j 2.1eV above the | — 0 


ground state, and they differ 
in energy by only 0.0021 eV. 
5 B Consequently, the two yellow 
S g spectral lines, produced by 
$ g transitions from the l = 1 
de p cabe Um au levels to the / = 0 level, differ 
pa Bill in wavelength by only one 
part in a thousand. The inset 
shows their appearance in a 
E spectroscope capable of 
: resolving closely-spaced 
spectral lines. 
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€ Write out the possible angular momentum eigenvectors for the lowest energy 
states of the valence electron. 


O |0, 5 2? 3) or |0, 5) —3): 


There are also two groups of states that, in the absence of a spin-orbit interaction, 
would have the same energy: the states |1, į, mj) and |1, 3, mj) for permitted mj. 


@ What values of m; ga be for each value of 7? 


i 3 
23-2 


O For j = i mj = j 


for j — 3,m,; 


ti; 


The effect of the spin—orbit interaction is to make the states with j = i just a little 
lower in energy than the states with 7 = 3. As a result, the photon emitted when 
an electron with 7 = i jumps down to the state with | = 0 and j = 5 has a 

little less energy (and. 2 little longer wavelength) than the photon emitted when 
an electron with 7 = 3 jumps down to the state with l = 0 and j = 5 1 (see 
Figure 1.6). The difference in energy between the j = - and j — i states, the 
spin—orbit splitting, is very small, just 0.0021 eV. This shows up when the yellow 
light is observed through a spectroscope; there is not one yellow line but a 

pair of closely-spaced yellow lines with wavelengths 589.0 nm and 589.6 nm, 

i.e. differing in wavelength by about one part in a thousand. 


SEN -u Spin-orbit splitting in atomic nuclei 
4.55 MeV 3- 

— 2 The spin-orbit effect may be small in atoms, but it can be very large in nuclei, a 
Es = fact that has a decisive influence on the combinations of protons and neutrons that 
3.06 MeV = make the most stable nuclei. This, in turn, has profound effects on the world 
— > ESI about us, on the processes taking place in stars, and hence on the history of the 

Universe. I shall give one example that has some features rather like the sodium 
atom, but with significant differences. Just as the sodium atom can, for many 
purposes, be viewed as a single electron bound to a rather inert system of a 
0.87 MeV it nucleus and ten other electrons, so the !"O nucleus, an isotope of oxygen with 
P 8 protons and 9 neutrons, often behaves rather as if it were a single neutron (a 
0 MeV us spin-5 particle) bound in a potential energy well created by the other 16 particles. 


The last neutron is governed by a Hamiltonian operator like that in Equation 1.42, 


but with l in—orbit term. 
Figure |.7 The six states of a PL AC d MN dM 


an 170 nucleus with the lowest Figure 1.7 shows the energies of some of the stationary states in a 17O nucleus. 


energies. The energies are The ground state is a state in which the neutron has l = 2 and j = 3. There is also 
shown in MeV, and the total a state at an energy 5.09 MeV higher that has / = 2 and 7 = 3. This energy 
angular momentum j is also difference is a result of the spin—orbit interaction. Even taking account of the fact 
marked. The superscript + or — that nuclear energies are roughly a million times higher than atomic energies 


indicates the parity of the state: (i.e. measured in MeV rather than eV), this is proportionately very much greater 
+ if lis zero or an even integer, than the 0.0021 eV splitting of the levels in the sodium atom. 

and — if l is odd. Thus the 
ground state is at 0 MeV (by 
definition) and has j — - and 


@ From the j and parity indicated for each state in Figure 1.7, deduce the orbital 
angular momentum quantum number of each state. 


positive parity; the highest O A neutron is a spin-5 particle, so j = l + 1. Using the fact that the parity 
state shown is at an energy of determines whether / is odd or even, we deduce that the orbital angular 
5.09 MeV and has j — - and momentum quantum number is, for each level (starting with the lowest), 
positive parity. 2, 0, 1, 3, 1, 2. 
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Summary of Chapter | 


The strong spin-orbit interaction felt by protons and neutrons in nuclei has a 
decisive influence on which nuclei are particularly stable. These tend to be the 
nuclei made most copiously in supernovas and the other cosmic furnaces where 
elements are born. Without the strong nuclear spin—orbit interaction, tin would not 
be such a common element and there would have been no bronze age, perhaps 
with drastic consequences for the course of history and the type of civilization we 
have today. 


Summary of Chapter | 


Section 1.1 This section gave a brief review of facts about orbital angular 
momentum from Chapter 2 of Book 2. 


Section 1.2 Ignoring spin, the time-independent Schrödinger equation for a 
particle in a spherically-symmetric potential energy well is separable in spherical 
coordinates. It has product solutions vr (r, 0,9) = Rni(r)Yim(9, 0), which are 


. : —2 zs 
also eigenfunctions of L and L;: 


PP1d(sdRuY Ul+ D? 
2m r? dr dr 2mr? 


Par) + V(r) Rni(r) = EntRni(r) 


E Vin(9, 0) = UL + 1)R2 Vim (8, d) 


L.Yim(9,6) = MA Yim(9, $), 


where the orbital angular momentum quantum number / = 0, 1, 2, ..., and 
the magnetic quantum number m = —/, —l + 1, ..., 0— 1, I. The ability to 
label the energy eigenfunctions in this way is consistent with the fact that the 


Hamiltonian operator H, i and L, form a mutually-commuting set. The term 
I(l + 1)h?/2mr? is called the centrifugal barrier; it tends to keep particles with 
high angular momentum away from the origin. 


Section 1.3 The functions Y, (0, à) are spherical harmonics. They can be 
written as Yim(0,¢) = O1, (0)e!"9. The restrictions on the quantum numbers m 
and / arise from the need to ensure that Yim (0, @) is single-valued and finite. 
Spherical harmonics are orthonormal 


2T T 
| i E A (0, d) T E N 


and Yim (0, $) has parity (—1)!. 
Section 1.4 The Hamiltonian operator Hyo of a spin-3 particle contains 


a spin-orbit contribution V; (r)L - S. If the particle is bound in a 
spherically-symmetric potential energy well, its Hamiltonian operator commutes 


with L and g but does not commute with L z or S. instead, it commutes with the 
total angular momentum operators 3 and J; where J = L + S. The eigenvalues 
fF are j(j + 1)h? where, for a fixed l, we have j = 1 + 5 o j=l- 5. The 
corresponding eigenvalues of J, are m;h, where m; = —j, —j +1, ..., 3 — 1, j. 
Eigenfunctions and eigenvalues of the Hamiltonian operator can be chosen to be 


simultaneously eigenfunctions of ioe T and J., and so can be labelled by the 
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quantum numbers /, j and m;. As a result of the spin—orbit interaction, states 
with the same value of / and different values of j have different energies. The 
spin—orbit interaction is small for electrons in atoms, but can be large for neutrons 
and protons in nuclei; this has a decisive effect on their energy-level structure and 
hence on their relative abundances. 
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Achievements from Chapter | 


After studying this chapter, you should be able to: 


1.1 


1.2 


1.3 
1.4 


1.5 


1.6 


1.7 


1.8 


1.9 


Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


Write down the time-independent Schródinger equation for a particle in a 
spherically-symmetric potential energy well. Given the form of the 
Laplacian operator in spherical coordinates, rewrite this equation in 
spherical coordinates. 


Normalize an energy eigenfunction in spherical coordinates. 
For a particle in a spherically-symmetric potential energy well, describe the 


A2 
role played by the operator L in the time-independent Schrödinger equation 
and the role of compatible observables in labelling energy eigenfunctions. 


Give an account of the general properties of the spherical harmonics, 
including their parity, and demonstrate their orthonormality in simple cases 
by performing appropriate angular integrals. 


Explain why a spin—orbit interaction implies that L , and S. no longer 
commute with the Hamiltonian operator, and interpret what this means for 
the labels that can be given to energy eigenfunctions. 


Define the total angular momentum operators, F and ge for a single 
particle, and write down their eigenvalue equations and commutation 
relations. Apply these operators to given combinations of spherical 
harmonics and spinors. 


Explain how the spin-orbit interaction reduces the degeneracy of energy 
levels. 


Describe atomic or nuclear physics phenomena arising from the spin-orbit 
interaction. 


Chapter 2 The hydrogen atom 


Introduction 


In this chapter, and in Chapter 4, you will study the quantum theory of the 
hydrogen atom. Analysis of the hydrogen atom was crucial to the acceptance of 
Schródinger's equation. If this simplest atom, with just one electron and one 
proton, could not be modelled correctly, then it was unlikely that Schiódinger's 
equation could account for other atoms or molecules. 


When hydrogen atoms are heated sufficiently, they emit electromagnetic radiation. 
If this radiation is passed through a diffraction grating to separate the different 
wavelengths, it is apparent that only certain wavelengths are emitted, and these 
wavelengths are characteristic of hydrogen atoms. Figure 2.1 shows the emission 
spectrum from hydrogen atoms in the visible part of the electromagnetic spectrum. 
The wavelengths of these spectral lines can be measured with very high accuracy. 


The main aim of this chapter is to apply Schródinger's equation to a simple model 
of the hydrogen atom and demonstrate that it can account for the wavelengths of 
the spectral lines shown in Figure 2.1, and other lines in hydrogen's spectrum. 
The model treats the atom as a pair of point-like particles — an electron and a 
proton — that are subject to Coulomb's electrostatic interaction; the spins of both 
particles are ignored. We shall call this the Coulomb model of a hydrogen atom. 
By applying the time-independent Schródinger equation to this model, we will 
obtain good approximations to the energy eigenfunctions and energy eigenvalues 
of a hydrogen atom, and hence be able to explain the observed pattern of spectral 
lines. 


The chapter begins, in Section 2.1, by introducing the Bohr radius and the 
Rydberg energy, which provide characteristic length and energy scales for the 
hydrogen atom. We also briefly outline the Bohr model of the hydrogen atom 
which, although unsatisfactory, provides a reference against which the success of 
Schródinger's theory can be judged. 


In Section 2.2 we set up the time-independent Schródinger equation for the 
hydrogen atom, and show that it reduces to an equation for a single particle 
with a spherically-symmetric potential energy function. This equation can 

be separated in spherical coordinates. The angular part of the solution is a 
spherical harmonic, Y7,,(0, $), which you met in Chapter 1. In Section 2.3 

we obtain the radial part of the solution and show how energy quantization 
arises from the condition that this part should not diverge as r tends to infinity. 
Then in Section 2.4 we combine the two parts and look at the complete energy 
eigenfunction for several states of the hydrogen atom. We consider the energy 
eigenvalues of the various states and link these to the observed atomic spectrum. 
Finally, in Section 2.5, we use the eigenfunctions to calculate expectation values 
for the electron—proton separation r, and show that there is a large uncertainty Ar 
in r, unlike the well-defined orbits of the Bohr model. We also show that the 
theory can successfully account for the results of experiments that measure the 
momentum distribution of electrons in hydrogen atoms. 


1.89eV 656 nm 
2.550V 486 nm 
2.860V 434 nm 
3.02 eV 410 nm 


Figure 2.1 The emission 
spectrum from hydrogen atoms 
in the visible region of the 
electromagnetic spectrum 
comprises four spectral lines. 
Wavelengths are shown on the 
right and photon energies on the 
left. 
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2.| Preliminary thoughts about hydrogen 


Before attempting to set up and solve the time-independent Schrodinger equation 
for a hydrogen atom, we shall briefly consider the situation Schrodinger found 
himself in at the end of 1925. Following de Broglie's insight that matter can be 
described by waves, Schródinger tried to find an appropriate wave equation, 
using the emission spectrum of hydrogen atoms as a crucial test. Hydrogen is 
simple enough to allow a precise comparison to be made between theory and 
observation; the theoretical predictions for hydrogen can be carried out with fewer 
approximations than for other atoms, such as helium, sodium or mercury. 


The experimental data for hydrogen were well known, and had been analyzed by 
various physicists. The pattern of the spectral lines in Figure 2.1 was analyzed by 
Balmer in 1885, who found that the wavelengths of the lines in this part of the 
spectrum are given by the formula 


n2 
A= =e 365 nm, (2.1) 


with n taking the values 3, 4, 5 and 6 for the four lines. Balmer also suggested 
that n might take higher values, corresponding to lines in the ultraviolet region of 
the spectrum. Other series of spectral lines from hydrogen atoms were soon 
discovered; these followed similar patterns, but with the constants 4 and 365 nm 
replaced by other values. 


In some ways, the most remarkable feature of the spectrum is that all samples of 
atomic hydrogen give exactly the same set of spectral lines when they are heated 
in a similar way. This suggests that all hydrogen atoms are similar to one another, 
with the same set of energy levels, the same radius, and so on. From the viewpoint 
of classical physics, this is already a mystery. 


Suppose we try to construct a classical non-relativistic model of a hydrogen atom. 
The electron and proton will attract one another according to Coulomb's law, 
which gives the magnitude of the force on the electron as 


e2 


Fatec = Aner? , 

where r is the electron- proton separation, e is the proton charge (which is also 
equal to the magnitude of the electron charge) and «o is the permittivity of free 
space, a fundamental constant that determines the strength of the electrostatic 
interaction. Now, if we were to calculate the size or energy of a hydrogen atom 
within a classical model, we would expect the answer to depend on e and &p, and 
also perhaps me and mp, the electron and proton masses. No other constants are 
relevant to this situation in classical physics. However, it turns out that there is no 
way of combining these constants to produce a characteristic energy or length. 
This means that a classical non-relativistic model of the hydrogen atom would 
allow any energy or size, depending on the initial conditions. In quantum physics, 
Planck's constant h, or equivalently A = h/2z, transforms the situation. If we 
combine this fundamental constant with the charges and masses of the electron 
and proton, and with £o, we can produce combinations with the dimensions of 
energy and length. 


Let us consider how the various constants might be combined. The charge of the 
proton is e and the charge of the electron is —e, so our knowledge of Coulomb's 
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law suggests that these charges will appear in the combination e”/47¢9. We can 
also say that the masses of the electron and proton will not appear independently. 
When considering diatomic molecules in Section 5.1 of Book 1, we saw that a 
two-particle system, viewed from its centre of mass, can be treated as a single 
particle with the reduced mass jy. In the case of the hydrogen atom, the reduced 
mass is 


ga , (2.2) 


where me is the mass of the electron, and m, is the mass of the proton. Because 
the mass of a proton is much greater than that of an electron (about 1840 times 
greater), the reduced mass yp is only very slightly less than the mass of an electron. 


Combining the various constants, including A, we can define a quantity with the 
dimensions of length, 


Areo hi? 
= 18 Z — 539 x 107! m, Q.3) 
u 


ao 
e 


and a quantity with the dimensions of energy, 


The factor - in the expression 
for Eg cannot be justified by 
dimensional arguments alone, 
but is included here for later 


convenience. 


e y u 
Eg = | — | 45 = 2.18 x 10757 = 13.6eV. 2.4 

B (=) 2n? * E Ae 
The length ao is called the Bohr radius of the hydrogen atom, and the energy En 
is called the Rydberg energy. These two constants will turn out to be highly 
significant in describing the states of a hydrogen atom. 


In 1913, Niels Bohr proposed a model of the hydrogen atom that incorporates 
Planck's constant in a very simple way. Bohr thought of an un-ionized hydrogen 
atom as a sort of miniature solar system, with the electron in a circular orbit 
around the proton. In the Bohr model, various stable orbits are allowed, but the 
key assumption is that the stable orbits have an orbital angular momentum of 
magnitude nf, where n = 1,2,3,... is a positive integer. Each stable orbit is 
called a Bohr orbit. Combining this revolutionary idea with classical physics, 
Bohr showed that the Bohr orbit with quantum number n has radius 


rn = n?ao, 
and that the electron in this orbit has energy 
ER 


where ag and Ep are the Bohr radius and Rydberg energy introduced above. The 
energy levels are negative because the energy zero corresponds to the electron and 
proton being infinitely far apart (an ionized atom). The orbit with n = 1 has the 
lowest energy, E, = — Eg, and the smallest radius, r = ag. An infinite number of 
Bohr orbits have energies above this, but at positive energies the atom becomes 
ionized. The Rydberg energy Ep is the ionization energy of the ground state. 


Bohr assumed that a line in the emission spectrum arises when the electron makes 
a transition from a higher energy level with n = n; to a lower level with n = n. 
If the emitted photon has energy Ephoton, conservation of energy requires that 


1 1 n2 — n2 
E photon d: (3 = a Eg = ( 2 a) En. 


1 Į 
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The wavelength A of a photon is related to its energy by Epnoton = hc/A, so the 
wavelengths of the spectral lines should be given by 


2,2 2.9 
A- ( ie 2.) dde ( ie =] 9.11 x 10-5 m. 
n? — nf) ER ntm. 
@ What wavelengths does this formula predict for the radiation emitted when 
electrons make transitions to the n = 2 level from higher levels (with n > 2)? 


O For n; = 2, 


An? —8 n2 
A= (a a) 9.11 x 1078 m = (z i i) 365 nm, 


1 1 


where n; = 3,4,5,6,.... 


As you can see, this is just Balmer's formula, Equation 2.1. 


Thus, according to Bohr's theory, the series of lines in Figure 2.1 arises when 
electrons that have been excited to energy levels with n; — 3, 4, 5 or 6 undergo 
transitions to the energy level with n; = 2. Since n; can be any positive integer, 
Bohr's theory predicts that there should be other series of lines for which electrons 
undergo transitions from a higher energy level to levels with n; = 1, or n; = 3, 
etc. Spectral lines have indeed been observed at the predicted wavelengths, and 
Figure 2.2 shows the lines for transitions to final levels with n; — 1 (Lyman 
series), N¢ = 3 (Paschen series), n; = 4 (Brackett series) and n; = 5 (Pfund 
series). These names are part of the history of the subject, but are unimportant 
today. 


Brackett 
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Ea 
20 5000 
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Figure 2.2 The hydrogen atomic spectrum in the ultraviolet, visible and 
infrared regions of the electromagnetic spectrum. 


In spite of this apparent success, Bohr’s model fails to account for the energy 
levels of other atoms, even those of helium. From all you know about quantum 
mechanics, you will appreciate that Bohr’s model cannot be taken too seriously. 
The Heisenberg uncertainty principle tells us that the electron does not follow a 
definite trajectory around the proton, and we also know that orbital angular 
momentum has magnitude \//(1 + 1)h, where | = 0,1,2,..., rather than nh, 
where n — 1,2,3,.... As Dirac once said, it is possible to get the right answer for 
the wrong reasons. 


Exercise 2.1 In classical physics, a particle of mass m, travelling with speed v 
in a circular orbit of radius r, has an orbital angular momentum of magnitude 


2.20 The time-independent Schródinger equation 


mur. Use this result to obtain an expression for the speed of an electron in a 
Bohr orbit. Evaluate your answer for the n = 1 orbit. Does this suggest that a 
hydrogen atom can be dealt with reasonably accurately without using special 
relativity? a 


2.2 The time-independent Schrodinger equation 


The task that confronted Schródinger was that of finding the energy levels and 
stationary states of the hydrogen atom in the Coulomb model. As usual, the 
starting point is the Hamiltonian function of the corresponding classical system: 
an electron and a proton, treated as two point-particles interacting purely through 
a Coulomb force. 


We shall use centre-of-mass coordinates. Viewed from the centre of mass, the 
energy of the two-particle system can be written as 


E--——- Q.5) 


where the first term is the kinetic energy of a particle with the reduced mass jz, and 
the second term is the electrostatic potential energy of the electron and proton, 
with the energy zero taken to be at infinity. The right-hand side of Equation 2.5 is 
the Hamiltonian function for a hydrogen atom in the centre-of-mass frame. The 


corresponding Hamiltonian operator is Remember, 
^ m e? 9? 9? 9? 
H= v? ; 2.6 v= 
2u Areor ven) Ox? Uu Oy? u Oz? 


We can now construct Schrédinger’s equation 


a 5 
ih ae (tt) =H V(r, 2), 


and find its stationary-state solutions 
U(r, t) = y(r) eiA, 


where w(r) satisfies the time-independent Schrödinger equation Hy = Ey. In 
more detail, /(r) is an energy eigenfunction that satisfies the eigenvalue equation 


a NS = 2 
(Ev - ue = 240), Qn 


with eigenvalue FE. 


The potential energy function V(r) = —e?/4reor is spherically symmetric; in 
spherical coordinates, it depends on the radial coordinate r, but does not depend 
on the angular coordinates 0 and ¢. So, following the advice given in Chapter 1 of 
this book, we shall write the time-independent Schródinger equation in spherical 
coordinates. Using a standard result for V? in spherical coordinates (without 
attempting to justify it), we then obtain 


il Of 0 1 22 e? 
( 2u r? Or (r >) i 2: us) Vu c VU (2:9) 


where L is the orbital angular momentum operator. 
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This is simply Equation 1.25 from the previous chapter, with u substituted for m 
and —e? substituted for qQ. Note that the first and third terms in the Hamiltonian 


operator in Equation 2.8 are functions of r only, and the term involving D is the 
only one that depends on 0 and ¢. This gives us the opportunity to separate the 
equation further, into one equation in r, and another in 0 and ¢. We achieve this 
by writing y(r) = R(r) Y (0, ¢) and using the familiar technique of separation of 
variables. The two separated equations are 


hoped ad 1 e? 
K = i De 
( 2u T? dr (r x) n Dr? zs) Fir) Hn) 


and 


D Yim(9, $) = K Yim(0, 4); (2.10) 


which are similar to Equations 1.28 and 1.29 of the previous chapter. Equation 2.9 
is called the radial equation, and its solutions R(r) are called radial functions. 
Equation 2.10 is the eigenvalue equation for the square of the orbital angular 
momentum, and its solutions, Yi, (0, à), are spherical harmonics. 

@ What are the eigenvalues of T? 

O We have 


T Yim(0, $) = Ul + 1)h? Yim(0, 9), 


. —2 . TUNE 
so the eigenvalues of L` are I(l + 1)h?, where / is zero or a positive integer, 
the orbital angular momentum quantum number. 


Thus K = I(l + 1)h?, and the radial equation becomes 


( h 1 e e 


Zune dp "dr Dire Aregr 


) R(r)=ER(r). (2.11) 


It is helpful to rewrite this equation in a slightly different form. We make use of 
the following identity, which applies for any function f(r): 
You can confirm this identity by ia fdft) ig 
expanding both sides, and : r = j (r f(r)). 
showing that they are equal. r? dr dr rdr 
Using this identity in Equation 2.11, and multiplying through by r, we obtain 
R d^ ë (+1) e? 
2u dr? 2 ur? 4TEor 


) rR(r)e ErvB(r), 
which, on letting u(r) = r R(r), becomes 


P) S FDA e? 
Zar 2 Tyee A4negr 


) te) EP (ar) (2-12) 


We call this the reduced radial equation for a hydrogen atom and call u(r) 
the reduced radial function. Notice that Equation 2.12 is similar to a 
time-independent Schródinger equation in one dimension. The first term in the 
round brackets is the kinetic energy operator for a particle with the reduced 
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mass u, while the second and third terms correspond to an effective potential 
energy function 


(ligo g 
Zr Areor 


Vor (7) = (2.13) 


We are only interested in the region r > 0. Assuming that R(r) does not diverge 
as r — 0, we can set u(0) = 0. We shall also assume that u(r) does not diverge as 
r — oo, otherwise we should not be able to normalize R(r) (see Equation 2.27 
below). 


Before we solve the radial equation, let us consider the form of V;g(r). The 
second term on the right-hand side is simply the Coulomb potential energy 
function, which describes the attraction between the electron and the proton. The 
first term has the opposite sign, and so describes a repulsive interaction. This term 
was described as the centrifugal barrier in the previous chapter. Notice that it 
depends on the value of l. The form of the effective potential energy function of 
the hydrogen atom is illustrated for various values of l in Figure 2.3. 
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Figure 2.3 The effective potential energy Vog (r) for the hydrogen atom for 
various values of the orbital angular momentum quantum number l. 


Note that for / = 0 there is no centrifugal barrier, and the Coulomb attraction 
provides an attractive well; nothing then prevents the electron and proton 
positions coinciding. For l > 0, however, centrifugal repulsion dominates over 
Coulomb attraction for very small values of r. It provides a barrier that becomes 
infinite as the electron-proton separation tends to zero, keeping the electron and 
proton separated. Note also that the curve for | — 0 has no minimum, but for 

l > 0 there is a minimum in the curve, and this moves to larger electron- proton 
distances as l increases. 


Because Equation 2.12 has the form of a one-dimensional time-independent 
Schródinger equation, its bound-state solutions will have discrete energy 
eigenvalues. For a given effective potential energy well (i.e. fixed /) we can 
assume that: 
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See Equations 2.3 and 2.4. 
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e the ground-state eigenfunction in the given well has no nodes; 


e when arranged in order of increasing energy, each successive eigenfunction in 
the given well has one more node than its predecessor. 


These properties will be useful in our study of the hydrogen atom. 


2.3 Solutions of the radial equation 


2.3.1 Limiting behaviour 


Rather than attempt to solve for R(r) or u(r) straight away, we shall first consider 
the expected limiting behaviour at very small and very large values of r. To 
simplify the algebra, we define two dimensionless variables, 


p=r/a and £= E/Em, 
where ao and Eg are the Bohr radius and the Rydberg energy introduced earlier. 
Expressing Equation 2.12 in terms of these variables, and noting that 
d? lu n? e? 


2 
dr? ak dp?” 2u ae en Are ae 


we obtain 


2 
"up - 33 ug) - 2 ulo) = eu) (2.14) 
We are looking for solutions that represent bound states of the hydrogen atom. 
Because the energy zero has been taken to be at infinity, any bound state will have 
a negative energy, so £ is negative. We impose this condition by writing € = — 8°, 
where /3 is real, and, without any loss of generality, take 8 to be positive. The 
reduced radial equation then becomes 


d?u(p) op l(1-4- 1) 2 


ae 2 u(p) 5 «9 = — 8 ule). (2.15) 


Limiting behaviour at large r 


As r — oo, and therefore p — oo, the two potential energy terms in Equation 2.15 
tend to zero, and the equation becomes 


d^u(p) 
dp? 
As you can easily verify, the general solution of this differential equation is 


u(p) = Ce? + De®’, 


— Bu(p) = 0. (2.16) 


where C and D are arbitrary constants. 


6 Show that the function u(p) = Ce^?? + De? is the general solution of 
Equation 2.16. 


2.3 Solutions of the radial equation 


O Substituting u(p) = Ce-? + De”? into the left-hand side of Equation 2.16 
gives 
d^u(p) 
dp? 
so u(p) = Ce-?? + De”? satisfies Equation 2.16 for any C and D. It is the 


general solution because it contains two arbitrary constants, as appropriate for 
a second-order differential equation. 


— B^u(p) = BP Ce P? + 8? De — g?(Ce-PP + De®’) = 0, 


In any bound state, we expect the probability of finding the electron and proton to 
be very far apart to be vanishingly small. This means that we must discard the 
term De®’, which diverges exponentially as p tends to infinity. We do this by 
setting D = 0. We therefore conclude that: 


As p tends to infinity, u(p) behaves as Ce~??. 


Limiting behaviour at small r 


Let us suppose that | Z 0. In this case, the centrifugal barrier dominates at low 
values of p, and we can approximate Equation 2.15 by 


d^u(p) | I(l-- 1) 
de + E dp) =, (2.17) 


We shall investigate a trial solution of the form u(p) = f^. Substituting this trial 
solution into Equation 2.17, it is easy to see that the condition for it to be a 
solution is k(k — 1) = I(l + 1). This equation has the solutions k = —/ and 

k = l + 1, so the general solution for small p is of the form 


u(p) = Ap! + Bp’. 


Exercise 2.2 Verify that, for u(p) = p* to be a solution of Equation 2.17, we 
must have k = —lor k =l + 1. E] 


We can reject the term Ap~!, which diverges as p tends to zero, leading to an 
infinite probability density. This is done by setting A = 0. We conclude that: 


We have not justified this 


As p tends to zero, u(p) behaves as Bp!*!. limiting behaviour for / = 0, but 
it turns out to apply in this case 
too. 


2.3.2  Nodeless solutions of the radial equation 


Given that we expect u(p) to behave like e^? at very large values of p, and like 


p'*! at very small values of p, we shall try a solution of the form 


u(p) = Cpe", 


where C is a constant. Note that this trial solution is the product of a positive Note that a zero at p = 0 is not 
function p+! that increases with p, and a positive function e^? that decreases counted as a node. 

with p, so it has no nodes. It is therefore a candidate for the lowest energy reduced 

radial eigenfunction in the effective potential energy well defined by l. 
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Figure 2.4  Nodeless radial 
functions of the form given in 
Equation 2.18. Note that the 
curves are plotted on different 
scales. 


Exercise 2.3 Show that u(p) = Cp't!e~? is a solution of Equation 2.15 


provided that 6 = 1/(I + 1). " 
Since e = —/??, and Exercise 2.3 showed that 3 = 1/(I + 1), we have established 
that € = —1/(1 + 1)? for our restricted class of trial solutions. 


@ What values can l take? What values can £ take? 


O The orbital angular momentum quantum number / can take the values 
l= 0,1,2,3,.... Thus e = —1/(I + 1)? can take the values 
1, —1/4, —1/9, —1/16, .... We can therefore write € = —1/n?, where 
5n —1,2,9, 


To summarize: for each value / = 0,1,2,..., we have found solutions of the form 
u(p) = Cotte? wheren =1 +1, 


where C is a constant that is chosen to ensure normalization. (We write n 
rather than / + 1 in the exponential factor to help comparison with expressions 
that will appear later.) Recalling that p = r/ao and that the radial function is 
R(r) = u(r)/r, we see that 


l 
R(r)-2A (=) e-r/nao. (2.18) 


ao 


where A is another normalization constant. The first few radial functions of this 
form are shown in Figure 2.4. 


R(r)/ay ^^ 
i at 


0.02 
| 


| = l l x 
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(b)n=2,1=1 


= Sa, 5 
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Since | — n — 1, there is one solution for each positive integer n. The 
corresponding energy eigenvalues are 


E 
E,—cER—-—| for n = 1,2,3,.... (2.19) 


These are the same as the energy levels given by the Bohr model, which we know 
are consistent with the measured spectrum of atomic hydrogen, so the result is 
most encouraging. 


2.3 Solutions of the radial equation 


However, we should not celebrate too early. We have only found a special class Apa 
of solutions for the radial wave equation. The solutions we have found are 

all nodeless. You know from Book 1 that the ground-state eigenfunction in a 
one-dimensional well is nodeless, and that there is generally a set of higher energy 
eigenfunctions, with the number of nodes increasing as the energy increases. For 
example, Figure 2.5 shows energy eigenfunctions of a harmonic oscillator. The 
eigenfunction for the ground state (n = 0, Eo = 5 hw) has no nodes, and the 
number of nodes increases by one for each successive energy level. We will 
therefore look for additional solutions of the time-independent Schrodinger 
equation for the hydrogen atom in which the radial function R(r) has one or more 
nodes. 


2.3.3 General solutions of the radial equation 


For each value of | = 0,1,2,..., we have discovered a nodeless solution 

u(p) = Cpl*le-PP. corresponding to the lowest energy level in the effective 
potential energy well labelled by /. We now need to generalize, and find all the 
possible bound-state solutions, including those with nodes. 


A natural way of doing this is to consider a trial function of the form 
u(p) = C(p) pte", (2.20) 


where C'(p) is no longer a constant, but is an arbitrary function of p. We shall 
suppose that C'(p) can be expressed as a power series, so that 


oo 
Cg) e S ep" (2.21) 
k=0 
for some set of coefficients cz. Figure 2.5 Energy 
Now, we can substitute Equation 2.20 (with C'(p) given by Equation 2.21) into the eigenfunctions of a simple 
radial wave equation (Equation 2.14) and collect together all terms in a given harmonic oscillator with 
power of p. It is not worth going through the lengthy details here (although of classical angular frequency wo. 


course it was worthwhile for Schródinger!). Instead, we just quote the final result: 
the function in Equation 2.20 does satisfy the radial wave equation provided that 
successive coefficients in Equation 2.21 are related as follows: 


26(k+1+1)-—2 
k+1)\(k+2l+2 


An equation like this is called a recurrence relation because it can be used 
recursively (that is, repeatedly) — first to find c; from co, then to find c» from ci, 
and so on, so that all the coefficients in Equation 2.21 can be found in terms of a 
single constant co, whose value must be chosen to ensure normalization. 


Ck+1 = ( Che: (2.22) 


Now for the crucial point. Consider the behaviour of C(p) at very large values 
of p; in this case, the main contribution to the sum on the right-hand side of 
Equation 2.21 comes from terms with large values of k, so we need to consider 
the above recurrence relation in the limit of large k. In this limit, we have 


Cho, 2B 
ce k` 
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A similar ratio of successive coefficients is found in the Taylor series expansion of 
the exponential function 


(28p)F"! , (28p)" 
(= ^ 


e?9? = 1 + (20p) +--+ dee. 

and this implies that, in the limit of large p, C(p) will behave very much like e2??, 
This looks like a disaster! We are looking for a function u(p) that tends to zero 
as p tends to infinity but, combining the factor e?P? with the factor e^?? in 
Equation 2.20, we have found a function that diverges at infinity and is certainly 
not an acceptable eigenfunction. 


Yet we can snatch victory from the jaws of defeat, because there is a loophole in 
the above argument. Suppose that the recurrence relation generates a coefficient 
Ckmax-+1 that is equal to zero. If this happens, all the higher coefficients will be 
equal to zero, and the function C'(p) will be a polynomial of order kmax. Now, the 
exponential function e^ ^? in Equation 2.20 decreases sufficiently rapidly to 

kill off any polynomial function, so the disaster is averted: when C(p) isa 
polynomial, u(p) tends to zero as p tends to infinity. 


Looking back to Equation 2.22, we can see that Cy,,,,+1 will be the first coefficient 
to vanish if and only if 
1 
B 
Here, kmax and / are both integers greater than or equal to 0, so 1/8 must be an 


integer n that is greater than or equal to 1. This implies that the bound-state 
energies are given by 


dud (2.23) 


Eq = — "Ep = -—® form o d e (2.24) 
exactly as predicted in the Bohr model, and supported by the observed spectra. 
We obtained this result earlier in the special case | — n — 1; we now see that it is 
true for all bound states in the hydrogen atom. Note that energy quantization 
arises directly from the need to prevent the reduced radial function u(p) from 
diverging at infinity. The quantum number n that determines the energy levels is 
called the principal quantum number of the hydrogen atom. 


The principal quantum number also determines which values of | correspond 
to a given energy level. Putting 1/3 = n in Equation 2.23, we see that 
n = kmax + l + 1. Since kmax > 0, it follows that n > l+ 1, and so 


l<n-1. (2.25) 


This is an important restriction on the orbital angular momentum quantum 
number l. The lowest energy level, n = 1, can only have | = 0. The next energy 
level, n = 2, can have | = 0 or l = 1, and so on. The energy levels themselves 
depend only on the principal quantum number n and are independent of l, so the 
energy levels are degenerate. 


The restriction on the allowed values of l, for a given value of n, can be 
understood from Figure 2.6, which reproduces the effective potential energy 
functions shown in Figure 2.3, but with the energy eigenvalues of the hydrogen 
atom, En = —ER/ n?, shown as dashed red lines. 


2.3 Solutions of the radial equation 


Figure 2.6 Effective potential 
energy wells for the hydrogen 
atom for various values of l. The 
dashed lines show the energy 
eigenvalues Ej, = — Eg/n? for 
n, — 2,3 and 4; the energy 
eigenvalue for n — 1 is off the 
scale, below the bottom of the 
diagram. 


minimum 


| n=lat —13.6eV 


For a particular value of n, there are solutions with various values of l, each 
corresponding to an energy eigenfunction in an effective potential energy well. It 
is important to realize that a given potential energy well has no solutions below 
the minimum energy of the well. If we take n = 3 as an example, there are 
solutions in the / = 0, l = 1 and / = 2 wells, but no solutions in wells with l = 3 
or greater whose minima lie above the n = 3 energy level. The solution in the 

| = 2 well is the ground state in that well, and is one of the nodeless solutions 
considered earlier. The solution in the l = 1 well is the first excited state in that 
well, and will have one node, and the solution in the / = 0 well is the second 
excited state in that well, and will have two nodes. 


The other striking point about Figure 2.6 is the way the dashed horizontal lines cut 
across different wells, corresponding to the fact that the energy eigenvalues for the 
different values of / are identical — they are determined by the value of n alone, 
and are independent of /. This result is only true in the Coulomb model of the 
hydrogen atom and similar systems. It is a consequence of the 1/r-dependence of 
the Coulomb potential energy term in the Hamiltonian. For atoms with more than 
one electron, the potential energy function does not vary as 1/r, and states with 
different values of / and the same value of n have different energies. This means 
that spectra for atoms with two or more electrons are much more complex than 
the spectrum of atomic hydrogen. 


Finally, we consider the form of the radial functions. From the above discussion, 
we know that u(p) takes the form 


u(p) = p** x (polynomial in p) x e^^/", 


We introduced the reduced radial function u(p) to simplify the mathematics, 
but we are really interested in the radial function R(r). Using p = r/ao and 
u(r) = r R(r), we have 


l 
Ru(r) = (=) x (potynomia in =) Le nde. (2.26) 


where we have labelled the radial function R by the quantum numbers n and / on 


47 


Chapter2 The hydrogen atom 


which it depends. The polynomial appearing in this expression is of order 
n — l — 1 and has n — l — 1 nodes, so the nodeless solutions considered in the 
previous subsection correspond to l = n — 1. 


The polynomial in Equation 2.26 contains a normalization factor, chosen to ensure 
that the complete eigenfunction, v, (r) = Rni(r)Yim(9, $), is normalized. 
Because this eigenfunction is three-dimensional, the normalization integral 
extends over the whole of three-dimensional space. In spherical coordinates, 

the volume element is given by dV = r? sin 6 dr dé dọ, so the normalization 
condition becomes 


(nim Unum) = [ ri l |Rni(r)|” |Yim(0, 9) r? sin @ dr d6 do = 1. 
In Chapter 1 you saw that the spherical harmonics are normalized, so 

[ [ [Y (6, 9) |^ sin@d.d¢ = 1. 
We therefore require that R,,;(r) obeys the normalization condition 

f i | Rar) r2 dr =1. (2.27) 
It is also possible to show that 

[ RE a(r) Baar) r? dr = Sapna: (2.28) 


This helps to ensure that different energy eigenfunctions v,,;,,,, and Ynalom are 
orthonormal when integrated over the whole of three-dimensional space. 


Essential skill Worked Example 2.1 
Obtaining the normalization The ground-state radial function for a hydrogen atom is R(r) = Ae-"/co, 
constant for an eigenfunction of where A is a normalization constant. Find a suitable value for A. 


the hydrogen atom 
Solution 


We require that 
oo 2 oo 
p | |R(r)| r?dr = AP f e 27/40 42 dr, 
0 0 


Using a standard integral given inside the back cover, we have 
2! Afa} 
Qa) 4^ 


Choosing A to be real and positive, we conclude that A = 2/ a) d 


IAE 


Exercise 2.4 The n — 2, | — 1 radial function is given by 
R(r) = (Br/ag) e-"/?*». where B is a normalization constant. Find a suitable 
value for B. [3 


We shall not derive explicit formulae for the energy eigenfunctions, although this 
could clearly be done by using the recurrence relation (Equation 2.22) and 
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imposing the normalization condition. For reference purposes, however, the first 
few normalized radial functions are listed in Table 2.1, and graphs of these 
functions are given in Figure 2.7. 


Table 2.1 Normalized radial functions R;(r) for the hydrogen atom. 
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Figure 2.7 Radial functions R,;(r) for the hydrogen atom for n = 1,2 and 3. 
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Exercise 2.5 From Figure 2.7, determine the number of nodes for each radial 
function shown, and verify that this number is equal to n — | — 1. iB 


€ How many solutions of the radial equation are there for n = 5? How many 
nodes does each of these solutions have? 


O For n = 5, the possible values of l are 0, 1, 2, 3 and 4, so there are five 
solutions. 


The number of nodes is n — l — 1, so for | = 0 there are four nodes, for l = 1 
there are three nodes, for l = 2 there are two nodes, for | = 3 there is one 
node, and for l = 4 there are no nodes. 


Let us summarize what has been achieved so far. 


1. We have shown that, in the centre-of-mass frame, the time-independent 
Schródinger equation for the Coulomb model of a hydrogen atom can be 
written as an equation for a single particle in a spherically-symmetric well. 


2. As a consequence, the time-independent Schrödinger equation can be 
separated into two differential equations, one in 0 and à, and the other in r. 
The eigenfunctions Ynım(r) can be written as the products of the solutions 
of these equations: Wpim(r) = Rni(r) Yi (0, Q). 


3. The functions Y, (0, à) are spherical harmonics. 
4. We investigated limiting forms of the radial functions at small and large r. 


5. The requirement that the radial functions should not diverge at infinity leads 
to energy quantization, and produces radial functions of the general form 
given in Equation 2.26. 


6. The energy eigenvalues are the same as in the Bohr model, and are 
consistent with experimental data to the level of precision represented by 
spectra such as those in Figures 2.1 and 2.2. 


So we seem to have achieved our original aim of showing that we can predict the 
spectrum of the hydrogen atom by solving the time-independent Schródinger 
equation for a proton and an electron interacting purely via a Coulomb potential 
energy function. A further test is provided by the spectrum of deuterium, an 
isotope of hydrogen with a proton and a neutron in its nucleus, as discussed below. 


The spectrum of deuterium 


A naturally-occurring sample of hydrogen contains about 0.01596 of the heavier 
isotope deuterium (2H). At high resolution and sensitivity, spectral lines due to 
deuterium atoms can be observed with slightly different wavelengths from 
those produced by ordinary hydrogen atoms. Why should the spectral lines of 
deuterium have different wavelengths from those of ordinary hydrogen? 


If you look at the formula for the energy levels (Equation 2.19), and combine it 
with Equations 2.3 and 2.4, you will see that the energy depends on the reduced 
mass, u: 


E e? 2 1 
En = RZ ( E 


n 4reo) 2h? n2 
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So the energies of the photons that are emitted, 


1 1 
E photon => (= = 2) Er, 


ni ng 


are proportional to ju, and since the wavelengths are given by \ = hc/E,hoton, the 
wavelengths are proportional to 1/,1. 


The reduced mass of a one-electron atom is given by jj = me M/(me + M), 
where M is the mass of the nucleus. So the ratio of the reduced masses of 
deuterium and hydrogen is 


HD E Malme + Mp) 
pg Mp(Me + ma) 


When appropriate values of the masses me, Mp and mg of the electron, proton 

and deuterium nucleus are substituted, we find wp /ug = 1.000 272. This is very 

close to 1, but it is sufficient to separate the spectral lines for deuterium from the 

hydrogen lines, so that their wavelengths can be measured experimentally. Indeed, Harold Urey was awarded 
when experiments were performed to produce deuterium-enriched hydrogen, the the 1934 Nobel prize in 
presence of deuterium was monitored by observing one of the lines inthe Balmer chemistry for his discovery of 
series. Because the reduced mass of deuterium is greater than that of hydrogen, deuterium using high-resolution 
the deuterium lines have slightly shorter wavelengths. The wavelength of the spectroscopy. 

Balmer series line used to monitor deuterium enrichment was 486.1326 nm. 

The predicted wavelength of the corresponding deuterium line was therefore 

(486.1326/1.000 272) nm = 486.0003 nm. The experimentally measured 

wavelength was 486.0000 nm, which agreed well with the theoretical prediction. 


2.4 Putting it together: the complete eigenfunctions 


2.4. The complete solutions 


The complete solutions of the time-independent Schrédinger equation (in the 
Coulomb model) are given by Ru(r) Yim(6,¢), where Ryi(r) is given 

by Equation 2.26, and Y},,(0, $) is a spherical harmonic. The complete 
eigenfunctions therefore depend on three quantum numbers, n, | and m, and they 
are simultaneously eigenfunctions of the Hamiltonian operator H and the angular 


momentum operators Land z, With eigenvalues — Eg /n?, I(l + 1)h? and mh, 
respectively. 


This should not come as a surprise: in Section 2.5.3 of Book 2 we showed that H, 


it and Ls form a set of mutually commuting operators, so that each operator 
commutes with the other two. This means that it must be possible to find a set of 
functions that are simultaneous eigenfunctions of all three operators, and these 
eigenfunctions correspond to states in which the system simultaneously has 
definite values of energy, the square of the magnitude of the orbital angular 
momentum, and the z-component of the orbital angular momentum. 


For each value of the principal quantum number n, there are n values of the orbital 
angular momentum quantum number /, ranging from | = 0 to | = n — 1. For each 
of these values of l, there are (2 + 1) values of the magnetic angular momentum 
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quantum number m, ranging from m = —l to m = +L. So the number of different 
eigenfunctions associated with a given value n of the principal quantum number is 


n—1 n—-1 n—-1 
n(n — 1) 9 
2 1)=2 l ]22——— — =n. : 
2 iX) » P I +n=n (2.29) 


Thus for n = 1 there is only one eigenfunction, and for n = 2 there are four 
(= 2?) eigenfunctions, and so on. 


2.4.2 Spectroscopic notation 


In the Coulomb model of the hydrogen atom, the energy levels depend only on n. 
However, we have just seen that there are n? eigenfunctions for each value of n. 
For each eigenfunction the electron can be spin-up (m, — +3) or spin-down 


Table 2.2 Spectroscopic 1 : 2 
(ms = — 5) so the degeneracy of each energy level is 2n*. 


notation for hydrogen atom 
eigenfunctions. These letters are Figure 2.8 shows the calculated energy levels for eigenfunctions with n < 5. 


derived from the names given In this figure, and elsewhere, we use spectroscopic notation to label 

to various series of spectral the eigenfunctions (see Table 2.2). In spectroscopic notation, states and 

lines in sodium and other eigenfunctions with | = 0 are denoted as s, those with | = 1 as p, those with / = 2 
atoms: s, p, d, f stand for as d, and those with / = 3 as f. For eigenfunctions with / = 4 and higher, the 
sharp, principal, diffuse and designation goes alphabetically from g. Particular eigenfunctions are then 
fundamental, but these names specified by attaching the value of n as a prefix and the value of m as a subscript. 
have little importance today. The ground state of hydrogen is thus labelled 1so, since n = 1, | = 0 and m = 0. 


An eigenfunction with n = 5, | = 3 and m = —3 would be labelled 5f 3. The 


1 Symbol subscript m is often omitted, so that the ground-state eigenfunction of hydrogen is 
0 S usually written simply as 1s. 
1 p 
2 d E/eva 
i : l : 5d 5f 5 
4 -05 —— —— -—mr 9E 5 n=5 
5 : 0.85 - £ — Ç pad 
Soe Bs cS ERES pet 
E 2p n=2 
p 
p d 
Figure 2.8 Energies 
of different states in the 
hydrogen atom. Ignoring 
spin, each horizontal red line 
corresponds to 2/ + 1 different 
eigenfunctions, e.g. 2p is 
corresponds to 2p. ,, 2Po -ISH = n=1 
and 2p, ,. [=0 i=1 1-2 1—8 [—4 
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@ What is the label for the eigenfunction with n = 4, | = 3, m = +2? 
O 4f}2. 


2.4.3 Visualizing the complete eigenfunctions 
Probability density 


Suppose that we had a microscope sufficiently powerful to image the electron 
density around an atomic nucleus (this is becoming possible with scanning 
tunnelling microscopy), and that we obtained an image which was darker where 
there was a higher probability of finding an electron, and lighter where the 
probability was lower. This image would resemble a plot of the probability density 
w*w. Figure 2.9 shows a representation of the probability densities corresponding 
to eigenfunctions of the hydrogen atom. The more dots there are in a region, the 
higher the probability density in that region. Note that each of these diagrams 
shows the probability density in the xz-plane. The shape of the probability density 
in three dimensions can be obtained by rotating these diagrams about the z-axis. 


1so 280 2pg 2p41 


380 Spo 3p44 


Figure 2.9 Probability 
densities for eigenfunctions of 
3do ols 3d4o the hydrogen atom in the 
xz-plane, with the z-axis 
pointing up the page. 
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The DVD that accompanies this 
book includes software for 
visualizing hydrogen atom 
eigenfunctions. 


54 


The probability densities for states with | = 0 (the s states) are spherically 
symmetric since the eigenfunctions do not depend on 0 or ¢. For | > 0, the 
probability density is non-spherical, and its shape and orientation depend on the 
values of | and |m|. For example, compare the two different 2p probability 
densities shown in Figure 2.9. 


An isolated hydrogen atom is in a spherically-symmetric environment, so you 
might wonder how it is possible to obtain the shapes given for the probability 
densities in Figure 2.9, which are clearly not spherically symmetric. However, it 
is important to realize that states with different angular momenta are degenerate 
with one another. This means that we have no reason to suppose that an atom in 
the n = 2 energy level is in any one of the 2s or 2p states — it could equally well 
be in a mixture of them. To observe probability densities like those shown for 2py 
(Figure 2.9), it would be necessary to place the atom in an environment where one 
direction was singled out by, for example applying an electric or magnetic field. 


The probability density Y*;„Wnim must, of course, be a positive number, but the 
eigenfunction can be complex. On diagrams such as those in Figure 2.9, it is 
common to use colours to indicate whether the real (or imaginary) part of an 
eigenfunction is positive or negative in a particular region. Figure 2.10 shows 
probability densities for the solutions with n = 1, 2 and 3, with the regions where 
the real part of the eigenfunction is positive indicated by blue dots, and the 
regions where it is negative indicated by red dots. 


Of course, we are free to multiply any eigenfunction by an arbitrary phase factor, 
so it would be equally valid to reverse the positive and negative regions. However, 
the important point is that the real (and imaginary) parts of the eigenfunction 
have positive and negative regions. This will be important in the discussion of 
molecules in Chapter 6. You will see that overlapping eigenfunctions from 
different atoms can interfere constructively or destructively, leading to high or low 
concentrations of electrons, and this is crucial for molecular bonding. 


The radial probability density 


Another way of describing the eigenfunctions is to specify the probability that the 
electron-proton separation lies within a small interval between r and r + dr. 
Since the radial function is one-dimensional and we are now dealing with the 
complete eigenfunction which is three-dimensional, we cannot simply take the 
square of the modulus of the radial function. Instead, we consider a thin spherical 
shell, of radius r and thickness ôr, centred on the proton. 


Now the probability that the electron is found within a small volume ôV is 
simply the product of the probability density ~*q and the volume element ôV. 
In spherical coordinates, the volume element is ÂV = r? sin 0 ôr 00 09 (see 
Figure 1.3). To obtain the probability that the electron is found within the thin 
shell, we integrate the probability density over the volume of the shell. For a thin 
shell, we do not need to integrate over r. 


2.4 Putting it together: the complete eigenfunctions 


380 3Po 3p, 


3do 3d 3da» 


Figure 2.10 Probability densities for hydrogen atom eigenfunctions with 

n = 1, 2 and 3, and all possible values of l. All distributions are shown in the 
xz-plane, with the z-axis pointing up the page. Blue and red dots indicate regions 
where the real part of the eigenfunction is positive or negative, respectively. 


The probability is thus 
probability = r? dr i? f ww sin 0 dé dd. 
Since i (r) = Rni(r) Yim(0, 9), we have 
probability = R2,(r) r? ôr n D | , Yr, Yim sin 0 dé dé. 


The spherical harmonics Y;,, are normalized, so the double integral over angles is 
equal to 1. The probability that the electron is found within the shell is therefore 
R2 (v) r? ór — this is the probability that the electron—proton separation is 
between r and r + dr. The quantity R2, (r) r?° is known as the radial probability 
density, and this is the probability per unit radial distance of finding the electron 
at distance r from the proton. Figure 2.11 shows plots of the radial probability 
densities for n = 1, 2 and 3. 


These colours have nothing to 
do with the sign of charge, 
which is negative throughout 
as we are dealing with the 
probability density for an 
electron. 
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Figure 2.1! Radial 

probability densities for n = 1, 

2 and 3. Note that the scale on 

the horizontal axis is in units of O In both figures the maxima for | = n — 1 occur at increasing values of r as n 

the Bohr radius ao. increases. However, the maxima in Figure 2.11 occur at larger distances than 
the corresponding maxima in Figure 2.7. This is a consequence of the r°? 
factor in the radial probability density. 


€ Compare the three plots with | = n — 1 in Figures 2.7 and 2.11, and comment 
on the positions of the maxima of the curves. 


Interestingly, the maxima for the radial probability densities for states with 

| = n — 1 occur at n2ao. These are the distances that Bohr predicted for the radii 
of the orbits of the electron around the proton. So for | — n — 1, the most 
probable distance is equal to the radius of the corresponding Bohr orbit. 


This does not hold for other values of l. States with 1 < n — 1 have several 
maxima, and the most probable distance corresponds to the highest maximum. 
Note that the distance at which this highest maximum occurs is greater than the 
radius of the corresponding Bohr orbit. 


€ From Figure 2.11, what is the most probable electron—proton separation for 


You can explore the forms of the state with n = 2, | = 0, and for the state with n = 2, | = 1? Are these 
the radial functions and the distances the same? 

radial distributions further in a O From Figure 2.11, the maximum for n = 2, | = 0 occurs at around r = 5aọ, 
multimedia sequence on the whereas the highest maximum for n = 2, | = 1 occurs at around r = 4a. 
DVD that accompanies this The most probable electron-proton separation is greater for n = 2, l = 0 than 
book. for n = 2,1 = 1; in general the spatial extent of a hydrogen atom 


eigenfunction depends on both n and J. 
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Nodal surfaces of the eigenfunctions 


The complete eigenfunctions are zero when either Pj; (r) is zero or Yi, (0, Q) is 
zero. When Aj(r) is zero, the complete eigenfunction is zero on the surface of a 
sphere. Zeros in the spherical harmonics produce either planes or conical surfaces 


on which the eigenfunction is zero. In general, the eigenfunctions have nodal 
surfaces — surfaces where the eigenfunction vanishes — from both the radial 


function and the spherical harmonic (Figure 2.12). However, eigenfunctions with 


l = n — 1 have nodal surfaces only from the spherical harmonics, and those 
with l = 0 have spherical nodal surfaces only from the radial functions. The 
ground-state eigenfunction 1s is spherically symmetric with no nodal surfaces. 


Worked Example 2.2 
Where do the eigenfunctions for the 3pp and 3do states vanish? 


Solution 


The eigenfunctions vanish where the values of the radial function or the 
spherical harmonic are zero. For 3po, the radial function is zero where 

r = 6ao (see Table 2.1), so there will be a spherical surface with this radius 
where the eigenfunction vanishes. In addition, the spherical harmonic 
Yi.0(0, 9) is proportional to cos 0 (see Table 1.1), so there will be a nodal 
plane for 0 = 90°. These surfaces are shown as a circle and lines on the 
3po probability density in Figure 2.12. For 3do, the radial function is 
non-zero for finite r > 0. There will therefore be nodal surfaces only where 
Yim(9, Q) is zero. The spherical harmonic Y2 o(0, à) is proportional to 

3 cos? 0 — 1 (see Table 1.1), so it vanishes when cos 6 = 1/4/3, that is, 

0 = cos 1(1/4/3) = 54.7? or 125.3°. The black lines on the 3do probability 
density in Figure 2.12 represent a cross-section through this conical surface. 


250 2pg 


380 3pg 3do 


Essential skill 


Predicting nodal surfaces of 
eigenfunctions for atomic 
hydrogen 


Figure 2.12 Probability 
density for five states of the 
hydrogen atom with m = 0. The 
Z-axis points towards the top of 
the page. The black lines and 
circles indicate cross-sections 
through nodal surfaces. 
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Exercise 2.6 Where does the 3d; eigenfunction vanish? E 


Multimedia sequence: The hydrogen atom 


Radial functions 


In this sequence, you can view plots of the radial functions and the radial 
probability densities for values of n up to 8. 


You can confirm that there are always n — | — 1 nodes, and observe how the 
locations of the maxima vary with / for a fixed value of n. 


3D display 


In this sequence you can see how the radial functions Ej; (r) combine with 
the spherical harmonics Yim (0, ¢). 


Orbital Viewer 


The Orbital Viewer program allows you to visualize probability densities for 
the hydrogen atom for values of n up to 30. The distributions can be rotated 
to give you an idea of their appearance in three dimensions. Files for 

n, — 1,2,3,4 have been provided in the format used in Figure 2.10. The 
program allows you to change the representation method. 


2.5 Expectation values and uncertainties 


Now that we know the energy eigenfunctions, we can calculate the expectation 
values and uncertainties of various quantities in different states of the hydrogen 
atom. 


2.5.1 Expectation values 


One way to quantify the size of a hydrogen atom is to specify (r), the expectation 
value of the electron-proton separation. 


@ How can (r) be calculated? 

O In quantum mechanics, the expectation value of any quantity is given by a 
sandwich integral. For the electron-proton separation r, the expectation value 
is 


27 T oo 
e) oir = f l1 V* rr? sin dr dé dà. 


Using Ynim(r) = Rni(r) Yi (0, Q), and the fact that the spherical harmonics 
are normalized, the expectation value of r is given by 


oo QT T oo 
y= f r? R2 (r) dr f I lYim(O, 9)? sin 0 dô dọ = / r? R2 (r) dr, 
0 o Jo 0 


and more generally 
(rh) = / ret? R2 (7) dr. (2.30) 


58 


2.5 Expectation values and uncertainties 


Worked Example 2.3 
Evaluate the expectation value of the electron-proton separation for the 1s 
ground state of the hydrogen atom. 


Solution 


For the 1s state, Ri o(r) = (2/a3/) e—7/40, and so 


4 oo 
q= =f r3 e ?r/ao dr, 
ag Jo 


Using the standard integral [a x” e— dx = n!/a”*! given inside the 
back cover, we obtain 


4 3l ag 3 


So the expectation value of the electron-proton separation, (r), is 3ao. 


Exercise 2.7 Calculate the expectation value of r for a hydrogen atom in a 3d 
state. El 


You can see from Exercise 2.7 that the expectation value of r increases with m. It 
also decreases with /. The general expression for (r) is 


(r) = > [3n? — Se (2.31) 
For a nodeless state with l = n — 1, this reduces to 
(r) = nan si (2.32) 


O Verify that Equation 2.32 predicts that the expectation value for a 3d state of 
the hydrogen atom is 21a9/2, as found in Exercise 2.7. 


O For a 3d state, n = 3 and | = 2, so | = n — 1 and (r) is found by substituting 
the value n = 3 into Equation 2.32: 
21ag 


(- 28x7- 77. 


Exercise 2.8 Calculate the expectation value of the Coulomb potential energy 
between the electron and the proton in the ground state of a hydrogen atom. 
Express your answer in terms of the Rydberg energy. 


Exercise 2.9 Distinguish between the following quantities in the ground state 
of a hydrogen atom: (a) the radial coordinate of a tiny volume element of fixed 
size, located so as to maximize the probability that the electron will be found 
within it; (b) the most likely electron-proton distance and (c) the expectation 
value of the electron-proton distance. Oo 


Essential skill 
Calculating an expectation value 


Note that (r) > n?ao, 

which is the most probable 
electron—proton separation for 
l=n-1. 
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2.5.2 Uncertainty in electron-proton separation 


The uncertainty AA in any The uncertainty in the electron-proton separation r is a measure of the spread of r 
observable A is defined by and is given by Ar = 4/ (r?) — (r)?. We showed in Section 2.5.1 how to evaluate 
2 
AA = y (A?) — (A) (see (r); to calculate Ar we need to find (r?°). We shall do this for the ground state of 
Section 4.4 in Book 1). the hydrogen atom, 1s. 
Using the same method as used to obtain (r), the integral we need is 
oo 4 oo 
(r?) = f r* Ri o(r) dr = a rt e ?r/ao dr, 
0 a9 JO 


Using the standard formula for this form of integral from inside the back cover, 


Substituting this result, and the value (r) = 3ao/2 calculated in Worked 
Example 2.3, into the expression for Ar, we obtain 


2x 1/2 
Ar = 4/ (r2) — (ry? = (sa = 23 = E ao. 


So the uncertainty Ar is V/3ag /2. 


The general formula for the uncertainty in r in a state characterized by quantum 
numbers l and n is 


Ar = Vni + Qn? — [2(1 + 1)?. (2.33) 


For a nodeless state with | = n — 1, this reduces to 


Ar = > nyn +1. (2.34) 


2.5.3 Rydberg states of the hydrogen atom 


States of the hydrogen atom with very large n are known as Rydberg states. In 
these states, (r) can be much greater than the distance between neighbouring 
atoms, so that the eigenfunctions of the atoms overlap. 


@ Evaluate (r) for a hydrogen atom with n = 100, | = 99. 
O From Equation 2.32, 


(r) = - (100 x 201) = 1.005 x 104a. 


Since ag = 0.0529 nm, this value of (r) is of the order of 5.3 x 1077 m. However, 
at normal temperatures and pressures, hydrogen atoms are not found in such 
states. It would require nearly 13.6 eV to excite atoms from the ground state to 
states with n ~ 100, and if a Rydberg state did form, the atom would be readily 
ionized. 


Exercise 2.10 Calculate the energy of a hydrogen atom in a state with 
n = 100. Hence deduce the energy required to ionize an atom that was in this 
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state, and the energy required to excite an atom to this state from the ground 
state. " 


The ionization energy of 1.36 meV calculated in Exercise 2.10 for a state with 
n, — 100 is typical of the energy provided by a photon of infrared radiation. A 
typical thermal energy at room temperature (300 K) is 25 meV, and this energy 
would be more than sufficient to ionize the atom. 


Rydberg states of atoms have been prepared by cooling gas samples to very low 
temperatures (of the order of 100 mK), and then exciting the atoms with a pulse of 
laser light. The very small amount of thermal energy present was sufficient to 
cause ionization of some excited atoms. The free electrons produced could easily 
collide with other atoms, causing them in turn to ionize. The result was the 
formation of a plasma, a state of matter consisting of free electrons and nuclei. 
Plasmas are usually formed using extremely high temperatures, so such a low 
temperature plasma is of great interest. 


@ Find the uncertainty in r, for a hydrogen atom with n = 100, l = 99. 
O Using Equation 2.34, Ar = 50ag9V/201 ~ 700a. 
So not only does a hydrogen atom with n = 100 have a very large value of (r), 


but it also has a large uncertainty, Ar. Note, however that although the uncertainty 
increases with n, the fractional uncertainty decreases. For states with | = n — 1, 


Ar  (ag/2)n 2n 4-1 1 


(r) (ao/2)n(Qn+1) nil 
which becomes small at very large values of n. For Rydberg states, the Figure 2.13 Probability 
eigenfunctions can resemble well-defined Bohr orbits. Figure 2.13 shows the density for a Rydberg state with 
probability density for a state with n = 28, | = 27 and m = 27. This provides a n= 28 1 = 27 and m= 27 
good ilustrator of the correspondence principle mentioned in Chapter 5 of shown for the y = 0 plane, 
Book 1: the predictions of quantum physics often approach those of classical with the z-axis pointing out 
physics in the limit of high quantum numbers. of the page. The red/blue 


regions show where the real 
part of the eigenfunction is 


2.5.4 Momentum distribution in the ground state B l 
positive/negative. 


The probability density for an electron in an isolated hydrogen atom cannot be 
measured by any experiment yet devised. However, it is possible to measure the 
probability density of the electron's momentum. An experiment that did this was 
described by McCarthy and Weigold in 1981. In their experiment, free electrons 
of known momentum pg collided with stationary hydrogen atoms. Although each 
hydrogen atom was stationary, the proton and electron comprising it were not. 


At the time of impact, the electron in the atom had an initial momentum, which 
we denote by p’, and the proton had initial momentum —p’, equal in magnitude 
but opposite in direction to that of the electron. The change in the proton's 
momentum was negligible compared with its initial momentum. Thus, by 
conservation of momentum, po + p’ = pa + pp, where pa is the momentum of 
the electron ejected from the hydrogen atom, and pp is the momentum of the 
free electron after the collision. The initial momentum of the free electron 

and the final momenta of both electrons were measured, so it was possible to 
calculate the initial momentum of the electron in the hydrogen atom at the time of 
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impact: p' = pa + pp — po. A classical picture of the momenta involved in this 
experiment is shown in Figure 2.14. 


(a) before ; 


(b) after 


Figure 2.14 (a) An electron with momentum 
po approaches a stationary hydrogen atom that 
comprises an electron with momentum p' 

and a proton with momentum —p’. (b) The 
free electron ejects the bound electron with 
momentum pa, and its own momentum is 
changed to pp. The proton's momentum is 
unchanged. 


| | | | [on yn 
Ü 0.2 0.4 0.6 08 1.0 L2 14 
electron momentum/ hag ! 


momentum probability density /4rağ 


Figure 2.15 Momentum probability density 
for an electron in the ground state of a hydrogen 
atom. The crosses, circles and triangles refer to 
three different energies of the electrons fired 

at the atoms, and the continuous line is the 
momentum probability density predicted by 
quantum mechanics. 


For a fixed value of the initial momentum of the free electron, po, a count was 
made over a long period of time of the occurrence of particular pairs of momenta 
(pa, Pp), each pair corresponding to a particular value of p'. Of course, it was 
not possible to distinguish which electron came from the atom. The results of the 
experiment are shown in Figure 2.15, along with a curve showing the prediction 


of quantum mechanics. 


We now show how the momentum probability density is calculated. This is 
optional reading and will not be assessed. 


For a given po, the probability of detecting two electrons with momenta pa 
and pg is given by the probability of the collision occurring multiplied by the 
probability that the electron in the hydrogen atom is found to have a particular 
momentum p’ at the time of the collision. The probability of the collision 
occurring can be calculated, but we shall not be concerned with that here. 


Just as the distance of the electron from the proton is not a fixed quantity but has a 
distribution of values, so the momentum of the electron also has a probability 
distribution. We need to find the probability that the electron in the hydrogen 


atom has momentum p' = hk. 


2.5 Expectation values and uncertainties 


For a one-dimensional wave packet, the probability of finding the momentum in 
a small interval ñ ôk, centred on hk, is | A(k, t)? ók, where the momentum 
amplitude function A(k, t) is the Fourier transform of the wave function V (x, t): 


A(k,t) — ; f V(z, t) e i? qz. (2.85) | See Chapter 6 of Book 1. 
T J—oo 


Jom 
For a hydrogen atom, we need to extend this result to three dimensions, that is, we 
need a momentum amplitude function, A(k, t), such that the probability of finding 
the momentum of the electron in a small region of extent (A ók;)(Rók,)(hók;), 
centred on /ik, is given by | A(k, t)|? 6k, 6k, ók;. For any stationary state, 

| A(k, t)? is independent of time, and the appropriate three-dimensional 
generalization of Equation 2.35 turns out to be 


ill oo oo oo g 
A(k) = vM D a v(r) ek dz dy dz. (2.36) 


This is the three-dimensional Fourier transform of y(r). Note that it involves 
the scalar product k  r = kya + kyy + k;z. 


To determine the momentum amplitude A, o,o(k) for the ground state of the The subscripts 1,0, 0 denote the 
hydrogen atom, we take the three-dimensional Fourier transform of the ground state of the hydrogen 
eigenfunction 4/; o,o(r). We will work in spherical coordinates, with the z-axis atom with n — 1, | — 0 and 
chosen to point in the direction of k. Equation 2.36 then becomes m = 0. 


1 i £ = —ikr cos : 
Aj,0,0(k) = um | f / W1,0,0(r) e kr cos@ 2 sin 0 dr dO dọ, 


where the coordinate 0 is the angle between the directions of k and r. There are 
no ¢-dependent terms in the integral, so the integration over @ gives 27. To 
perform the integration over 0, we make the substitution w = cos 0. Then 


dw = — sin 0 d0, and 0 = 0 corresponds to w = 1, while 0 = z corresponds to 
w = —1,so we have 
T ] —1 . eik" m e-ikr 
n e kr cos? an Od = -f e rv dw = NEM ry 
0 1 ikr 


The final step is the integration over r. Taking the ground-state energy 
eigenfunction from Tables 2.1 and 1.1, we have 


2m 2 1 df 
A k= —r/ao [(aikr —ikr 


Using a standard result given inside the back cover, the remaining integral is 
straightforward but tedious. We shall just quote the final answer: 


A ie a 
1,0,05) = —— qm 


This is the momentum amplitude, so the corresponding momentum probability 
density is 


8a2 1 
|Aioo(k)/? = —2 . 
7 (reae 


Figure 2.15 used this formula to plot the momentum probability density against 

the magnitude of electron's momentum in a hydrogen atom. The experimental 

data are adjusted to allow for the factor describing the probability of collision. As The optional reading ends 
you can see, the calculated plot is a very good fit to the experimental data. here. 
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Figure 2.16 High-resolution 
absorption spectrum of 
stationary hydrogen atoms. This 
spectrum corresponds to the 
emission line at \ = 656nm 
shown in Figure 2.1. 
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2.5.5 Postscript 


In this chapter you have seen that the time-independent Schrödinger equation, 
applied to the Coulomb model of a hydrogen atom, accounts for the spectral lines 
shown in Figure 2.1. However, more precise measurements reveal that the 
longest-wavelength line shown in Figure 2.1 is composed of a number of lines, as 
shown in Figure 2.16. In Chapter 4, we will refine our simple model of the 
hydrogen atom to include a number of small effects, such as those due to electron 
spin. The refined model predicts that the energy levels depend on / as well as n, 
and accounts for the ‘fine structure’ shown in Figure 2.16. First, though, we need 
to develop some tools that will allow us to get approximate answers in situations 
where exact calculations become hard or impossible. The next chapter discusses 
two of these techniques: the variational method and perturbation theory. 


4.3 x 1075 eV 


intensity of absorption 


656.10 656.08 


wavelength A/nm 


Summary of Chapter 2 


Section 2.1 The Bohr model predicts energy levels for hydrogen that are 
consistent with the measured emission spectra, but the model is not satisfactory. 


Section 2.2 The time-independent Schrödinger equation can be solved exactly 
for the Coulomb model of the hydrogen atom in which the electron and proton are 
treated as point-like particles interacting only via a Coulomb potential energy. 
Solutions are obtained using the method of separation of variables in spherical 
coordinates. The terms that depend on 0 and ó are spherical harmonics, Y, (0, ¢), 
while the r-dependence is governed by the radial equation 


rl af ad (L+ 1)? e? 
( 2u r? dr (r =) = 2ur? uu) Ter) = En. 


Section 2.3 Acceptable solutions of the radial equation are of the form 


l 
Rar) = (=) x (potynomia in z) x erie. 


ao 
where the principal quantum number n = 1,2,3, ... and the allowed values of / 
are 0, 1,...,n — 1. The polynomial is of order n — | — 1 and has n — l — 1 nodes. 


Achievements from Chapter 2 


The corresponding energy eigenvalues are E„ = — Eg/n?, where Ep is the 
Rydberg energy. 


Section 2.4 The complete eigenfunction is the product of R„ı(r) and a spherical 
harmonic, Yj(0, 9). Spectroscopic notation labels states with l = 0, 1,2,3,4, . .. 
by s, p. d, f, g,.... The principal quantum number n is attached as a prefix, and 
the magnetic quantum number m is sometimes added as a subscript. 


The radial probability density R2 (r) r? is the probability per unit radial distance 
of finding an electron at distance r from the proton. The highest maximum in the 
radial probability density corresponds to the most probable electron-proton 
separation. 


In general, the eigenfunctions have nodal surfaces from both the radial function 
and the spherical harmonic. Those due to the radial function are spherical 
surfaces. Those due to the spherical harmonic are either planar or conical surfaces. 


Section 2.5 The eigenfunctions v1, (r,0, à) can be used to calculate 
expectation values of quantities for the hydrogen atom. For large n, the 
expectation value (r) and the uncertainty Ar are both large, but the fractional 
uncertainty Ar/(r) decreases as n increases. The momentum probability density 
calculated for the ground-state eigenfunction is in very good agreement with 
experimental data. 


Achievements from Chapter 2 


After studying this chapter, you should be able to: 
2.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


2.2 Interpret the wavelengths of light emitted by atoms in terms of differences 
between energy levels. 


2.3 Explain the significance of terms in the time-independent Schrödinger 
equation for a hydrogen atom, and in the radial and angular equations 
derived from it. 


2.4 Recall that the general form of the radial function is 
(r/ao)! x (polynomial in r/ao of order n — | — 1) x e-"/"*», Given a 
particular radial function, find appropriate normalization constants. 


2.5 Explain how energy quantization arises for a hydrogen atom, and recall the 
restrictions on the quantum number / for a given n. 


2.6 Write down and interpret spectroscopic notation for hydrogen atom 
eigenfunctions. 


2.7 Interpret diagrams showing energy eigenfunctions, probability densities and 
radial probability densities for the hydrogen atom. 


2.8 Calculate probability densities and the probability of finding the electron 
within a given region. 

2.9 Identify nodal surfaces for hydrogen atom eigenfunctions. 

2.10 Calculate expectation values of r” and the uncertainty in r for hydrogen 
atom eigenfunctions. 
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Figure 3.1 Simple 


one-dimensional potential 
energy wells: (a) infinite square 
well of width L, (b) harmonic 
well with force constant 

C. The solutions of the 
time-independent Schródinger 
equation for these wells were 
discussed in Chapters 3 and 5 of 
Book 1. 
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Chapter 3  Time-independent 
approximation methods 


Introduction 


This chapter introduces approximation methods. These are crucially important 
in quantum mechanics. If we want to use quantum theory to understand the 
properties of real systems, such as atoms, molecules or solids, then we need 
practical methods of applying this theory. 


Most of the examples that we have looked at so far in this course have dealt with 
simplified models. The reason for this is that Schródinger's equation is almost 
impossible to solve analytically unless the potential energy function is very 
simple. For a particle of mass m with a potential energy function V(r), the 
Hamiltonian operator is given by 


PN hn? 
H--——V? -V(r). 
2m 


When V (r) has a simple form, such as one of the one-dimensional wells shown 
in Figure 3.1, or even the three-dimensional Coulomb potential energy 

V(r) = —e?/4n&or discussed in Chapter 2, we can find analytical solutions 

to Schródinger's equation and hence determine both the stationary states for 

the system and the energies of those states. If the potential energy function is 
even slightly complicated, however, the task of finding an analytical solution 
becomes extremely difficult. Despite this apparent problem, quantum mechanics 
is used very successfully to study many physical phenomena, from the way 
electrons move through solids, to the nature of the light emitted by stars in distant 
galaxies. This success is accomplished by using mathematical methods that 
give approximate solutions to Schródinger's equation for complicated physical 
systems. 


In this chapter, we will introduce two of the most important approximation 
methods used in quantum mechanics. In Section 3.1 we discuss the variational 
method, and in Section 3.2 we discuss perturbation theory. 'The variational 
method will be used in Chapters 6 and 7 in studies of diatomic molecules and 
solids. Perturbation theory will be used in Chapters 4 and 5 to make more 
accurate predictions of the properties of hydrogen-like atoms than can be achieved 
with the Coulomb model of Chapter 2, and to obtain approximations valid for 
many-electron atoms. Both approximation methods are described as being 
time-independent because they give approximate energy eigenvalues and 
eigenfunctions that satisfy the time-independent Schrödinger equation. The last 
chapter in this book will show how approximations are made in time-dependent 
situations. 


The importance of approximation methods should not be underestimated. 
Quantum mechanics textbooks, including these course books, are dominated by 
the few cases for which analytical solutions can be found, for the good reason that 
these examples provide much insight into the underlying physics. However, 
almost every application of quantum mechanics in the real world, from atomic 
physics to lasers, semiconductors and quantum computing, is based on solutions 


3.| The variational method 


obtained using approximation methods. Practical applications of quantum 
mechanics cannot proceed without them. 


Although these methods are called approximation methods, you should not 
suppose that the solutions are merely rough estimates. The approximate solutions 
that are produced can be extremely accurate, in some cases surpassing the 
accuracy of experiments. The incredible success of quantum mechanics in 
predicting the behaviour of real systems is testament to the usefulness of these 
methods. 


There are not many exercises in this chapter, but some are quite lengthy. Do 
not miss them out as they cover essential skills. 


3.| The variational method 


The variational method is perhaps the simplest of the approximation methods The variational method was 
used in quantum mechanics. This method can be used in a variety of situations, devised by Lord Rayleigh in 
but in this section we concentrate solely on finding approximate solutions to the 1873 to study the vibrational 


time-independent Schrödinger equation. More specifically, we will be interested modes of mechanical systems. 
in estimating the energy of the ground state of a quantum system. 


The basic principle of the variational method is straightforward: when we are 
unable to calculate the ground-state energy directly, we make an educated 

guess at the form of its eigenfunction and then find the expectation value of the 
energy in the state described by the guessed eigenfunction. We then vary the 
guessed eigenfunction in such a way as to minimize the expectation value. The 
minimum value provides an estimate of the ground-state energy of the system — 
the best estimate consistent with the assumptions made about the form of the 
eigenfunction. 


Before starting, we should make our notation clear. For a specified 


Hamiltonian H, we write the unknown exact solutions for the eigenvalues as En We shall often use the term 
and the unknown exact solutions for the eigenfunctions as yn, where the Hamiltonian as a shorthand for 
subscript n denotes one particular state. These eigenfunctions and eigenvalues Hamiltonian operator. 'This is 
satisfy the time-independent Schródinger equation standard practice in quantum 

ES mechanics. 

Hy, T Ens. 


Now, we can obtain an expression for E, in terms of the eigenfunctions by taking 
the inner product of both sides of this equation with the eigenfunction Yn: 


and rearranging the result to give 


Gs] f ps) 
nln) 


The right-hand side of this expression can be interpreted as the expectation value 
of the energy; this is equal to Ej, because the energy has the definite value Ep in 
the state v. 


E, = (3.1) 


As long as Yn is an eigenfunction of H, this expression for En is exact. However, 
we will be concerned with situations in which we do not know the eigenfunctions. 
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This trial function carries the 
subscript ‘1° to indicate that it is 
intended to be an approximation 
for the ground-state 
eigenfunction, which we take to 
have quantum number n — 1. 
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We then make an educated guess at the form of the eigenfunction, based on 

our knowledge of quantum mechanics and of the system under consideration. 
We shall call our guess the trial function, and denote it by à; (r), using ó 
rather than w to distinguish our guess from the exact solution, and including the 
subscript ‘t’ for ‘trial’. The expectation value of the energy in the state described 
by the trial function will be written as Ent, and this is given by a modified form 
of Equation 3.1: 


(Øn l B ont) 
EQ E 
? (On,t|Pn,t) 


Notice that we have retained the term (ġn,t|@n,t) in the denominator 

of Equation 3.2. If the trial function were normalized, we would have 
(on,t|On,t) = 1, and there would be no need to include this denominator. 
However, it is often convenient to use trial functions without worrying about their 
normalization; by including the denominator we can estimate the ground-state 
energy using any trial function, whether normalized or not. 


(3.2) 


Clearly, if the trial function were exactly equal to the ground-state eigenfunction, 
so that n, = Wn, then the expressions on the right-hand sides of Equations 3.1 
and 3.2 would be identical, so we would have Ej, = En and the estimate for the 
eigenvalue would be exact too. However, this is unlikely to be the case, and the 
accuracy of our estimate En į depends on the extent to which the trial function is 
similar to the exact eigenfunction. 


You may not have much confidence in your ability to pick an appropriate trial 
function that will give a reasonable estimate of the energy eigenvalue. Fortunately, 
the variational method provides a way to optimize the choice of trial function 

for the ground state, and in the next subsection we shall explain the theory 
underpinning this method. 


3.1.1 The principle of the method 


The variational method depends on the fact that, for any quantum system, the 
expectation value of the energy evaluated for any trial function is always greater 
than the ground-state energy of the system. We will now show why this is so. 


We assume that the exact energy eigenfunctions of the system, Yn, form a 
complete orthonormal set. This means that the trial function can be expanded as a 
linear combination of these eigenfunctions 


$ix(r) = > an bn (r), (3.3) 


where the unknown coefficients a, are, in general, complex numbers. We can 
now substitute this expansion into Equation 3.2, with n = 1, to obtain 


(dic H TARJ ( 2, amm] H | 2, ann) 
Ee) 


Fit = = 
P ($1014) 2 Gm Um, 


Now H is a linear operator and the functions 7, are its eigenfunctions, so 


Aw, = Ey Wn. We therefore have 
(Xanim| OanEntn) E E aan En (mltbn) 
(Eomp Danny EE nan elus) 


Eit = 


D 


Moreover, the functions Yn are orthonormal, so (155, |) = dmn, giving 
D D an 0n EnÓmn p» [as En 
Ej Qe n m |. n 
2205 dnÓmn > lanl? 
n m n 
By definition, the ground-state energy eigenvalue Æ is smaller than any other 


energy eigenvalue. We can therefore write Ej, > E; for all n. Since each of the 
factors |a; |? is positive, this means that 


Y [as En > lan? Et By Y lag 
n 


(3.4) 


E= E = 
» Jas]? » lan|? » an? 
n n n 


where we have used the fact that F; is a constant to take it outside the sum in the 
penultimate step. We conclude that: 


= HE, (3.5) 


The expectation value of the energy calculated using any trial function is 
always greater than or equal to the exact ground-state energy. 


This is a very important result. It means that we can try various trial functions and 
select the one that gives the smallest possible energy expectation value; this will 
provide our best estimate of the ground-state energy. 


For a real system, such as a complicated atom or a molecule composed of several 
atoms, we do not usually know the exact ground-state energy eigenfunction 4/1. 
This is where the variational method is useful. The essence of the method is to 
choose a trial function that contains one or more adjustable parameters. For 
example, we might choose ¢ + = eco which contains the adjustable 
parameter a. When we work out the expectation value of the energy using this 
trial function, we get an answer Ej = E (o) that depends on a. By varying a, 
we can minimize E; (o), and the minimum energy generated is then our best 
estimate of the ground-state energy. 


The accuracy of our estimate of the ground-state energy depends on our choice of 
trial function. If the trial function is very similar in form to the exact ground-state 
eigenfunction, then the variational method can produce a very good estimate for 
the ground-state energy. It is important to use all of the information that we have 
about the system when choosing a trial function. For example, we know that the 
ground state of a particle confined in a one-dimensional potential energy well has 
no nodes, so it is advisable to ensure that the trial function has no nodes. If we 
were to choose a function with one or more nodes, then the minimum energy 
would be very poor estimate of the ground-state energy. 


It is often possible to improve the accuracy of the energy estimate by using more 
adjustable parameters in the trial function. This is analogous to improving the fit 


3.1 


The variational method 
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Tm 


E 0 "EDS 


Figure 3.2 The trial function 
I2 
Pit = a E 


70 


of a function, which includes adjustable parameters, to an arbitrary curve; the 
more free parameters there are, the closer the function can be made to fit the 
curve. If computers are used, there is no difficulty in using trial functions with 
many adjustable parameters. However, we will restrict our attention to trial 
functions with a single adjustable parameter. 


3.1.2 Applying the technique 


To illustrate the variational method, let us consider the example of a 
one-dimensional infinite square well. The exact ground-state energy and 
ground-state eigenfunction for this system were discussed in Chapter 3 of Book 1, 
but we will pretend that they are not known. We will use the variational method to 
estimate the ground-state energy eigenvalue, and then compare the estimate with 
the exact solution. 


The potential energy function V (x) for the infinite one-dimensional well shown in 
Figure 3.1a is 


V (a) 0 for—L/2<a< L/2, 
mp € 
oo elsewhere. 


As a first step, let us list some general properties that the ground-state 
eigenfunction in this well is expected to have. 


e The potential energy well is symmetric, so the eigenfunctions must be either 
even or odd functions. 


e The ground-state eigenfunction has no nodes inside the well, which means that 
it cannot be an odd function; it must therefore be even. 


e The eigenfunctions are continuous and they must be equal to zero at the 
boundaries of the well, x = —L/2 and x = L/2. 


Given these general conditions, it is sensible to choose a trial function that is even, 
nodeless, and is equal to zero at x = —L/2 and at x = L/2. One suitable choice 
is the simple quadratic function shown in Figure 3.2, which is represented by the 
equation 


This function is not normalized, but this is not a problem because Equation 3.2 
does not require the trial function to be normalized. 


The next step is to find the expectation value of the energy for this trial function. 
To do this, we evaluate the right-hand side of Equation 3.2, obtaining 


(hallo) 
Page (Piloni) 


L/2 2 2 8 2 
ile l ee 
-L/2N 4 2m dx 4 


= ; (3.6) 
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This expression can be evaluated to give 


5n? 
Pa pr 
and we know that this value must be greater than or equal to the ground-state 
energy. 


Exercise 3.1 By evaluating the integrals in Equation 3.6, verify that 
Eit m: 58? /mL?. E 


How does the value Ej. = 5h? / mL? compare with the exact value of the 
ground-state energy? In Book 1, you saw that the energy eigenvalues for this 
potential energy well are 


pig? 

2mL? ’ 

so the exact ground-state energy is Ej = /i?1?/2mL?. The value that we found 
using our trial function differs from this by a factor of 10/77, so it is higher by a 


factor of 1.013. As anticipated, our estimate is greater than the exact value, but the 
estimate is very close, so we must have chosen a very reasonable trial function. 


E, = 


The exact ground-state eigenfunction is 


ar) = [Žo (=) i 


and this is compared with our trial function in Figure 3.3. To make the 
comparison a fair one, we have multiplied the trial function by a suitable 
normalization constant v30 / L5/2 , but even so, you can see that the two functions 
are not the same, differing by up to 4 per cent in places. Our estimate for the 
ground-state energy is even better — within about 1 per cent of the exact value. 
This illustrates an important point about the variational method: the accuracy of 
the estimated energy is usually better than that of the trial eigenfunction. 


Figure 3.3 The normalized 
trial function $; for the ground 
state of a particle in a 
one-dimensional infinite square 
well, compared with the exact 
eigenfunction, 41. 
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Essential skill 


Using the variational method 


Here, we use the subscript 0 to 
denote the ground state, because 
the quantum number for the 
lowest energy state of the 
harmonic oscillator is n = 0. 
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This example of how the ground-state energy can be estimated illustrates most 

of the procedures used in the variational method, but it does not include any 
optimization of the trial function to improve the estimate. The trial function 

Pit = L? /4 — x? does not include any parameters that can be varied to minimize 
the energy. The following worked example shows that the variational method 
becomes much more powerful when the trial function includes an adjustable 
parameter. 


Worked Example 3.1 


Use the variational method to estimate the energy of the ground state of a 
harmonic oscillator for which the potential energy function is V(x) = 1C? 


(Figure 3.1b). Take as a trial function ¢o,4(x) = ee? where b is a real 
positive parameter. The standard integrals inside the back cover should be 
useful. 


Solution 


As always in the variational method, we begin by using Equation 3.2 to 
find the expectation value of the energy in the state described by the trial 
function. The Hamiltonian operator for a harmonic oscillator is 


(see Section 5.2 in Book 1), so using the suggested trial function, the 
expectation value of the energy is 


i e Ue Tum a + 5Cx” ee” dg 
a 2m dz? 
Eo i: & 


: Ee 22 
l e ? z dz 
—oo 


In the numerator, we perform the differentiation 
qd? b2 x2 d 2 b2 2 2D 
— (e7 = (26 ger (ops a e @ 
Eet) = T j-i e 
so that the entire numerator is 


2 oo 2 oo 
Eum (—2b?) | geo de + (-5 (4b*) + ic) | wre 2h dy, 
m —oo 


ee 


Substituting this result back into the expression for the energy and 
simplifying gives 


2 214 oo 
R202 (= si ic) i ree qs 
Eo Ho + iH =% 5 


á m pa 2m9 
/ e ? a dr 
—oo 


The two integrals can be evaluated using two of the standard integrals given 
inside the back cover: 


oo oo 
| eU dy= y7 and i ye” dy = A 


M = 2 


GT) 


If we make the substitution y — vb, then the integral in the denominator 
becomes 


fs 1 ES 2 Vn 
e 2b dz = —1 eU dy = 2 
[. T7 Vb Ics Im 


and the integral in the numerator becomes 


oo 3 poo 3 
Do ay p 1 f 9. —42 = 1 ) 
igs | a ee LT M a 
[oe t E C p xA 


Substituting these results for the integrals back into Equation 3.7 gives 


hb? DP a 1 mP € 
0S = mo ( m ic) Jc sperme o9 


This gives a value for the expectation value of the energy in a state described 
by our trial function; the answer depends on the adjustable parameter b. 


We now minimize this energy with respect to b. To do this, we examine the 
first and second derivatives. First, we differentiate Eo (b) with respect to b, 
and equate the derivative to zero. This gives 

dE, Mb C 


qus reo qn 


which has the real positive solution 


This indicates that the function Eo. (b) has a single turning point for 
positive b. To check that this is a minimum, we can examine the sign of the 
second derivative: 

d? Eos = oe. 

d? m 4M 

Since C is positive, the second derivative is always positive, and so the 
turning point must be a minimum. As this is the only minimum, it must be 
the absolute minimum value that can be achieved with any function of the 
form e^, Hence substituting b = (C'm/4h2)1/4 into Equation 3.8 gives 
the best approximation of the ground-state energy. We obtain 


go _ 2 fem, c [a n [c 
Otman omy AD | 8V Cm 2Vm 


The exact value for the ground-state energy derived in Book 1, Section 5.2 is 
Eo = shwo = ih / C [ m, so the estimate obtained from the variational 
method is equal to the exact value of the ground-state energy in this case. 
This is rather unusual, and arises from the fact that by varying b, the trial 
function can be made identical to the exact eigenfunction for the ground 
state. If a slightly different trial function had been chosen, the estimated 
energy would have been greater than the true ground-state energy. 


3.1 


The variational method 
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3.1.3 A step-by-step recipe for the ground-state energy 


Worked Example 3.1 shows that the variational method can be applied in a 
systematic way to give a good estimate of the ground-state energy. The key to the 
method is choosing a suitable trial function, ¢; «, and then substituting it into the 
following expression: 


Variational estimate of the ground-state energy 
($1,t| H |014) 
(pilt) 


The minimum value is found by adjusting any free parameters in the trial 
function. 


ground-state energy ~ minimum value of (3.9) 


Application of the technique can be summarized in the following steps. 


1. Gather relevant information about the ground-state eigenfunction, such as 
the number of nodes, symmetry and any boundary conditions. 


2. Choose a trial function 9 «, preferably with one or more adjustable 
parameters, that satisfies the conditions identified in step 1. 


3. Find the expectation value of the energy for ¢; « by evaluating the right-hand 
side of Equation 3.2. 


4. Use the methods of calculus to minimize the expectation value of the energy 
with respect to any adjustable parameters of the trial function. 


Essential skill Exercise 3.2 Use the variational method to estimate an upper bound for the 
Using the variational method ground-state energy of a one-dimensional oscillator in which a particle of mass m 
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has the potential energy function V(x) = i Dat. Note that you can shorten the 
solution to this problem by considering how the terms involving the potential 
energy function V(x) = jCa? in Worked Example 3.1 change when the potential 
energy is modified to V(x) = 3 Dz*. m 


3.1.4 The variational method and excited states 


The variational method can be used very successfully to estimate ground-state 
energies. An important factor in this success is Equation 3.5, which tells us that 
anything we do to reduce the value of (¢1 4|H|¢12)/(¢1,|¢1,2) will improve our 
estimate of the ground-state energy. By using functions with several adjustable 
parameters, and throwing enough computing power at the problem, we can get 
very accurate answers indeed. 


We cannot apply exactly the same reasoning to excited states. However, an 
advanced mathematical technique can be used to establish the following result, 
which we just quote: 


3.2 Perturbation methods 


A stationary value is either a 


If we search among all possible functions 6, then any function that produces maximum, a minimum or a 


a stationary value of (olo) /(@|¢) is an eigenfunction of H, and the point of inflection; in all cases, 

stationary value is the corresponding eigenvalue. ( elf $)/(6|d) is insensitive to 

Conversely, every eigenfunction of H produces a stationary value in small changes in the function ¢. 

(6|H|9) /(¢|@), and this stationary value is the corresponding energy The precise details involve 

eigenvalue. an advanced mathematical 
technique called the calculus of 
variations. 


In other words, the problem of solving the time-independent Schrödinger equation 
can be recast as that of finding the functions that produce the stationary values of 


(&1Éi|o) / (elo). 


There is, of course, a snag. In principle, we have to search among all possible 
functions — scarcely a feasible task! However, if we have good reasons for 
thinking that a given excited-state energy eigenfunction can be well-approximated 
by a function ó(z, A) of a given form that depends an adjustable parameter A, we 
can generally optimize the approximation by requiring that 


d (oflo) 
dA (o0|ó) 


The method is less secure than when used on the ground state because we have no 
guarantee that the stationary value produced by our approximate function will be 
greater than the exact eigenvalue. With a bad choice, it may not even be close. 
Nevertheless, using physical insight, it is often possible to use this variational 
method to obtain sensible approximations for excited states, and you will see 
examples of this in Chapter 6 on diatomic molecules. 


3.2 Perturbation methods 


The second approximation technique that we shall discuss in this chapter is the 
perturbation method, which uses an alternative approach: we approximate a 
complicated Hamiltonian by a simpler Hamiltonian for which we can find 

exact solutions for the eigenfunctions and eigenvalues. We then use these exact 
solutions, together with the part of the complicated Hamiltonian that was initially 
omitted, as the basis of further, better, approximations. 


The first subsection explains the basic principles of perturbation theory, while 
the second explains the concepts of approximation order and approximation 
accuracy. The third subsection shows how we use perturbation theory to find 
first-order approximate solutions, and the final subsection gives a brief outline of 
higher-order corrections. 


3.2.1 Basic perturbation theory 


Perturbation theory is used in many fields of physics, many of which pre-date 
quantum mechanics. For example, the orbit of the Moon around the Earth depends 
on many factors: it depends mostly on the gravitational attraction between the 
Earth and the Moon, but it also depends on effects such as tides, the non-spherical 
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shape of the Earth, and the gravitational attraction of other planets and the Sun. 
However, if you wanted to calculate the orbit of the Moon, a good start would be 
to ignore all effects other than the gravitational attraction of the Earth. This 
simplification would reduce the problem to one with an exact solution, and this 
solution could then be used as the starting point for a series of successively better 
estimates. Newton used a version of perturbation theory in this way. 


Perturbation theory in quantum mechanics shares the same basic approach. When 
we consider a complicated system for which we cannot calculate the exact form of 
the energy eigenfunctions and eigenvalues, we simplify the Hamiltonian to one 
for which we can do this. The exact solutions to the simplified problem are then 
used as the basis of more accurate estimates. 


Before developing the basics of perturbation theory, we will define the notation 
that will be used. It is especially important to be clear about this because the 
notation in perturbation theory can become rather complicated. As in the 
variational method, we will be concerned with the time-independent Schrödinger 
equation. The solutions of this equation are the exact energy eigenfunctions and 
eigenvalues of the system, which we denote by Yn and En. Thus 


Hu, = Enn, 


where H is the exact Hamiltonian of the system. We shall assume that the Yn 
form a complete orthonormal set. 


Suppose that the exact time-independent Schródinger equation cannot be solved, 
but that we can make the equation soluble either by ignoring one or more terms in 
the Hamiltonian or by replacing the Hamiltonian by a simpler, more tractable one. 
(Think again about the example of calculating the Moon's orbit, in which many 
small effects are ignored to leave only the dominant effect, resulting in a problem 
that can be solved.) We identify the simplified Hamiltonian — the one for which 
we can calculate an exact solution — by a superscript 0 enclosed 


; TE ; ; ; 
in parentheses, that is, & A The eigenvalues and eigenfunctions 


eigenfunctions Eu eigenfunctions and for this Hamiltonian will also be given a ) superscript, so the 
eigenvalues of H eigenvalues of H simplified Schródinger equation is written as 

po ~(0) 
5 0 0),/,(0 
ee ee Es, Hoy) = ED yy”. 
pp T. c. (0) 
E E E mo es The simplified Hamiltonian H`’ is often called the unperturbed 
A ie Hamiltonian, while the full Hamiltonian H is called the 
AES T perturbed Hamiltonian. The key to perturbation theory is 
; —— — ON ! p de 
| Bcc Qu era ——À— i being able to find a simplified Hamiltonian that has known 

solutions VO and EQ. and that is not very different from 
Ei j : : : 
Eo ese the full Hamiltonian of interest. 


£0) cec 
DS 

i The relationship between the energies of the simplified system 
and the full system is shown schematically in Figure 3.4. Each 
state of the simplified system corresponds to a state of the 


Figure 3.4 The one-to-one correspondence 
full system. 


between the states of the simplified or 


~(0 
unperturbed Hamiltonian & and those of the 
full or perturbed Hamiltonian H. 
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There is nothing especially new about the idea of approximating an equation in 
order to solve it. What distinguishes perturbation theory is that we can use the 
terms that we initially discarded from the Hamiltonian to improve on the initial 
approximation. The discarded terms represent the difference between the two 


Hamiltonians H and a” 


iil . We call this difference the perturbation, and denote it 
by óH, that is, 


jiH-H-Hm". 


This expression can be rearranged to give 


(0) 


H-H +68. (3.10) 


So the full Hamiltonian is the sum of the unperturbed Hamiltonian and the 
perturbation. 


To illustrate the ideas and terminology introduced so far, we shall briefly discuss 
two cases where simplified Hamiltonians can be readily identified. 


A hydrogen atom with spin-orbit interaction 


The first example is the hydrogen atom, with the spin-orbit interaction included. 
You saw in the previous chapter that the Hamiltonian operator for the Coulomb 
model of a hydrogen atom can be written as 


H — hi 2 e? 
2u 4m&or 
where u is the reduced mass and V(r) = —e?/4neor is the Coulomb potential 


energy. In the next chapter, we shall consider the effect of the interaction between 
the electron's spin angular momentum and its orbital angular momentum. 
Including this interaction adds an extra term to the Hamiltonian: 


NH o e 


H- 
2u 4n&or u 


Veo(r) L + $, (3.11) 


where L is the orbital angular momentum operator and S is the spin angular 
momentum operator. Although this extra term is numerically small compared to 
the other terms in the Hamiltonian, it makes finding an exact solution for the 
energy eigenvalues and eigenfunctions of the Hamiltonian extremely difficult. In 


this case, it is convenient to use perturbation methods. We split the Hamiltonian in 


(0) 


Equation 3.11 into an unperturbed part H ’ anda small perturbation oH, 


=f + off, 
where the unperturbed part, for which we found exact solutions in the previous 
chapter, is 

go? — Vag e 


2u Areor’ 


and the small perturbation is given by 


ôf = V,.(r)L-S. 
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Note that this reduced mass 
involves the masses of two 
nuclei; it is different from the 
reduced mass of a hydrogen 
atom, which involves the 
electron mass and the proton 
mass. 
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A vibrating diatomic molecule — an anharmonic oscillator 


The second example is a diatomic molecule, such as hydrogen chloride HCl. The 
Hamiltonian operator for the vibrational motion of such a molecule is 


E pog 
H= ma T V(z), (3.12) 
where p is the reduced mass of the molecule, V (x) has the form of an asymmetric 
potential energy well, like the one shown in Figure 3.5, and x is the separation of 
the two atoms measured from their equilibrium separation. This system is called 
an anharmonic oscillator, since the potential energy function does not have the 
symmetrical parabolic shape that is associated with a harmonic oscillator, but 


rises more steeply for decreased separations than for increased separations. 


potential 4 
energy 


Voo(#) = Cx? 


Figure 3.5 The potential 
energy function V (x) for 

an anharmonic oscillator 
(solid line) compared with 
the potential energy 

function Vgo(z) = 1C? 
for a harmonic oscillator 
(dashed line). The coordinate 
x is measured from the 
equilibrium separation x = 0 
of the atoms. 


increasing separation of atoms 


The time-independent Schrödinger equation for an anharmonic oscillator may be 
difficult or even impossible to solve, depending on the exact form of the potential 
energy function V(x). However, if the difference between V (x) and the potential 
energy function for a harmonic oscillator, Vao(x) = 1C22, is small, then we can 


2 
use a perturbation approach to tackle this problem. 


In this case, we express the total Hamiltonian, given by Equation 3.12, in the form 


H- A” + oH, where the unperturbed Hamiltonian A” is for a harmonic 
oscillator, 
(0) A ade bos 
H =-— —54+5C 
Qu dz? uu E 


and óH is a small perturbation, given by 


ô= R- go = V(x) - icz?. 


The eigenvalues and eigenfunctions for the unperturbed Hamiltonian are those for 
a harmonic oscillator, given in Book 1, Chapter 5. The eigenvalues are 


EQ = (n+ i) hwo forn =0,1,2,..., (3,13) 


where wọ = \/C/w is the classical angular frequency of oscillation. 


3.2 Perturbation methods 


The aim of perturbation theory is to determine the corrections that need to 


be made to I») and to the corresponding eigenfunctions pW) (x) to give better 
approximations for the eigenvalues and eigenfunctions of the 
perturbed Hamiltonian H. 


Exercise 3.3 A particle is confined within a one-dimensional 
infinite square well of width L. There is a small crater inside 
the well, of width w «€ L, centred on the point x = x. The 
potential energy function is shown in Figure 3.6, and is given by 


oo  forz«-L/2and x > L/2, 
V(a) = 4v(x) for |x — zo| < w/2, 
0 elsewhere. 


RY 


Write down (a) the Hamiltonian for this problem, 

(b) a Hamiltonian for a related problem for which you know 
the solutions for the energy eigenvalues and eigenfunctions, 
and (c) the perturbation that represents the difference between Figure 3.6 A small crater in a 
the Hamiltonians in (a) and (b). i one-dimensional infinite square well. 


3.2.2 Taylor expansions and orders of approximation 


An important part of applying approximation methods is understanding the 
accuracy of the approximation. In perturbation theory, the accuracy of the 
calculation is closely related to an important concept called the order of 
approximation. 


This concept might already be familiar to you in the slightly simpler context of 
Taylor expansions of functions. Taylor expansions are used to approximate the 
value of a function at a point in terms of information about the function at a 
nearby point. More specifically, if f(x) is a differentiable function whose value 
and derivatives are known at a point x = zo, then its value at a nearby point, 
zo + ôx, is given by 


d d? 
Flo + 52) = fen) [2] be 3 [ao] (5a)? + 
i EH (ðs) +, — G4 
n! |dz^ |. 


where [d" f/dx”],,, is the value of the nth derivative of f at x = xo. 

Equation 3.14 is the Taylor expansion or Taylor series of the function f(a) around 
the point x = xo. If dx is small, this series usually converges, and if we could 
calculate an infinite number of terms, the expression would be exact. In real life, 
however, we generally cut off the calculation after a finite number of terms and 
hence obtain an approximate value for f (zo + ôx). The approximation improves 
as we include more and more terms. 


The simplest and most crude approximation to f (xo + 6) is the first term in 
Equation 3.14, namely 


f (xo + ôx) ~ f(xo). 
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The superscript (1) will help 
us to remember that the 
perturbation ôH is assumed to 


(0) 


be small compared to A. 
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This is called the zeroth-order approximation. We obtain a better approximation 
by including the next term in the expansion, hence approximating the function 
value as 


fro + 8a) = flao) + [SE be, 


0 
This is the first-order approximation, and the term [d f /dz],,, dx is called the 
first-order correction. Extrapolating from this, the term |d" f /dz"],, (6x)"/n! is 
the nth-order correction and the sum on the right-hand side of Equation 3.14 up 
to this term is the nth-order approximation to the function value. 


Taylor expansions of functions are concerned with the small differences between 
the values of a function at closely-spaced points. Perturbation theory in quantum 
mechanics is concerned with small differences between the eigenvalues and 
eigenfunctions for two closely-related Hamiltonians. This is a different and more 
complicated problem than the Taylor approximation of a function, but there are 
several common ideas. You have seen that we can express the full Hamiltonian as 
the sum of an unperturbed Hamiltonian and a perturbation: H- a” + oH, 

and we will show that each eigenvalue of H can be expressed as a series of 

terms involving the perturbation 8H and the eigenvalues and eigenfunctions of 
the unperturbed Hamiltonian HM If the perturbation is small, the first few 

terms in this series will provide a good approximation for the exact eigenvalue. 
Another common idea is that we can find increasingly accurate approximations by 
including additional correction terms. The same terminology is used as for Taylor 
expansions: we can calculate nth-order corrections and nth-order approximations 
to the eigenvalues and eigenfunctions. 


3.2.3 First-order approximation for the energy eigenvalues 
In this section we derive an equation for the first-order approximation to the 
energy eigenvalues of a quantum system. 


We start by expressing the Hamiltonian operator for the given system in the form 


n= g? 4 a”, 
where a” is a suitably chosen unperturbed Hamiltonian, and we now denote the 


perturbation oH by A”. The full Hamiltonian has (unknown) eigenvalues and 
eigenfunctions given by 


Hun = Entn, (3.15) 


while the unperturbed Hamiltonian has known eigenvalues and eigenfunctions 
given by 


Hy = BOY, (3.16) 


We can then formally write the exact eigenfunctions «v, and the exact eigenvalues 
E, as follows: 


Un = yO) + wy) + ye Tea (3.17) 


3.2 Perturbation methods 


where the superscripts in round brackets indicate the order of the correction. The 
lowest (zeroth) order of approximation corresponds to using the unperturbed 
Hamiltonian, eigenfunctions and eigenvalues. We label the first-order corrections 
by the superscript (1), and give subsequent refinements higher indices. We do 


not need to say what VO Or EY) are yet, but need only know that, when the 
perturbation is small, these terms are of first order in smallness (being 


proportional to Hy while terms labelled (2) are of second order in smallness 
(being proportional to the square of B^. and so on. 


Using these expansions, we now derive an expression for the first-order 
approximation to the energy eigenvalue En. We start with the exact 
time-independent Schródinger equation, and take the inner product of both sides 
with the nth eigenfunction: 


The eigenfunction is assumed to be normalized, so (w,|q,) = 1 and the exact 
energy eigenvalue is 


Of course, this is not much use to us yet because we do not know the exact energy 
eigenfunction, but we can proceed by substituting the expansion for Yp given in 
Equation 3.17. Using Dirac notation, we have 


[end = [OY + WR) He, 
and 
Gs] = QD | + WO] 4-—, 
SO 
(nl Bilin) = (WPP (BO +87) (HP) + WP) o). 


Expanding the round brackets then gives 


(in| E js) = vrai w 


+ (WOH (LO) + HO] HO WO) + HO] HO WO) 
$+ (WO HO uy + YO] HO WO) es... a9 


where we have grouped terms of different orders on different lines. The 

zeroth-order approximation is given by the first line, which involves only the 
unperturbed quantities. The first-order correction is given by the second line. 
These terms are of first ue. m Par Re they each involve a single 


first-order quantity (either H* NU ul or ms ^y. In general, the order of a term 
can be seen by taking the sum of the indices in round brackets. The terms on the 
last line are therefore of second order in smallness; there are some additional 
terms of the same order, 


=~ (0) ~ (0) 
(b>? WO) and (uL uy, 


but we have not bothered to write these down. Remember that (n| H a) is the 
exact energy eigenvalue En, which we are aiming to approximate in a series of 
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successively smaller terms. Equation 3.19 gives us the expansion we are looking 
for. 


Using Equation 3.16 and taking the unperturbed energy eigenfunctions to be 
normalized, the zeroth-order approximation is 


(Og (yO) = EO uiu = go. 


As expected, the zeroth-order approximation to the energy is given by the 
unperturbed energy eigenvalue. 
The first-order correction is given by the terms in the second line of Equation 3.19: 
A(1 z(0 z(0 
ED) = (PLC! HO) + WPL? WP) + WOR uf). 6.20) 


Some simplifications can be made. Using the unperturbed time-independent 
Schródinger equation (Equation 3.16), we see that 


WPRO WP) = BO WP |W). 


Also, because the unperturbed Hamiltonian operator is Hermitian, the last term on 
the right-hand side of Equation 3.20 can be written as 


WPRO WO) = HO YO) = BOPP wh). 


Using the unperturbed Schrodinger equation again, together with the fact that the 
energy eigenvalues are real, we see that 


(WO HO YH) = BO yO yO). 


Inserting these results into Equation 3.20 gives 
ED = (uf RC f) + BO (WOW) + WOW). 620 


Finally, let us investigate the term (yh? ee + (yo Ww. We can do this 
by writing down the normalization condition for the exact eigenfunction and 
expanding it in terms of the unperturbed eigenfunctions. We have 


1 = (Vals) = (WPI WPI) (1019) + P) +=) 
= pun) 
+ QU |) + (Ue) |i) 
t BOOM) se, 


where, in the final expansion, terms of different orders appear on different 
lines. Now, the unperturbed eigenfunctions are normalized too, so we have 
(YO mur — ] and therefore, to first order, 

(in? Pin) + (abn |o) = 0. 
Using this result in Equation 3.21 and reverting to the notation 

ofi =A” 


for the perturbation, we conclude that the first-order correction to the nth energy 
eigenvalue is 


ED = (9 Loft |b”). (3.22) 
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So, recalling that En = EQ + EW + EQ +--+, and truncating this expansion 
at the first-order term, we obtain the following important result: 


First-order approximation for the nth energy eigenvalue 


In first-order perturbation theory, the nth energy eigenvalue is approximated 
by 


E, ~ E( + (of uy, (3.23) 


where Eo is the nth unperturbed energy eigenvalue, ôf is the perturbation, 
and po is the nth unperturbed energy eigenfunction. All the quantities on 
the right-hand side of the equation are known, or can be found by solving 
the unperturbed time-independent Schrédinger equation. 


This result is very plausible. Without any approximations, we can say that the 
exact eigenvalue, En, is equal to the expectation value of the exact Hamiltonian, 
H, taken with respect to the exact eigenfunction, v. That is, 


E, = (On| B |y). 


In the absence of precise information about the exact eigenfunctions, we make do 
with the eigenfunctions of the unperturbed Hamiltonian to obtain the first-order 
approximation: 


~ (DIR j wy (3.24) 
= (ah VT +. off) ose) 
EO + (o | y), 


which is just the result in Equation 3.23. 
1) 


It is worth noting that the first-order correction EL can be positive or negative, 
so the first-order approximation for the energy can be higher or lower than the 
energy for the unperturbed system. Contrast this with the estimates for the 
ground-state energy obtained using the variational method, where the values 
obtained must be greater than or equal to the exact ground-state energy. 


Although the theory behind the first-order perturbation result is quite different 
from that behind the variational method, you should note the similarity between 
Equation 3.24 and Equation 3.2, which we used to approximate the ground-state 
energy by the variational method. In both cases, the exact energy eigenvalue is 
approximated by the expectation value of the Hamiltonian of the system with 
respect to an approximate function. In the variational method, we use a trial 
function — one that we essentially guess, and then tune a bit to get the best 
possible estimate. In the perturbation method, we use an eigenfunction of a 
Hamiltonian that we know is close to that of f. In both cases, the accuracy of the 
solution that we obtain depends on how close the approximate function is to the 
real eigenfunction. 
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Essential skill Worked Example 3.2 
Using first-order perturbation A particle of mass m is in the one-dimensional infinite well shown in 
theory Figure 3.7. 
AV 
oO o 
Pd 
EI -L/4 0 Lj/4 en 3 


Figure 3.7 A one-dimensional infinite potential energy well with a small 
bump. 


This well is described by the potential energy function 


0 for—L/2< x< —L/A, 
W for-L/AX x € L/A, 
itor d cope 

oo elsewhere. 


Use perturbation theory to find an expression for the frequency of light 
emitted when the particle makes a transition from the first excited state to 
the ground state of this well. 


Solution 


Let the energy of the ground state be E, and the energy of the first excited 
state be E». Then the frequency of the emitted light is (E2 — E4)/h, so 
we need to estimate these two energy levels. We shall use first-order 
perturbation theory, taking the unperturbed Hamiltonian to be that for a 
particle of mass m in the corresponding infinite square well (without the 
bump), and the perturbation to be 


f V; for-L/A€z x L/A, 
— ]O elsewhere. 


From Book 1, Chapter 3, the unperturbed energy eigenfunction and 
eigenvalue for the ground state are 


Oy IP L (0) | TW 
mE mr /2ox( =) and i, = om 


Using these results in Equation 3.23, we obtain the first-order approximation 
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to the ground-state eigenvalue: 


s 
E, ~ EO! "Era ib ) ¥ aes (T =) de 
i. 


L/A 
a) Ey o TE 
=e F T a; cos (= ) dz. 


Changing the variable of integration to y = 7a/L and noting that 
dz = (L/7) dy and that x = € L/4 corresponds to y = 47/4, gives 


2V; que 
By = B+ TRE cos? y dy. 


T/4 
Using a standard integral given inside the back cover, we then obtain 
Vi 1 We 
Beet Oa See E sae sinu) 
a I2" 4 A 

Ao e. 
yO) are tie | es 

e T l5 ] 


ol 


A similar calculation can be carried out for the first excited state. In this 
case, the unperturbed energy eigenfunction and eigenvalue are 


0 2) ol Pint 0 = he 
ws (x) = PE and ES = Oma? 
and the first-order approximation to the excited-state eigenvalue is 


2 hs 2 
E ~ E + = | s (22) dz. 
-L/A m 


Changing the variable of integration to y = 27/L and noting that 
dz = (L/27) dy and that x = +L /4 corresponds to y = +7/2, gives 


ES ES 
Ez c Ee ) + pos =| |o 
Using a standard integral given inside the back cover, we then obtain 
V 1 T2 
E ~ E? Im GE = inen) 
2 d afe 
Vo 
DE 
In first-order perturbation theory, our estimate for the frequency of the 
emitted light is 


CUERO d m ne) 1 1 
fas ~ 5 |e +3) (sí iue 


= EO + 
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Essential skill 
Using first-order perturbation 
theory 


Essential skill 
Using first-order perturbation 
theory 
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This frequency is smaller than for the unperturbed infinite well because the 
bump raises the energy of the ground state more than it raises the energy of 
the first excited state. This makes good sense because the unperturbed 
eigenfunctions suggest that the particle is more likely to be found near the 
centre of the well, where the perturbing bump is, in the ground state than in 
the first excited state. 


Exercise 3.4 Use first-order perturbation theory to derive an expression for the 
energy of the first excited state of an anharmonic oscillator, with mass m, that has 
the potential energy function V(x) = $C x? + iDz*. You may use the following 
results for the first excited state of a harmonic oscillator (quantum number n — 1): 


=a (EN «- ( LV? oye 
LOO £m FOCAL C Au a 


where a = Ai!/?/(mC)!/^ is the characteristic length parameter of the oscillator. 
You should also assume that Da?/C < 1. 


Exercise 3.5 The Coulomb model of a hydrogen atom discussed in Chapter 2 
assumes that the proton is a point charge, so the potential energy function in 

the Hamiltonian has the Coulomb form, V(r) = —e?/4neor. A better model 
replaces the point charge by a sphere of radius R, with the proton charge e spread 
uniformly throughout its volume. The potential energy function then turns out to 


be 
2 2 
T (= " Io 
Vesp e 
— forr > R. 
4negr 


In this exercise we shall be concerned with the ground state of the atom. 


(a) Write down the Hamiltonian operator for the hydrogen atom, assuming that 
the proton charge is uniformly spread through a sphere of radius R. Also write 
down an unperturbed Hamiltonian for the hydrogen atom for which the energy 
eigenvalues are known, and a perturbation to this Hamiltonian that corresponds to 
the effect of the finite size of the proton. 


(b) Use first-order perturbation theory to show that this perturbation shifts the 
ground-state energy of the atom by a small amount given by the integral 


2 oor, e 27/20 dr. 
teoa Jo \2R 2R3 


(c) Provided that R < ao, it is a good approximation to replace e~?”/%° by 1 
inside the above integral. Use this approximation to obtain a formula for the 
first-order energy shift of the ground state, expressed in terms of R/ao. a 


3.2 Perturbation methods 


3.2.4 Higher-order perturbation theory 


We have restricted our attention to using perturbation methods for determining the 
first-order approximation for the energy eigenvalues. The reason for this is that 
the mathematics involved in finding higher-order approximations is lengthy and 
time-consuming. However, it is worth indicating the approach used if more 
accurate approximations are required. 


One way of improving our estimate of the energy is to go back to Equation 3.19 
and to obtain the second-order relationship, ensuring that our approximation for 
the energy eigenfunction remains normalized to second order. We will not go into 
the details here, but merely state the final result. The second-order correction to 
the nth energy eigenvalue turns out to be 


E | (app of TR 


; (3.25) 


where the sum is over all states. The second-order approximation for the nth 
energy eigenvalue is therefore 


v4? afi jo)? 


E, = BO + QD | of ju) + Y K 


(3.26) 
0 0 
pzn ES )- Ej 
This expression is much more difficult to use than the first-order correction. It Any quantity of the form 
involves a sum of terms, each of which involves evaluating a matrix element, (f|Olg) is called a matrix 


usually by integration. Note that the expression appears to break down whenever ^ element. 
the unperturbed eigenfunctions T and JO are degenerate, since we then 

get an infinite term in the sum. However, it is always possible to choose the 

eigenfunctions such that UI oH ee) = 0 whenever E® = ED and this 

avoids the infinite terms. 


The process of refining the eigenfunctions and eigenvalues could be continued. 
The second-order approximation for the energy could be used to obtain an 
improved approximation for the eigenfunction, which could then be used to 
improve the energy eigenvalue. You might think that it would always be advisable 
to use a large number of terms in the expansion, in order to get very good 
approximations. However, when using approximation methods to determine 
properties of real systems, we need to strike a balance between the accuracy of the 
approximation and the difficulty of performing the calculations. As Equation 3.26 
indicates, calculating higher terms in perturbation expansions can quickly become 
rather complicated. Hence perturbation methods often calculate only the first- or 
second-order corrections. However, if 5H is small, even low-order approximations 
can provide very good solutions. This is an important point because although it is 
true that higher-order approximations will give more accurate solutions, in many 
circumstances low-order approximations can still be highly accurate — or, at 
least, sufficiently accurate for the problem under consideration. 
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Summary of Chapter 3 


Section 3.1 The variational method is especially useful for finding an 
approximate value of the ground-state energy of a quantum system. When we do 
not know the energy eigenvalue or eigenfunction for the ground state, we use 
information that we have about the system to make an educated guess at the form 
of the eigenfunction. The guessed function — a trial function $; ,(r) — may 
depend on one or more adjustable parameters. For a system characterized by a 
Hamiltonian H, the exact ground-state energy F; satisfies the inequality 


CARIE 
TT 


The expression for E į is minimized with respect to the adjustable parameter(s) 
in the trial function, and the minimum value gives the optimum estimate of the 
ground-state energy. Under favourable circumstances, variational methods can 
also be used to find approximate energy eigenfunctions and eigenvalues for 
excited states. 


Ej < fit = 


Section 3.2 The perturbation method is a technique for obtaining approximate 
values for the energy eigenvalues and eigenfunctions of a quantum system. When 
we cannot solve the time-independent Schródinger equation for a system with a 
complicated Hamiltonian, we simplify the Hamiltonian into a form for which we 
can find exact solutions, and use these solutions for the energy eigenvalues and 
eigenfunctions as the basis for obtaining more accurate solutions for the real 
Hamiltonian. 


(0) + oH, where AO is the 


unperturbed Hamiltonian with eigenvalues E and eigenfunctions pe), and 6H 
is the perturbation, the first-order approximation for the energy eigenvalues E, is 


For a system characterized by the Hamiltonian H=H 


En c EO + QD | SH |i). 


It is also possible to obtain higher-order approximations. 


Achievements from Chapter 3 


After studying this chapter, you should be able to: 

3.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 

3.2 Explain the need for approximation methods in quantum mechanics. 

3.3 Explain the basic principles of the variational method. 


3.4 Use the variational method to obtain an estimate for the energy eigenvalue 
for the ground state of a system. 


3.5 Explain the basic principles of perturbation methods. 


3.6 Explain the relationship between the order of a perturbation approximation 
and the accuracy of the result. 


3.7 Use perturbation methods to calculate the first-order approximation to the 
energy eigenvalues in simple cases. 


EEE 
Chapter 4 Hydrogen-like systems 


Introduction 


When Schrödinger used his equation and the Coulomb model to derive the energy 
levels of hydrogen atoms, and hence the Balmer series of spectral lines, it was a 
huge triumph. The patchwork of semi-quantum theories going back to the Bohr 
model was replaced by a coherent theory, capable of explaining behaviour of 
matter in ways that were previously unimagined. 


And yet ... Schródinger's derivation was just the first step, even for hydrogen. As 
noted in Chapter 2, the Balmer series is not a complete account of the visible 
spectrum for hydrogen atoms. Close examination shows that what appear as single 
spectral lines in a low-resolution spectroscope are actually sets of closely-spaced 
lines; the spectrum has fine structure. In fact, the old ad hoc semi-quantum model 
of Bohr, as developed relativistically by Sommerfeld and others, had explanations 
for some of these lines, and this success suggested that an explanation would be 
found by putting quantum theory and relativity together. This was something that 
Schródinger did not achieve. One aim of this chapter is to explain this fine 
structure. Just as the gross (Balmer) structure led to one momentous conclusion, 
that Schródinger's equation was a profound advance, so the fine structure led to 
equally momentous discoveries, not least the prediction of antiparticles. 


Before we delve into the fine structure of hydrogen, we shall apply the 
hydrogen-atom formalism to a number of hydrogen-like systems. The reason for 
doing this is partly to reinforce your understanding of the basic hydrogen atom 
solutions, but also to show the power of these solutions to account for behaviour 
of great historical and practical importance. The historical example we discuss is 
the helium ion spectrum, and the practical examples include muonic atoms and 
X-ray spectra. 


Section 4.1 reminds you of a few key features of the hydrogen atom solutions that 
you met in Chapter 2. We shall then show that two equations derived from 

the hydrogen atom formalism allow us to understand a surprising range of 
phenomena. For example, they lead to techniques that allow us to measure not 
just the sizes of atomic nuclei, but also the different distributions of protons and 
neutrons within the nuclei. 


In Section 4.2, we examine the fine structure of the energy levels of the hydrogen 
atom. Accounting for this structure required a variety of very significant 
developments of quantum theory, and calculating the splitting of the energy 
levels provides examples of perturbation theory in action. However, a deeper 
understanding of the details of the hydrogen spectrum had to await Dirac's 
relativistic quantum mechanics. In Section 4.3, we describe the results of this 
work and some of the remarkable and unexpected spin-offs. Notable among these 
are the discovery of antiparticles and the birth of quantum field theory. 
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In general, the reduced mass of a 
pair of particles with masses mı 
and m» is mmo / (m; + m»). 
In this case, m, is the mass of an 
electron and m, is the mass of a 
proton. 
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4.1 Hydrogen-like atoms 


The energy levels of a hydrogen atom depend upon the charges of the electron and 
of the nucleus, and upon the mass of the electron and, to a lesser extent, the mass 
of the nucleus. In Chapter 2, you saw how deuterium revealed its existence 
through the small effect of the mass of the nucleus upon the reduced mass of 

the atom. There are other systems which have essentially the same energy 
eigenfunctions as hydrogen, apart from scaling due to changes in the masses and 
charges of the two interacting particles. These systems are of considerable 
historical and practical importance, and also provide a new window into the 
hydrogen atom solutions of Chapter 2. Before we discuss the helium ion, muonic 
atoms and other hydrogen-like systems, we remind you of some key properties of 
the hydrogen atom solutions. 


4.1.1 Key results for the hydrogen atom 


In Chapter 2, we saw that a state of the hydrogen atom with principal quantum 
number n has energy eigenvalue 


E 
A=, (4.1) 
n 
where Eg is the Rydberg energy given by 
gu HH 
Eg = —~ = 13.6eV. 4.2 
E (=) 2h? i ( ) 


Here e is the magnitude of the charge of the electron or proton, and uy is the 
reduced mass of the hydrogen atom: 
MeMp 


uH = (4.3) 


me + my. 
We use the subscript H for the reduced mass of a hydrogen atom because we will 
be considering reduced masses for a number of different systems in this chapter. 
The postscript at the end of Chapter 2 noted that each of the energy levels E, 

is not a single energy level, but a set of closely-spaced energy levels. These 
closely-spaced energy levels lead to a spectrum in which each line of the Balmer 
series is, under closer inspection, a set of closely-spaced lines. This is known as 
the fine structure of the spectrum, and is one of the main topics of this chapter. 


The radial functions R„;(r) in the hydrogen atom eigenfunctions are all 
dependent on the ratio r/ao, where the Bohr radius ag is given by 
2 

io a M gpx n (4.4) 
€" HH 
The Bohr radius therefore sets the scale for the radial extent of the hydrogen atom 
wave functions as can be seen from Equation 2.26. In Section 2.5.1, for example, 
you saw that the values of (r) for 1s and 3d states are 3.0 and Aao, respectively. 
If ag were to be reduced by some factor, the expectation value of the radial 


coordinate, (r), would be reduced by the same factor. 


Unlike the radial-dependence R;(r), the angular-dependence of the hydrogen 
atom energy eigenfunctions is determined by the spherical harmonics Yim (0, ¢), 
which do not in any way depend on physical properties such as charge or reduced 
mass. 


4.| Hydrogen-like atoms 


4.1.2 The helium ion and similar systems 


The expressions for the Rydberg energy Eg and the Bohr radius ao both contain 
physical constants e? and uy that depend on the properties of the electron and the 
nucleus. You have already seen in Chapter 2 that Equation 4.2 can be used to 
calculate the stationary-state energies of the deuterium atom simply by changing 
the reduced mass to account for the greater nuclear mass. In Chapter 2, up / ug 
was calculated to be 1.000 272, and using this value leads to correct predictions 
for the wavelengths in the Balmer series for deuterium. Similarly, applying this 
modification to Equation 4.4 allows us to calculate the radial extent of the states 
of deuterium. 


Exercise 4.1 Calculate the ratio of the values of (r) for the 1s states of the 
deuterium atom and the hydrogen atom. a 


From Exercise 4.1, we deduce that the deuterium atom is very slightly smaller 
than the hydrogen atom; we shall find a much more dramatic — and useful — 
case of atomic shrinkage shortly. 


The example of the deuterium spectrum suggests that Equations 4.2— 4.4 can 
be generalized to other systems. Having solved Schródinger's equation for 
hydrogen, we have effectively solved it for all *hydrogen-like' atoms. By 
hydrogen-like atom, I mean a single negatively-charged particle interacting 
with a positively-charged nucleus through the Coulomb attraction. This 


definition covers many systems besides hydrogen, deuterium and tritium. AII Tritium is the heaviest hydrogen 
hydrogen-like atoms have a series of energy levels and a radial size determined by isotope, having two neutrons as 
Equations 4.1— 4.4, except for two modifications. well a proton in the nucleus. It is 


1. The factor €?, the product of the magnitudes of the electron and proton radioactive. 


charges, becomes Ze? for a particle of charge —e interacting with a nucleus 
of charge Ze, where Z is the atomic number (the number of protons in the 
nucleus). 

2. The reduced mass for hydrogen, uy, is replaced by the appropriate reduced 
mass of the system, 4. 


In short, there is a wide range of hydrogen-like atoms for which we can calculate 
the energy levels and radial extent of the energy eigenfunctions by using the 
following prescription: 


Properties of hydrogen-like atoms 


If we denote the reduced mass for ordinary hydrogen by uy, then the energy 
eigenvalues for a hydrogen-like system with reduced mass u and nuclear 
charge Ze are given by 


Escaled 
En = -—, (4.5) 
n 
which is Equation 4.1 with the replacement 
ER puse p (4.6) 
HH 


The radial properties can be calculated by making the following replacement 
for ao in expressions for quantities such as (r) that quantify the spatial 
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More precisely, a neutron is 
about 1.5 parts in a thousand 
heavier than a proton, but taking 
them both to have 1840 times 
the electron mass meg still gives 


Lp / Hi OF Hyget / HH correct to 
7 significant figures. 


Essential skill 


Extending the hydrogen atom 
formalism to hydrogen-like 
systems 
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extent of the eigenfunctions: 
ao => ap — — —- 9. (4.7) 


We shall call Es**4 and at?*d the scaled Rydberg energy and the scaled 
Bohr radius respectively. 


For example, consider a singly-ionized helium ion, He*, a system consisting of a 
helium nucleus and a single electron. The nucleus has two protons and two 
neutrons, and is therefore about four times the mass of a proton. We shall assume 
throughout that protons and neutrons both have a mass 1840 times that of an 
electron, me. This leads to a ratio 4j, / HH of the reduced masses of Het and H 
given by 


Hge* _ [me X 4 x 1840m, me x 1840m, 

HH — \ me +4 x 1840m, Me + 1840m,, 
| 7360 " 1841 
. 7361 ^ 1840 


— 1.00041. (4.8) 


Worked Example 4.1 


Calculate the energies and the expectation values of the radial coordinate, 
(r), for 1s, 2p and 3d states of the singly-ionized helium ion, He*. (For 1s, 
2p and 3d states of the hydrogen atom, (r) has values of 3ao, 5ag and 21 ao, 
respectively, where ag = 5.29 x 107! m.) 


Solution 


The ratio of the reduced masses, 1j, / un, is 1.000 41, as we have just seen. 
Inserting this value in Equation 4.6, the energies depend on the principal 
quantum number n through 


13.6 x 4 x 1.000 41 54.4 
v= 


j= = eV 
n2 n2 


to 3 significant figures (the value 13.6 eV for Eg is no more precise than 
that). The energies of states with n = 1,2,3 are, respectively, —54.4 eV, 
—13.6eV and —6.04eV. 


Using Equation 4.7, the scaled Bohr radius for He* is 


scaled - ao = ao 
Z x 1.00041 2.000 82’ 


which we can take as lao. Since the values of (r) for 1s, 2p and 3d states for 
hydrogen are žao, 5ag and tao, respectively, where ag = 5.29 x 10 !! m, 
we find that the values of (r) for the same three states in He* are, 
respectively, 0.75a9, 2.5ao and 5.25ao, i.e. 3.97 x 1071 m, 1.32 x 1071? m 
and 2.78 x 107! m. 


@ Describe briefly the main differences between (i) the energies of the 
stationary states, and (ii) the radial extents of stationary states (as measured 
by (r)), for singly-ionized helium and for hydrogen. 


O (i) The energies of the stationary states of He* are about a factor of four 
larger in magnitude than the energies of the corresponding states of H. 


(ii) The radial sizes of the stationary states of Het are about a factor of two 
smaller than those of the corresponding states in hydrogen. More precisely, 
the energies are increased and the radial sizes are reduced, by a further factor 
of 1.000 41 in each case. But these additional changes are smaller than the 
precision to which quantities are quoted. 


Exercise 4.2 Calculate the energies in eV and the expectation values (r) for 
1s, 2p and 3d states of the doubly-ionized lithium ion, Li?*. Assume that a 
lithium nucleus has three protons and four neutrons. E 


The historical importance of the He* spectrum 


The helium ion spectrum played an important part in the pre-history of quantum 
theory. In 1896, Pickering in the USA found spectral lines in starlight that had a 
pattern similar to lines of the Balmer series, and the same lines were found in the 
laboratory by Fowler in London. Bohr realized that these newly-discovered 
spectral lines could be fitted by multiplying by four the energies of the stationary 
states of hydrogen in his semi-quantum model. His interpretation of this was that 
the states responsible for the newly-discovered spectrum were those of the helium 
ion. This was important supporting evidence for the Bohr model, which was 
viewed by many scientists as having many ad hoc, not to say disconcerting, 
features, such as the mysterious jumps in energy. Until then, the Bohr model 
could explain the hydrogen spectrum but not much else. However, the factor of 
four did not, in fact, give a perfect fit to the very precise spectroscopy of the time. 
Fowler pointed out that a factor of 4.0016 was required to get the best fit. Bohr 
responded by introducing, for the first time, reduced masses into his calculations 
of the hydrogen spectrum and of the helium ion spectrum, which led to a value of 
4.001 63 for the factor by which the hydrogen energies must be multiplied. To 
quote Pais: ‘Up to that time no one had ever produced anything like it in the realm 
of spectroscopy, agreement between theory and experiment to five significant 
figures. This was in 1913, 12 years before the arrival of the full quantum theory. 


4.1.3 Muonic atoms and their uses 


We now come to a rather different hydrogen-like system, one that has been of 
considerable scientific importance over the years: a muonic atom. A muon, which 
we denote ju, is a particle rather like an electron in many respects, having the 
same electric charge and spin, and not being subject to nuclear-type forces. 
However, its mass is about 207 times greater than that of an electron, and it is 
unstable, decaying with a half-life of about 2.2 x 10^ seconds into an electron 
and a pair of neutrinos. That might seem a short time, but we shall see that it 
leaves plenty of time for muons to do some interesting and useful things within 
atoms. 


4.| Hydrogen-like atoms 


This account of the Bohr, 
Pickering, Fowler story is based 
on the biography of Bohr, Niels 
Bohr's times by Abraham Pais. 


Muons also have 
positively-charged antiparticles, 
u™, which do not play a role at 
this point. 
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Custom compels us to use the 
symbol u both for reduced mass 
and for the muon particle; 
however, the context should 
make the meaning clear. 


X-ray photons have energies in 
the range 0.1 keV to 1000 keV. 
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A muon can be captured by an atom, forming what is known as a muonic atom. 
The simplest muonic atom consists of a proton with a negatively-charged muon 
bound to it. The energy levels and the radial extent of a muonic atom can be 
calculated following the methods used for the helium ion, except in this case it is 
the change of reduced mass that is important rather than the changes of nuclear 
charge. Denoting the electron mass by me, and taking the mass of the muon to be 
m, = 207 me and the mass of the proton to be mp = 1840me., we find that the 
reduced mass of a muonic hydrogen atom is 


207m, x 1840me, 207 x 1840 
^ 07m. + 1840m, — 207-1840 * — LP Orte. iu 
Using ug = (1840/1841)m, = 0.999 46m., we can say that the ratio of the 
reduced mass for muonic hydrogen to the reduced mass for ordinary hydrogen, 
Lu Hx» is 186 to 3 significant figures. In the cases of deuterium and the helium 
ion, the increased mass of the nucleus led to a small increase of the reduced mass 
of the system. In the case of muonic hydrogen, the large increase in the mass of 
the lighter particle leads to a very substantial increase in the reduced mass, and 
this has large effects, as the next exercise shows. 


Hp 


Exercise 4.3 


(a) Calculate the energy of the photon emitted when the first excited state of 
muonic hydrogen decays to the ground state. 


(b) Calculate (r) for the ground state of muonic hydrogen. pg 


@ Explain in one brief sentence how the energies of the states of muonic 
hydrogen differ from those of ordinary hydrogen. Also, explain in one brief 
sentence how the spatial extents of the states for muonic hydrogen differ from 
the spatial extents of the corresponding states for ordinary hydrogen. 


O The energies of the states of muonic hydrogen are 186 times greater in 
magnitude than the energies of the corresponding states of hydrogen. The 
states of muonic hydrogen have spatial extents which are 186 times smaller 
than for the corresponding states of hydrogen. 


Muons can be captured by any atoms, and muonic atoms have provided a great 
deal of important information about atomic nuclei, as well as about fundamental 
processes. Exercise 4.3 revealed key features that are important for muonic atom 
experiments in general, and these are summarized below. 


Energies of the states and transitions between states. The photons emitted by 
muonic atoms are not in the eV range, but hundreds of eV, or even keV; these 

are X-ray photons. In practical terms, this means that instead of using optical 
spectroscopes, detection methods use solid-state detectors similar to those used 
for measuring the energy of gamma rays. 


Radial extent of the eigenfunctions. The radial function R,,;(7) depends on the 
scaled Bohr radius; this is why (r) is a factor of 186 smaller for muonic hydrogen 
than for ordinary hydrogen. One important consequence of this is that the finite 
size of the nucleus must be taken into account in a model of the muonic atom. For 
the ground state of ordinary hydrogen, with n = 1 and / = 0, the most probable 
place to find the electron is at the centre of the proton, since this is where |x? has 
its largest value. However, the probability of finding the electron within the 


tiny volume of the proton, roughly 10~!° m in radius, is very small indeed. 

This makes the Coulomb model of a hydrogen atom, in which the proton is 
treated as a point charge, a good approximation. However, because of its highly 
contracted radial eigenfunction, a muon in muonic hydrogen has a much greater 
probability of being found within the volume of the proton. The Coulomb 
potential energy, proportional to 1/r, is therefore not valid over a significant 
region of the eigenfunction. If one knows the distribution of charge within the 
proton, the correct form of V (r) can be calculated using standard electromagnetic 
theory. The deviation from a pure Coulomb interaction can then be corrected for 
using perturbation theory (as in Exercise 3.5). 


Measuring atomic nuclei with muons 


The detailed pattern of the energy levels of a muonic atom can be used to 
determine the size of an atomic nucleus, and indeed it provides significant 
information about the way the protons are distributed within the nucleus. We now 
shift our attention to atoms with many electrons and with a large value of atomic 
number Z — anything up to 92 for uranium, or beyond. When a muon is captured 
by such an atom, it is not inhibited from occupying a state with the same set of 
quantum numbers as a state that is occupied by an electron. The Pauli exclusion 
principle does not apply in this case because muons and electrons are not identical 
particles. The muon rapidly loses energy, briefly stopping off in states with 
successively smaller values of the principal quantum number, n, and finally 
occupying a state with n = 1 and a very small value of (r). 


€ Which two factors conspire to make (r) particularly small for states of muons 
in heavy atoms? 


O Referring to Equation 4.7, the quantity corresponding to ag, which determines 
the spatial extent of the muon state, has a factor of Z in the denominator. 
Also, u for muonic atoms is very much larger than for electronic atoms. Both 
of these factors reduce the spatial extent of the muonic eigenfunction. 


The answer to the above question makes the implicit assumption that the state of a 
muon within an atom that already contains many electrons can be described as 
being hydrogen-like. To justify this, we use a fact from the classical theory of 
electromagnetism: the electric field at a distance r from the centre of a 
spherically-symmetric charge distribution is the same as that due to a point charge 
Q located at the centre of the distribution, where Q is the total amount of charge 
that is closer to the centre than r. Assuming that the electrons in the atom are 
distributed in a spherically-symmetric way around the nucleus, and bearing in 
mind that the muon is much closer to the nucleus than nearly all of the electron 
charge distribution, this means that the muon will scarcely feel any force due to 
the electrons; it only feels the Coulomb force towards the centre of the nucleus. 
This is reasonable because, very close to the nucleus, we would expect the forces 
due to different parts of the electron charge distribution to cancel out. 


To take a definite example, let us consider a muon, in a state with quantum 
numbers n = 1, / = 0, in a tin atom with atomic number Z = 50 and mass 
number A = 120. In this case, the muon energy eigenfunction is roughly 207 
times smaller in extent, as measured by (r), than an electron energy eigenfunction 
with the same quantum numbers. 


4.| Hydrogen-like atoms 


The Pauli exclusion principle 


was introduced in Chapter 4 of 


Book 2. Its relevance to the 
structure of atoms is fully 
discussed in Chapter 5 of this 
book. 


This is a consequence of a result 


called Gauss's law. 


The mass number is the sum 
the number of protons and the 
number of neutrons in the 
nucleus. 


of 
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The energy ranges of X-ray 
photons and y-ray photons 
overlap. 
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Exercise 4.4 Explain why the radial functions for muonic tin are 207 times 
smaller than the corresponding electronic radial functions, whereas the radial 
functions for muonic hydrogen are 186 times smaller than the corresponding 
electronic radial functions. E] 


So here is the picture of a muonic atom when the muon is in a state with a small 
value of its principal quantum number n: the muon and the nucleus are, in effect, 
a hydrogen-like system because the radial extent of the muon's eigenfunction is so 
small that essentially all the charge associated with the electrons is located outside 
the region roughly defined by the muon's (r). The muon and the nucleus do not 
constitute a hydrogen-like system if the muon is in a state with very large n, like 
the Rydberg states you met in Chapter 2. However, muons in such states would 
soon find themselves in the low-n states, as we shall see. 


We now calculate (r) for a muon with quantum numbers n — 1 and | — 0, bound 
to a tin atom with Z — 50. We follow the argument that we have used several 
times before, noting that for hydrogen, the value of (r) for an electron with these 
quantum numbers is 3 x 5.29 x 10711 m, much greater than the radius of the tin 
nucleus, which is approximately 6 x 10715 m. For a muon bound to a tin nucleus 
in an orbital with n = 1, 


(T) = Sox 207 


so the spatial extent of this muon eigenfunction is comparable to the size of the 
nucleus. 


x 3 x 5.29 x 10! m = 7.67 x 107 m, (4.10) 


Strictly speaking, the calculation we have just done is only a rough approximation. 
This is because Equation 4.4 is derived in Chapter 2 with the implicit assumption 
that the nucleus is a point charge. However, the tin nucleus is not very small in 
comparison to the spatial extent of muon states with low n. In such a case, the 
energy eigenfunctions and energy eigenvalues for a muon bound to a nucleus 
cannot be found using the simple Coulomb model that postulates a point charge, 
since the problem involves an extended charge. Finding the energy eigenfunctions 
and eigenvalues for a specific distribution of nuclear charge requires the use of 
perturbation theory and numerical methods on a computer. The good news is that 
this provides an opportunity to turn the whole process around — the size of a 
nucleus can be deduced from the energy levels of muonic atoms. 


Here is an outline of how muons are used to measure the size of atomic nuclei. 
Muons are produced copiously by particle accelerators, and can be captured by 
atoms containing the particular nucleus to be studied. The muons are stopped 
within a target containing the appropriate atoms, and are initially captured into 
orbitals with very large values of n. They then rapidly lose energy within the 
atoms as they make a sequence of transitions from higher-energy states to 
lower-energy states, sometimes ejecting electrons from that atom, but in the final 
stages emitting photons. The time taken for a muon to end up in the n = 1 ground 
state is less than 10714 seconds, about 10° times smaller than the muon half-life. 


The photons that are emitted in the last few transitions are customarily referred 
to as X-ray photons because of the way they are produced, but in fact their 
energies are well within the range of energies of y-rays produced by nuclei. In 
Exercise 4.3, you found that the photon emitted when a muon bound to a proton 
makes a transition from an n = 2 state to the n = 1 state is about 2 keV. For tin, 


with Z — 50, this energy will be multiplied by a factor of 50? x 207/186, which 
would make it about 5 MeV. 


The scheme for measuring nuclear sizes with muons is as follows. The charge 
density of the nucleus is postulated to have the general form shown in Figure 4.1, 
which is represented by the equation 


P0 

p(r) ERE PE (4.11) 
where c >> a and po is essentially the charge density at the centre of the nucleus, 
r = 0. The parameter c is the radius at which the charge density falls to pp /2, and 
the parameter a determines the distance over which the charge density drops off at 
the surface of the nucleus. The skin thickness 7 is the difference between the radii 
at which p(r) = 0.1po and p(r) = 0.9po, and this is given by 7 = 4a ln 3; a larger 
value of 7 means that the charge density falls off more slowly. The total nuclear 
charge is Ze, so 


ar f p(r)r? dr = Ze, (4.12) 
0 


and po must be adjusted so that this holds true. 


acharge density 
Po 


Pol 2 


Figure 4.1 The postulated 
nuclear charge density, 
showing the central 

density po, the half-density 
radius c, and the skin 
thickness 7. 


The form of p(r) in Equation 4.11 embodies the general property of atomic nuclei 
that they have a region of approximately constant charge density at the nuclear 
centre, and this charge density is much the same for all but the lightest nuclei. 
Given this expression for the charge density p(r), the electrostatic potential 
energy function V, (r) of the muon can be calculated using classical electrostatics. 
Inserting V,,(r) calculated in this way into the time-independent Schrödinger 
equation, we can obtain the energy eigenvalues for the muon. These energy 
eigenvalues can be recalculated using different functions V, (r) that are 
determined using a range of values of the parameters c and a. These parameters 
are varied until the energy eigenvalues of the muon states are consistent with the 
energy differences revealed by the measured X-ray energies. The parameters that 
give the best fit to the experimental data can be used to find a mean radius, a 
number characterizing the nuclear size. This quantity can be measured to four 
significant figures. Such measurements provide an important experimental 
foundation for our understanding of the properties of atomic nuclei. 
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Because the muon moves very 


rapidly, accurate calculations 


include relativistic corrections, 
or replace the time-independent 


Schródinger equation by its 
relativistic cousin, the Dirac 
equation (see Section 4.3.1). 


Because of these complications, 


and the detailed form of the 
potential energy function, 
the solutions are obtained 
numerically, rather than as 
analytic functions. 
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Short-lived radioactive nuclei are of great scientific interest, not least for the 
important role they play in stellar events, such as supernovas, and in the 
production of the chemical elements. Such nuclei cannot be fixed in targets, so it 
is difficult to use the muon technique we have described, or rival techniques based 
on high-energy electron diffraction. However, beams of short-lived radioactive 
nuclei can be produced, and, as this chapter is being written, there is an active 
research program aimed at measuring the properties of short-lived nuclei by 
producing beams of their muonic atoms. An Anglo-Japanese collaboration is 
currently exploring this possibility (see Figure 4.2). 


4.| Hydrogen-like atoms 


4.1.4 Not just muons... 


Muons and electrons are not the only negatively-charged particles that can form a 
hydrogen-like system with a positively-charged nucleus. The same thing can be 
done with antiprotons, which have the same mass as protons but the opposite 
charge. 


An antiproton interacts strongly with neutrons and so, if captured by an atom to 
form an antiprotonic atom, provides the opportunity for measuring the distribution 
of neutrons within nuclei. This is of interest because there are reasons for 
believing that the distribution of neutrons differs somewhat from the distribution 
of protons, especially for heavy nuclei like ERD, 


Exercise 4.5 For a given value of n, how much smaller (as measured by (r)) 

is the energy eigenfunction of an antiproton than the corresponding eigenfunction 

of a muon? Assume that the particles are bound to a heavy nucleus, such 

as ?08Pb m 
g2t D. 


Now, antiproton eigenfunctions with low values of n would be located deep 
within the nucleus, as Exercise 4.5 demonstrated. However, antiprotons quickly 
annihilate with protons in the nucleus and never reach states with very low n. But 
the many transitions between states with n in the range 10—20 can be exploited to 
provide evidence concerning the neutron distribution. Evidence was presented in 
2007, on the basis of experiments with antiprotons, that the neutrons in 7¢8Pb 


extend about 0.14 x 10715 m further than the protons. 


Finally, we note that many other negatively-charged particles, such as pions, Pions are particles that are about 
can be captured by atoms and fall into states with low n. These are again 3046 heavier than muons. Unlike 
hydrogen-like systems in which the negatively-charged particle is in a state that muons but like antiprotons, 

has a large overlap with the nucleus. Such systems have also been exploited as pions interact strongly with 
sources of information about nuclei. nuclei. They are produced 


copiously in collisions between 


M matter and high-energy protons 
4.1.5 Deep within atoms: X-ray spectra from particle accelerators. 


For our final example of a hydrogen-like atom, we turn to the production of 
X-rays. When electrons with energies of tens of thousands of electronvolts strike a 
block of metal, such as molybdenum or tungsten, X-rays are emitted. When the 
intensity of the X-rays is measured as a function of the wavelength, we find an 
X-ray spectrum, rather like that shown for molybdenum in Figure 4.3. There is a 
smooth curve, which drops sharply to zero at a wavelength A of about 0.037 nm, 
with two sharp peaks below and just above 0.07 nm. 


The smooth curve and the peaks arise from X-rays generated in quite different 
ways. The X-rays that depend smoothly on A are known as bremsstrahlung, 
from the German for “braking radiation’; this radiation is generated by the rapid 
slowing down of the electrons as they strike the metal. However, the X-rays 
corresponding to the sharp peaks at 0.065 nm and 0.071 nm are of more interest 
here. These peaks are spectral lines like those in the Balmer series, but with 
photons of much higher energies. Like the lines in the Balmer series, they 
correspond to photons of definite energy emitted when the molybdenum atom 
makes a transition from one stationary state to another of lower energy. 
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Figure 4.3 The variation with wavelength A of the intensity of the X-rays 
emitted when 35 keV electrons strike a block of molybdenum, Z — 42. The 

Ka peak corresponds to a transition from an n = 2 state to an n = 1 state, while 
the Kg peak corresponds to a transition from an n = 3 state to an n = 1 state. 


How are such high-energy photons generated within atoms? The photons in 

the optical spectrum that are emitted when a material is heated in a flame, for 
example, have energies of a few eV, whereas X-ray photons have something like a 
thousand times that energy. These high-energy photons arise from quantum jumps 
by deep-lying electrons within atoms. Here, ‘deep-lying’ means that these 
electrons have their eigenfunctions deep within the atom, with small values of (r), 
and small values of the principal quantum number n. The full meaning of 
*deep-lying' will be clearer after the discussion of many-electron atoms in 

the next chapter, but the general idea is this. Each electron in an atom has 

a set of quantum numbers, n, l, m, Mms. Because electrons are identical, the 

Pauli exclusion principle comes into play, and only one electron can have a 
particular set of quantum numbers. The electrons with the smallest value of n are 
the most tightly bound, meaning that their (negative) energy has the greatest 
magnitude. This is some tens of keV for an element of medium atomic number, 
like molybdenum, and becomes even larger for very heavy elements like uranium. 


Now, when a lump of molybdenum is struck by a high-energy electron, there is a 
finite chance that one of the low-lying electrons will be knocked out of the atom. 
When this happens, an electron with higher energy makes a transition to the 
vacated state, and as it does so, an X-ray photon carries off the energy. 
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For essentially the same reasons as discussed on page 95, an electron with 

n = 1 within a heavy atom hardly feels any effect of the charge of the many 
less-deeply-lying electrons. Apart from the fact that there is another n = 1 
electron, it would, together with the nucleus, constitute a hydrogen-like system, 
and its energy would be 


13.622? 
n2 


E,=- eV, (4.13) 


where we have left n in the expression, although we have n = 1 in mind. It is the 
Z? factor in this expression, which is 1764 for molybdenum (Z — 42), that leads 
to X-ray photons having keV rather than eV energies. It turns out that the effect of 
the second n = 1 electron can be taken into account reasonably well by replacing 
Z by Z — 1 in Equation 4.13. In around 1913, Moseley systematically measured 
the X-ray wavelengths for many elements, and found that the energies of the 
photons that correspond to peaks like the one marked Ka in Figure 4.3 could be 
fitted by the expression 


1 1 
Ex, = E E 22 
This is equivalent to the energy released when a hydrogen-like atom, in which an 
electron is bound to a nucleus of charge (Z — 1)e, jumps from an n — 2 state to 


the n — 1 state. The fact that Z — 1 rather than Z occurs in Equation 4.13 takes 
account of the presence of the second n — 1 electron, a so-called screening effect. 


| (Z —1)?13.6eV = 3 x (Z — 1)? 13.6eV. — (414) 


The other emission peak in Figure 4.3, labelled Kg, corresponds to the 
higher-energy photon that is emitted when an electron jumps from a state with 

n = 3 to a state with n = 1. It should be said that going beyond the simple picture 
that gives Equation 4.14 to an exact account of the X-ray spectra of atoms is a 
very non-trivial task. 


The energy-dependence discovered by Moseley, and given in Equation 4.14, was The relative atomic mass of an 
of immense scientific importance. It was this that established the significance of atom is the ratio of the mass of 
the atomic number Z as the fundamental ordering principle of the chemical the atom to 1/12 of the mass of 
elements, rather than the relative atomic mass as had been thought. This sorted the !?C atom. The relative 

out some annoying anomalies that had appeared in early versions of the Periodic atomic mass as measured by 
Table: for example, chemists had concluded already that argon, with a relative chemists is an average of the 
atomic mass of 39.95, should come before potassium, which has a lower atomic relative atomic masses of the 
mass, 39.10. Moseley's X-ray results showed that argon did indeed have a lower isotopes, weighted by their 
atomic number, Z — 18, than potassium, Z — 19. The anomalous order of the relative abundances. 

atomic masses is due to the fact that the predominant potassium isotope is 

39K (with 20 neutrons), whereas the predominant argon isotope is IA (with 

22 neutrons). 


Exercise 4.6 Use Equation 4.14 to calculate the wavelength of the Ka X-ray 
lines in copper, Cu (Z = 29) and tungsten, W (Z = 74). Comment on the 
difference in wavelengths of these two X-ray lines. E 


4.2 The hydrogen spectrum ‘under the microscope’ 


Rather than explore further varieties of hydrogen-like systems, we shall now look 
more closely at the archetypal hydrogen-like system, the hydrogen atom itself. 
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4.2.1 Fine structure of the hydrogen spectrum 


A high-resolution spectrometer reveals that the lines of the Lyman, Balmer and 

other series in the hydrogen spectrum are not single lines, but multiple lines. This 
is because there are a number of very closely-spaced energy levels for each value 
of the principal quantum number n, as shown in the second column of Figure 4.4, 


The reason for choosing a factor where the departures from the energy levels given by Equation 4.2 are magnified 


2 
of 137? will emerge shortly. by a factor of 137". 
Bross fine 
structure structure 
pao = 27 = ye) 
n=3  ——fn-3,-1j-83/2 and n=3,l=2,j — 3/2 
Sp=— sh Ohg e ad dp hum dL gem IU 
n-2  .——— a-324-1,j-8[2 
E ——— n=2,1=0,j=1/2 and n=2,l=1,7=1/2 
2 
[^] 
" TS 
Figure 4.4 Ontheleftarethe — 
three lowest energy levels of a -lF 
hydrogen atom as presented in 
Chapter 2. High-resolution 
spectroscopy reveals that each of aes oe 
these energy levels is actually a | 
number of very closely-spaced —15- 0.000 181 eV 
levels, and on the right we show 
this fine structure expanded by a n=1,1=0,j=1/2 
factor of 137?. 


It is apparent from this figure that the level with principal quantum number n is 
split into n components. For example, the level with n = 3 is split into three. The 
lowest of these energy levels corresponds to two sets of quantum numbers: 
(1=0, j= $) and(L — 1, j = 9). 


€ Allowing for the fact that states with a given value of j may have different 
values of m;, how many different states in total correspond to the lowest 
energy level with n — 3? 


O For each pair of quantum numbers (J, j), there are 27 + 1 different values of 
mj. Since the n = 3 level has two / values corresponding to j = 5. the total 
number of states in this energy level is 2(2 x 4 + 1) = 4. 


The next higher energy for n = 3 corresponds to j = 3 and to two values of | 
(1 and 2); finally the, highest energy corresponds to (l = 2, j = 3). 
A remarkable feature of the energy level splitting shown in Figure 4.4 is that states 


with the same j but different | apparently have the same energy. A successful 
theory for the fine structure must explain this surprising feature. 


We shall now give an explanation of the origin of the fine structure of hydrogen. 
The arguments we give here are based on the time-independent Schródinger 
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equation and are correct as far as they go, but Section 4.3 will briefly mention an 
alternative approach based on Dirac's relativistic quantum mechanics. 


As we pointed out earlier, all of the energy shifts shown in Figure 4.4 have been 
magnified by a factor of 1377. The changes in energy are clearly very small 
compared to the original energies. This suggests that they can be accounted for 
using first-order perturbation theory, as described in Chapter 3. In other words, 
the energy shift for a state described by the unperturbed eigenfunction vj; is 
given to a first-order approximation by 


EU ~ (nisl OH hni), 


where óH is the perturbation to the Coulomb model Hamiltonian. It turns out that 
there are three main contributions to the perturbation ôH: 


]. Relativistic effects modify the form of the kinetic energy term. 
2. Spin-orbit effects must be taken into account for states with | Æ 0. 
3. An additional term, called the Darwin term, arises only if l = 0. 


You met spin-orbit interactions in Chapter 1 and saw how they produce a splitting 
of the energy levels of sodium atoms, leading to two closely-spaced yellow 
spectral lines. In hydrogen, the other two effects listed above are of a similar 
magnitude to the spin-orbit effect, and all three are grouped together as 
fine-structure perturbations. Even smaller perturbations exist (such as that due to 
the finite size of the proton); these are called hyperfine-structure effects, and will 
be discussed later. 


We shall now go through the three fine-structure effects in turn. 
1. The relativistic correction to the kinetic energy 


The kinetic energy term in the Hamiltonian operator in Schródinger's equation is 
derived from the classical non-relativistic expression for the kinetic energy of 

a particle, p? /2m. However, this expression is no longer correct for speeds 
approaching the speed of light. An idea of the importance of relativistic 
corrections can be obtained by considering the ground state of hydrogen. You saw 
in Chapter 2 (Exercise 2.8) that the expectation value of the Coulomb potential 
energy in the ground state of a hydrogen atom is (V) = —2Eg. Since the total 
energy in the ground state is Ej = — Ep, it follows that the expectation value of 
the kinetic energy in the ground state is 


(Ekin) = kj — (V) = —Eg + 2Eg = Eg. 


To get some measure of the importance of relativistic effects, we interpret (Ekin) 
as a classical kinetic energy imev?. Doing this, we get 


—-— 8 (4.15) 
Me 
SO 
3E 
=a (4.16) 
Cc mec 


where c is the speed of light. In special relativity, the quantity mec? is called the 
rest energy of the electron; it is the energy that a stationary electron has by virtue 
of possessing mass (an example of Einstein’s famous equation E = mc’). 


In this book, ‘relativity’ refers to 
special relativity, not general 
relativity (the relativistic theory 
of gravity). 


For the present discussion, we 
ignore the difference between 
the electron mass Me and its 
reduced mass yu in hydrogen. We 
also use the non-relativistic 
expression Im? for kinetic 
energy, anticipating the fact that 
relativistic effects will be small. 
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Using Equation 4.2, we obtain 


U e? 1 


c  4m&oghc 137 ( ) 


Relativistic corrections are usually of order t? /c?, which is smaller than 1074 in 
our case. So, relativistic effects are expected to be small in hydrogen, but given 
the precision of spectroscopic measurements, they are not completely negligible. 


The above argument is not rigorous, but it provides a fair guide, and the 
dimensionless quantity €? /4reoħc turns out to be important in all discussions of 
relativistic corrections in atoms. The so-called fine structure constant o is 
defined as 


e2 


f 4.1 
4n&ohc oe) 


The value of a is now known to great precision, 


a = 1/(137.035 999 679 + 0.000 000 094), (4.19) 


i.e. to 0.7 parts per billion. Note that the factor 137? by which the fine structure 
deviations have been scaled in Figure 4.4, in order that they be visible, is 1/02. 


We now estimate the contribution to dH from the relativistic correction to the 
kinetic energy. In what follows we shall gloss over the small difference between 
Me and the reduced mass u in order to concentrate on the essential point. 
According to special relativity, the total energy of a particle of mass m having 
momentum of magnitude p is Eye) = [(me? 2+ pe | "m Subtracting the rest 
energy mc? of the particle, we get the relativistic expression for the kinetic 
energy: 


Iis [(me?)? + phe 1/2 — me (4.20) 


Using a Taylor (or binomial) expansion, we obtain 


= Pren (4.21) 


The first term is the standard non-relativistic expression for the kinetic energy. We 
get the usual non-relativistic kinetic energy term in the Hamiltonian H by noting 
that 


p = pa + py + pz 


and by making the replacements 


~ zx @ 
Pr => Pz = —ih— etc., 


Ox 
leading to 
Po Pg 
2m 2m 


4.2 The hydrogen spectrum ‘under the microscope 


The second term in Equation 4.21 can be rewritten using the same substitution, 
and this represents a relativistic perturbation to the kinetic energy term in the 
Hamiltonian: 

58 1 n1(V23)2 

rel — & omi 

This perturbation might surprise you; most of the examples of perturbations 
discussed in Chapter 3 were modifications to the potential energy rather than 
the kinetic energy. Nevertheless, sandwiching DM between the bra and ket 
representing the unperturbed eigenfunction for each state will give the first-order 
correction to the energy resulting from this relativistic correction to the kinetic 
energy. 


(4.22) 


We shall see what contribution the relativistic kinetic energy correction makes 
when we put all the contributions together, but first we look into another 
contribution to the fine structure. 


2. The spin-orbit correction 


In Chapter 1, you saw that the spin—orbit interaction produces a term in the 
Hamiltonian of the form V,,(7) L - S. This term ensures that states wat the same 
values of n and /( 0), but with different values of j (namely j = 1+ 5 1 and 
j=l- 5) have different energies. 


The spin-orbit interaction has its origins in relativistic quantum theory, but it can 
be made plausible by the following semi-classical argument. In classical terms, 
an electron described by an eigenfunction with / > 0, can be thought of as 

being in a circular orbit around the nucleus. In the rest frame of the electron, 
however, we would put this the other way round: the electron sees an orbiting, 
positively-charged nucleus. The orbiting nucleus constitutes an electric current 

I x v/r «x |L|/r?, where v is the speed, r is the radius, and L is the angular 
momentum of the electron in the rest frame of the nucleus. The current due to the 
nucleus behaves like a current loop, producing a magnetic field of magnitude 

B x I/r at the position of the electron. The direction of this field is the same as 
the direction of L. The electron behaves like a tiny magnet with a magnetic dipole 
moment ys that is proportional to its spin, S. Since, the potential energy of a 
magnetic dipole yz in a magnetic field B is — m * B, the spin—orbit interaction is 
proportional to L - S. When all the details are included, including a correction for 
the fact that the rest frame of an orbiting electron is not an inertial frame, the 
following expression for the spin—orbit interaction is obtained: 


e? la 
8reom2c 2 r3 
ah laa 
= 5,20 73°58. 
2m$cr 


óH,, = Vao(r) L- S = “5 


(4.23) 


Equation 4.23 defines Vso(r) and makes its dependence on the fine structure 
constant o explicit. 


To evaluate the energy shift caused by the spin—orbit perturbation, we recall from 
Chapter 1 that L-S = 1f" — To 81. When L - S operates on a state that is an 


a2 22 
eigenfunction of all three of ds L andS , we need only insert the eigenvalues of 
these three operators in order to determine the eigenvalue of L - S. For the 
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states of an electron in hydrogen, we know that the eigenvalue of Sg is what it 
always is for a spin-5 particle, 5(5 +1)? = 2n. Similarly, for a state labelled 
with quantum numbers / and j, the eigenvalues of [is and 7 are, respectively, 
I(l + 1)h? and j(j + 1)82. 


Exercise 4.7 Show that the eigenvalues of L - S for the two states with a given 
non-zero value of l, but different values of j, namely 7 = | — i and j = l + $ are 


R? n? 
What is the eigenvalue of L - S when | = 0 and what is the significance of this 
result? mH 


3. The Darwin term 


There is no spin-orbit interaction for states with | = 0, but there is a term that 
applies only for | — 0. The characteristic feature of eigenfunctions for | — 0 states 
is that the radial factor R,,;(1) is not zero at r = 0. In fact, for the hydrogen atom 
ground state (the n = 1, | = 0 state), the most likely point in the atom for 

the electron to be found is at the centre of the proton. It is the fact that | — 0 
eigenfunctions are finite at the origin that brings into play a new term called the 


The Darwin term is due to Darwin term. This term has its origin in relativistic quantum mechanics and 
Charles Darwin's grandson. takes the form 

2 

a _ 2 
ÓHparwin = mee” V(r), (4.24) 
where V(r) is the Coulomb potential energy function due to the charge on the 

Poisson's law of electrostatics proton. The term V?V (r) is zero outside the tiny volume of the proton. 
tells us that V?V (r) x p(r), 
where p(r) is the proton's Putting it all together 


charge density at r; this is zero 


outside the proton. Adding together the three fine-structure perturbation terms gives a total 


perturbation 
6H = Ba + OH go + OHparwin- (4.25) 
Then using first-order perturbation theory in the unperturbed state 


In, l, j) = Yni; (r, 0, à), the first-order correction to the energy eigenvalue is 


bEntj = (n, L jl aH In, l,j) 


2m fT poo A 
-f "a Vsus (n, 0, Ø) SH vui; (r, 0, p) r? sin 6 dr d0 do. 
0 0 JO 
(4.26) 


We shall simply quote the result of evaluating ôE; and adding it to the 
unperturbed energy eigenvalue — Eg /n?: 


a? 1 3 
er a 
Pars n 


The factor of o? in Equation 4.27 indicates that the first-order correction to the 
energy is very small, and this gives us confidence that first-order perturbation 
theory is adequate for calculating the fine structure of hydrogen. 


(4.27) 
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Note that the energy eigenvalue depends on n and j does not depend on the 
quantum number l. In the following exercise you can verify that Figure 4.4 does 
indeed faithfully capture the qualitative features of Equation 4.27. 


Exercise 4.8 Show that Equation 4.27 is consistent with the following features 
of Figure 4.4. 


(a) The energy of the ground state is lowered. 


(b) The energy levels for the different values of 7 that are allowed for a particular 
value of n are split by an amount that decreases as n increases. 


(c) For n = 3, the splitting between the 7 = i and j = 3 levels is greater than the 
splitting between the 7 = 3 and j = 3 levels. 


(d) The energy shifts shown in the figure are all exaggerated by a factor of 1377. 
(e) The energies of the states do not explicitly depend on l. a 


4.2.2 Hyperfine structure of the hydrogen spectrum 


The refinements that we have been discussing are not exhaustive — the energy 
levels do, in fact, have even finer structure. Some of this so-called hyperfine 
structure arises from the fact that the proton is not a structureless point particle 
(Exercise 3.5 illustrated this effect). We concentrate here on another source of the 
hyperfine structure, due to magnetic interactions between the electron and the 
proton, which is of great interest to astronomers and cosmologists. 


The proton at the centre of the hydrogen atom is, like the electron, a spin-5 
particle that possesses a magnetic dipole moment. The energy of the pair of tiny 
magnets that constitutes a hydrogen atom depends, as for any pair of magnets, 
upon their relative orientation. Quantum mechanics limits the possible ways in 
which the two magnets can be oriented relative to each other. If S represents the 
spin operator of the electron, and S, represents the spin operator of the proton, 
then we can define the total spin operator of the atom as F=S+ S,. in much the 


same way that we defined the total angular momentum operator of a particle as 

J = L + S. Just as a has eigenvalues j(j + 1)h?, where j = 1+ , o j=l- i, 

so F? has eigenvalues F(F + 1)/2, where the total spin quantum number F has 
1 


two possible values: 5 + 5 = lors; — 5 =0 


Let us see what this means for the electron and the proton in the state with n = 1, 
l = 0. The total spin quantum number of this system can have one of two values: 
either F = 0 (in which case we can think of the spins of the proton and electron 
as being aligned in opposite directions) or F = 1 (in which case their spins are in 
the same direction). But the electron is a little magnet (as you saw in connection 
with the Stern—Gerlach experiment) with magnetic dipole moment u equal to its 
spin gyromagnetic ratio (which is —e/m,) times S. The proton, having a much 
larger mass, has a much smaller magnetic dipole moment pp; in fact, it is a few 
multiples of e/m, times S,. The state in which the dipole moments are parallel is 
lowest in energy, and because the electron and proton have opposite electric 
charges, this is the state with opposite spins, i.e. the state with F = 0. The 
difference in energy between the state with F' = 0 and the state with F = 1 is 
about 5.9 x 107 eV. In other words, the n = 1 state in Figure 4.4 should really 
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be represented by two lines, but the separation between them would have to be 
magnified by almost a million in order to be visible in the figure; hence the term 
hyperfine structure. 


This tiny hyperfine splitting was predicted by van de Hulst in 1945, and first 
reported by Ewen and Purcell of Harvard in 1951 (Figure 4.5). It has, for many 
years, been of great interest to astronomers and cosmologists. A hydrogen atom 
excited into the F = 1 state (perhaps by colliding with another hydrogen atom) 
has a half-life in that state of about 10 million years, because the normal ways in 
which this excited state can decay by emitting a photon are strongly suppressed. 
The small energy difference AE = 5.9 x 1079 eV corresponds to a photon of 
frequency f = AE/h = 1.42 GHz, which is in the UHF radio wave band and 
has a wavelength of about 21 cm. This is the famous twenty-one centimetre 
radiation. Isolated hydrogen atoms exist throughout our galaxy and every 
other galaxy, and the 21 centimetre radiation they emit is intensely studied by 
radio-astronomers and cosmologists because it conveys important information 
about the distribution of cold hydrogen atoms. For example, the Doppler shift of 
the 21 centimetre radiation has been used to measure the speed of the arms in our 
Figure 4.5 Harold Ewen spiral galaxy. 

working on the horn antenna 

that helped detect cosmic 21 cm 

radiation for the first time. This 4,3 Putting quantum mechanics and relativity 
was part of his PhD work with h 

Edward Mills Purcell at Harvard toget er 

University. 


You have seen that the properties of hydrogen and hydrogen-like systems confirm 
the general correctness of quantum mechanics and are a key to understanding 
systems ranging from atomic nuclei to galaxies. But the study of hydrogen gave 
birth to even more profound revelations, which we can do no more than briefly 
survey. 


4.3.1 The Dirac equation 


In Section 4.2 we added relativistic corrections to the time-independent 
Schródinger equation for hydrogen. However, it was recognized by the quantum 
pioneers that what was really needed was a fully relativistic wave equation. 
Schródinger's equation is not satisfactory because it involves second-order 
derivatives of the spatial coordinates and first-order derivatives of the time 
coordinates. In special relativity, spatial and time coordinates are on an equal 
footing, getting ‘mixed up’ by Lorentz transformations. 


In 1928 Dirac put forward a relativistic quantum-mechanical wave equation that, 
like the familiar Schrédinger equation, had a first-order derivative with respect to 
time, but, unlike the Schródinger equation, had first-order derivatives with respect 
to the spatial coordinates. To produce such an equation, Dirac had to make some 
breathtakingly bold moves. He essentially had to factorize the Hamiltonian 
operator to obtain factors that depended only on the first-order spatial derivatives, 
rather than the second-order derivatives familiar in Schiódinger's equation. When 
he did this he obtained a wave equation that involved a 4 x 4 matrix operator, 
whose matrix elements were themselves partial derivative operators; this matrix 
operator then acted on a 4 x 1 spinor wave function whose components depend on 
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space and time coordinates. Dirac may not have started with this structure in 
mind, but he found that it gave the simplest wave equation consistent with the 
requirements of special relativity. 


We are familiar with the idea that a spin-5 particle is represented by a 2 x 1 
spinor, and you have seen that the components of this function can be functions of 
position (see Section 1.4, for example). Leaving aside the third and fourth 
components of Dirac’s spinor wave function for the moment, it turns out that 

the first and second components of this wave function can be interpreted as 

the components of the spinor of a spin-3 particle. This is a great gift from 
Dirac's formalism; the two-component spinors that describe spin-3 particles arise 
naturally from Dirac’s marriage of quantum mechanics and special relativity. It 
also means that Dirac’s equation describes only spin-i particles — but that still 
leaves plenty of scope for applications because so much of physics focuses on the 
behaviour of electrons. However, explaining the origin of spin and spinors for 
electrons is not the end of the bounty from Dirac's equation. 


1. Dirac's equation predicted the magnetic dipole moment of the electron to be 


u=- sS, (4.28) 


e 


in close agreement with the measured value (see later for small corrections). 


2. Dirac’s equation provides a complete account of the hydrogen atom energy 
levels given by Equation 4.27, including the fine structure. No perturbation 
theory is required, and the mysterious Darwin contribution is included 
implicitly along with the relativistic kinetic energy and spin—orbit 
corrections. The spin-orbit correction, in particular, now appears naturally 
as a consequence of using a consistent relativistic wave equation. 


3. Two components of the four-component spinor are required for describing 
spin, but what about the other two? These turned out, in some ways, to be 
the greatest gift of all, deserving a separate subsection, but in one word: 
antiparticles. 


Components three and four: antiparticles 


The third and fourth components of the Dirac four-component spinor wave 
function caused deep puzzlement at first. They appeared to represent states 

of electrons with negative energies, but, if this were so, why don't all 

electrons radiate, losing energy as they fall through an endless progression of 
negative-energy states? At one stage, Dirac suggested that all the negative energy 
states in the vacuum were filled, so that the Pauli exclusion principle would forbid 
electrons of positive energy from falling down into these states. Eventually, he 
proposed that the third and fourth components of the spinor wave function 
correspond to antiparticles of electrons — particles with the same mass and spin 
as an electron but with a positive charge, e. These antiparticles were discovered in 
1932 by Carl Anderson, and became known as positrons. 
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Apart from positrons, you have 
already met antiprotons, which 
have the same mass as protons 
but a negative charge. 


Figure 4.6 Electromagnetic 
radiation becomes matter: at the 
point indicated by the arrow, a 
y-ray photon (that has left no 
track) was transformed into an 
electron-positron pair within the 
electromagnetic field of a 
nucleus. The two tracks that 
start from this point, which look 
like a backwards '3', were 
produced by two oppositely 
charged particles curving in 
opposite directions in an applied 
magnetic field. 
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It is now understood that a consequence of combining quantum mechanics 
and special relativity is that a// particles with mass have corresponding 
antiparticles of the same mass; no exception to this has been found. 


When an electron encounters a positron, the pair of particles may form a bound 
state called positronium. The electron and positron attract one another via the 
Coulomb force, so positronium is a hydrogen-like system which can be analyzed 
using the methods developed in the first half of this chapter. Since the electron 
and positron have the same mass, the reduced mass of positronium is 

MeMe 


1 
H ——— E 5Me. 
Me + Me 2 


(4.29) 


The ground state of positronium exists in two forms: a singlet state (opposite 
spins) and a triplet state (parallel spins). The singlet state is slightly lower in 
energy than the triplet state, but neither state is stable because the electron and 
positron can annihilate one another, leaving no particle possessing mass, but only 
photons. The singlet state emits two photons and has a half-life of 1.25 x 10^ !? s; 
the triplet state emits three photons and has a half-life of 1.4 x 10^ s. 


Exercise 4.9 What is the minimum energy that would have to be supplied to 
the ground state of positronium in order to produce a free electron and 
positron? E 


The annihilation of positrons by electrons is the key to an important medical 
technique called positron emission tomography (PET). Traces of chemicals 
containing positron-emitting nuclei are ingested and reach various parts of the 
body. The positrons emitted by the nuclei are rapidly annihilated by electrons, or 
form positronium and are annihilated shortly after. Ignoring the three-photon 
emission process, two photons are produced by each annihilation, each with 
energy mec? = 511 keV. Assuming that the positron and electron have no 
centre-of-mass motion when they annihilate, the photons will have opposite 
momenta and therefore travel in opposite directions. By detecting a pair of 
coincident 511 keV photons, we can find the line along which the annihilation 
took place, and by detecting many such coincidences we can find the places in 
the body where annihilations are frequent; this is where the chemicals have 
accumulated. This technique is particularly useful in determining whether 
tumours have spread or responded to treatment. 


The reverse process to annihilation — known as pair production — can also 
occur. A photon with energy hf > 2mec? can create an electron-positron pair, as 
shown in Figure 4.6. The energy criterion simply says that the photon energy 
must be greater than the energy equivalent, according to special relativity, of the 
combined rest mass of an electron and a positron. In Figure 4.6, a photon was 
transformed into an electron and a positron when it interacted with an atom and 
exchanged some momentum. Note that a single photon in free space, no matter 
how high its frequency, cannot transform into an electron-positron pair because 
energy and momentum cannot simultaneously be conserved in the process. It is 
necessary for the photon to interact with some other particle that can carry away 
the excess momentum. 


4.3 Putting quantum mechanics and relativity together 


4.3.2 The next step: quantum fields 


Dirac could not have anticipated where his attempts to create a consistent 
relativistic quantum mechanics, and to apply it to the hydrogen atom, would 
subsequently lead. But the hydrogen fine structure, antiparticles, the spin and 
magnetic dipole moment of electrons, are far from the whole story, and we round 
out this chapter with a brief survey of other developments. The key idea is already 
manifest in Figure 4.6: the number of particles in the Universe is not constant. 
Particles can be created and destroyed; any change in the number of particles 
consistent with the various fundamental conservation rules is allowed, and 
everything that is allowed to happen will sometimes happen. For example, when 
high-energy particles collide, the more energy they have, the greater the number 
of particles that are created, and this is an everyday observation in large particle 
accelerators. 


A description of these phenomena requires a profound new theory, quantum field 
theory, to which quantum mechanics is the approximation when particle number 
is considered to be fixed. It was Dirac himself who arguably took the first step 

to a quantum field theory with a paper in 1927 concerning the creation and 
absorption of photons. It would be wrong to think that quantum field theory is 
only required to explain the creation of particles in the targets of high-energy 
particle accelerators. The fact that the number of particles is not fixed changes 
everything. For example, the forces between particles can be represented as the 
result of other particles briefly coming into existence between the two interacting 
particles. In the case of the Coulomb interaction, these particle are photons. At 
very short ranges, the Coulomb interaction is modified by the fleeting appearance 
of electron-positron pairs between the interacting particles ... the vacuum is no 
longer a passive background. 


The particular part of quantum field theory that is concerned with photons and 
electrons is known as quantum electrodynamics (QED). Two consequences of 
QED are relevant. You will recall that the Dirac equation predicts that the energies 
of the states of atomic hydrogen depend only on 7 but not on which of the 

two | values go with each value of j. It turns out that this is not quite correct. 

In 1947, Lamb and Retherford discovered a very small difference between 

the energies of the n — 2, j — I levels with | — 0 and | — 1. This hyperfine 
energy difference, known as the Lamb shift, was too small to be detected by a 
spectrometer. However, the lower, | = 0, state could be excited to the | = 1 state 
by high-frequency radio waves, a process that could be detected. The frequency 
has been measured to high precision, and is (1057.845 + 0.003) MHz, which is in 
agreement with the predictions of QED. 


Dirac's relativistic theory predicted the magnetic dipole moment of the electron, 
Equation 4.28, but that too needed correction. In 1947, Foley and Kusch 
discovered that it was about one part in a thousand higher than Dirac's prediction. 


Both of these corrections reveal the activity of the vacuum and can be calculated 
with QED to an outstanding level of precision. In 1955, the Nobel prize in physics 
was shared by Lamb for his discoveries concerning the fine structure of the 
hydrogen spectrum and Kusch for his precision determination of the magnetic 
dipole moment of the electron. 


More recently quantum field theory has been used to explain the properties of 


The modification of 
electromagnetic fields by 

the fleeting creation of 
electron-positron pairs does not 
infringe energy conservation 
precisely because their existence 
is so fleeting. Particles of mass 
m and energy AE — mc 

can exist for time At, where 
AE At c sh, a form of the 
uncertainty principle. 
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quarks. A key step was made in 1974 when charmonium was discovered. 
Charmonium refers to bound states of heavy quarks of a kind known as charmed 
quarks, and the corresponding anticharmed quarks. The states of charmonium are 
described using the ideas developed for all the other hydrogen-like systems. Later, 
similar systems made up of different kinds of quarks were discovered and are 
known collectively as quarkonium. The discovery of systems that could be 
described as bound states of charmed quarks and their antiparticles was a turning 
point in the acceptance of what has come to be known as the standard model of 
elementary particles. 


Summary of Chapter 4 


Section 4.1  Hydrogen-like atoms are systems in which a negatively-charged 
particle is bound to a positively-charged nucleus by Coulomb attraction. Their 
properties are similar to those of atomic hydrogen, but with the energy 
eigenvalues given by 


scaled 
_FR 
2 ? 


En = 
TL 


where 


poe - V mu 


and where Z is the atomic number of the nucleus, u is the reduced mass of the 
atom, uy is the reduced mass of a hydrogen atom, and Fg is the Rydberg energy. 
The spatial extent of the eigenfunctions is found by replacing ao in the hydrogen 
atom eigenfunctions by 


l un 
gr «2 HH 


Zu 


This model is used to understand properties of ions such as He* and Li?*, which 
have a single electron, and muonic atoms and antiprotonic atoms. Muonic atoms 
provide information concerning the charge distribution within atomic nuclei, and 
antiprotonic atoms provide information concerning the distribution of neutrons 
within nuclei. The same model is the basis for understanding features of X-ray 
spectra. 


Section 4.2 Under closer examination, the states of hydrogen with a particular 
value of principal quantum number n are not degenerate; their energies are 
independent of / but depend on the total angular momentum quantum number j. 
States with lower j have lower energy. Three of the perturbations responsible 
for the fine structure are (i) a relativistic correction to the kinetic energy, 

(ii) the spin-orbit interaction, and (iii) the Darwin term. The second of these does 
not apply to states with l = 0, whilst the third applies only to such states. The 
effect of the three perturbations on the energy of the eigenstates of hydrogen can 
be calculated using first-order perturbation theory. Yet finer structure, hyperfine 
structure, of the hydrogen atom spectrum is caused by the interaction of the 
magnetic dipole moments of the electron and proton. The n = 1 state is split 
into two levels, and transitions between these levels lead to emission of 21 cm 
radiation, which is exploited by astronomers. 


Achievements from Chapter 4 


Section 4.3  Dirac's relativistic wave equation provides a deeper understanding 
of the hydrogen fine structure. Electron spin and the spin—orbit energy-splitting 
are correctly predicted, as is the magnetic dipole moment of the electron. 
Quantum theory and relativity together predict that all subatomic particles with 
mass have corresponding antiparticles with the same mass. The possibility of 
creation and annihilation of photons, electrons and all other particles led to the 
development of quantum field theory. Quantum electrodynamics allows the 
calculation of further, hyperfine structure, such as the Lamb shift, and corrections 
to the electron magnetic dipole moment. It is also the fundamental theory to 
which quantum mechanics is a very good approximation when particle creation 
and annihilation do not play a major role. 


Achievements from Chapter 4 


After studying this chapter, you should be able to: 


4.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


4.2 Calculate the energy eigenvalues of hydrogen-like atoms in situations where 
the nucleus can be treated as a point charge. 


4.3 Calculate the value of (r) for a state of a hydrogen-like atom in situations 
where the nucleus can be treated as a point charge, given the value of (r) for 
the corresponding state of atomic hydrogen. 


4.4 Apply the hydrogen-like atom model to muonic atoms, calculate the energies 
of muonic X-rays, and explain why the energies of the low-lying states are 
not predicted correctly by a simple scaling of the hydrogen atom expression. 


4.5 Explain how muonic atoms can be used to determine the spatial extent of the 
charge in atomic nuclei, and briefly explain how these studies can be 
extended to unstable nuclei. 


4.6 Briefly explain how antiprotonic atoms contribute to our knowledge of 
nuclear structure. 


4.7 Give an account of how the hydrogen-like atom model can be adapted to 
explain key features of the X-ray spectra of atoms, calculate X-ray energies 
for particular elements, and comment on the historical significance of 
measurements of these energies. 


4.8 Give an account of the fine structure of hydrogen and of the various 
perturbations to the Hamiltonian that give rise to this structure. 


4.9 Explain the origin of the hyperfine splitting of the hydrogen atom ground 
state and the resulting 21 cm radiation. 


4.10 Give a general account of the consequences of putting quantum theory and 
special relativity together in a consistent way, making clear the relevance of 
the Dirac equation, hyperfine structure, antiparticles and quantum field 
theory. 


113 


Chapter 5 Many-electron atoms 


Introduction 


In previous chapters, you studied the hydrogen atom in some detail. The study of 
hydrogen was simplified by neglecting the motion of the atom as a whole and 
concentrating on the relative motion of the electron and the proton. The problem 
was therefore reduced to that of a single particle in a spherically-symmetric 
potential energy well. 


We classify all atoms except hydrogen as being many-electron atoms. In these 
atoms, the electrons interact with one another; it is no longer possible to solve 
the time-independent Schródinger equation exactly, and approximations are 
needed. In addition, a many-electron atom is a system of identical fermions, so its 
electronic state must be represented by an antisymmetric total wave function. 


We will begin by describing the simplest many-electron atom: helium. Using 
perturbation theory you will see that the indistinguishability of the electrons 
introduces an effect with no classical counterpart. This effect is called exchange 
and it arises from the symmetry requirements on the wave function. Exchange 
influences the energy of an atom and the characteristics of its electronic states. 


Going beyond helium, we will study how electrons organize themselves in atoms 
in general. The Pauli exclusion principle is fundamental to this organization. We 
will use many of the ideas you have learnt about angular momentum, and about 
the eigenfunctions of the hydrogen atom, and you will see why certain elements 
have similar properties and can be arranged in a column of the Periodic Table. 
Although we shall not calculate the energy of all atoms in all possible states, you 
will see how these states are labelled, and how they are ordered according to their 
energies. 


The chapter is structured as follows. Section 5.1 introduces the Hamiltonian 
operator for a many-electron atom and uses it in an independent-particle model. 
In Section 5.2, we go beyond this approximation and calculate the energies of the 
electronic states of helium in some detail. In Section 5.3, we look at other 
many-electron atoms, using the central-field approximation, which is based on 
single-particle atomic orbitals. This leads to a description of atoms in terms of the 
occupation of atomic orbitals, and to a broad understanding of the Periodic Table. 
Finally, Section 5.4 goes beyond single-particle orbitals and shows how atomic 
states can be labelled more precisely by angular momentum quantum numbers 
that refer to the atom as a whole. 


5.| First steps in describing a many-electron atom 


5.1.1 The Hamiltonian operator 


You know by now that when a system has a definite energy E, its wave function 
can be written as a product of a time-dependent phase factor (e PU and a 
time-independent energy eigenfunction, a solution of the time-independent 
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Schródinger equation. In this chapter we concentrate on finding the energy 
eigenfunctions. 


As with hydrogen, we start by ignoring the spin of the electrons and the spin-orbit 
interaction. We are not interested in the motion of the atom as a whole, so we 
work in the centre-of-mass frame. In addition, we shall assume that the nucleus is 
infinitely massive or, at least, so much more massive than an electron that we can 
ignore its motion and place it at the origin of coordinates. This approximation is a 
very good one in most cases. In an oxygen atom, for example, the nuclear mass is 
16 times the mass of hydrogen, which in turn is about 1840 times the mass of an 
electron. Hence, even for this light atom, the nucleus is around 30 000 times more 
massive than an electron. 


€ Write down the Hamiltonian operator for the lithium atom using the 
coordinates shown in Figure 5.1. A lithium atom has three electrons, each of 
mass Me and charge —e, and a nucleus of charge +3e. Neglect the motion of 
the centre of mass of the system, assuming an infinite nuclear mass. Figure 5.1 An example of the 
vectors used to specify the 
Hamiltonian operator of an atom 
— in this case a lithium atom. 


O The Hamiltonian operator depends on the position vector r; of each electron 
relative to the fixed nucleus, and on the relative displacements r;; = r; — rj 
of each pair of electrons. The kinetic energy associated with the motion of 
electron i is represented by an operator of the form —(/? /2m,) V2, where the 
subscript 2 indicates that the derivatives are taken with respect to the 
coordinates of electron i. 


Each electron is attracted by the positive charge 3e of the nucleus. Using the 
coordinate system of Figure 5.1, the corresponding potential energies are 
—3e? /An£or1, —3e? /An£oro and —3e? /Ameors. Finally, the electrons repel 
one another. This introduces the additional potential energy terms 

€? J4TE0r12, €? /4TEor13 and e? /Am&oros. So the Hamiltonian operator for 


lithium is 

p h2 h2 h2 

H = Vi NS Vv; electron kinetic energy 
2Me 2Me 2Me 

3e? 3e? 3e? : 
electron-nucleus attraction 
4T€9r1 4T&£9r2 4T&9r3 
e p e? 


+ JF electron-electron repulsion. 
4T£9r12 4T€0r13 4T€£9r23 
The Coulomb interaction depends only on the distance between the charged 
particles, so the potential energy terms describing the electron-nucleus 
attraction and the electron—electron repulsion depend only on r; and r;;, the 
magnitudes of the vectors r; and rj;;. 


The above Hamiltonian operator can be generalized to a neutral atom with 
Z electrons and atomic number Z (and hence nuclear charge Ze): 


204 mo, ze ZZ 2 

H= V ————, 5.1 
x 2m, ' b» Aten; i p» 25 4TEQTj; ed 
i=1 i=1 =l j»i J 


This Hamiltonian operator is again the sum of three terms. The first is the 
operator for the total kinetic energy of all the electrons. The second is the 
Coulomb potential energy due to the mutual attraction between each electron and 
the nucleus. Each of these terms is the sum of Z contributions, one for each 
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electron. The third term is the Coulomb potential energy due the mutual repulsion 
between pairs of electrons. The indices in the double summation are chosen to 
ensure that there is only one contribution from each pair of electrons, and that 
there is no contribution due to an electron interacting with itself. That is why the 
sum over j ranges over values that are strictly greater than 7. 


4 4 
Exercise 5.1 Write out the sum 2 3» Aj; in full, and satisfy yourself that 
i=1 j»i 
each pair of distinct indices appears once, and once only. Oo 


To obtain the energy eigenfunctions and eigenvalues for a many-electron atom, we 
need to solve the time-independent Schrödinger equation 


H (ri, r2,..., rz) 2 Ewv(ri,r2,...,rz) (5.2) 


with the Hamiltonian operator as in Equation 5.1. The energy eigenfunction 
V (ri, ra2,...,rz) depends on the position vectors of all the electrons relative to 
the central nucleus. 


How difficult is it to solve this time-independent Schródinger equation? Well, in 
fact, it is impossible to find exact solutions, even for Z — 2. The best we can hope 
for is good approximations. The culprits in this unfortunate situation are the 
electron-electron repulsion terms. In the next subsection we will introduce a 
drastic simplification that allows an approximate solution to be found. 


5.1.2 The independent-particle model 


The simplest approximation is to neglect the electron—electron interaction terms 
altogether, so that the Hamiltonian operator takes the form 


Z 
a h? Ze? 
H = V? 5.3 
>, | 2Me ' Aneor; Qu 
This can also be expressed as 
=~ x ~ 
H= hi, (5.4) 
i=1 
where 
a h? Ze? 
h; — V 5.5 
: 2me °  A4mepri a 


depends only on the coordinates of the ith electron. So the many-particle 
Hamiltonian H has been approximated by a sum of single-particle Hamiltonians, 
each of which is like that for a single electron in a hydrogen-like atom with 
nuclear charge Ze. 


The time-independent Schródinger equation corresponding to the Hamiltonian in 
Equation 5.3 is separable, so we can look for solutions that are products of terms 
relating to individual electrons: 


v (ri, ra, BRE rz) bp(¥1) éq(r2) one $s(rz). (5.6) 


5.1 


Substituting into the many-particle time-independent Schrödinger equation 

fiy = Ey), and using the standard method of separation of variables, we find 
solutions in which the functions ¢,(11), óo(r2). .... ós(rz) obey single-particle 
time-independent Schródinger equations of the form 


hi $p(r1) = Ep óp(r1), 
hy óg(r2) = E, óg (r2), 


hz Ós(rz) = Es ós(rz), 
and the total energy of the system is the sum of all the single-particle energies: 
E = Ep + Eg +: + Es. 


All the single-particle Schrödinger equations are of the same form, so they have 
the same set of eigenfunctions. In the context of many-electron atoms, these 
single-particle normalized eigenfunctions are called atomic orbitals. In the 
independent-particle approximation, the orbitals take the hydrogenic form 


xx 


Pnim(r, 0,9) = (=) (polynomial in -) e77/na Yim(0, 9), (5.7) 
a a 
where the Yim(0, 9) are spherical harmonics, and a = ag/Z, where 
ao = 5.29 x 1071! m is the Bohr radius. The corresponding single-particle 
energy eigenvalues are 
ZE 
En = -—*, (5.8) 
n 


where Eg = 13.6 eV is the Rydberg energy. We shall use the usual spectroscopic 
notation to label these orbitals, as indicated in Table 5.1, and will append the 
magnetic quantum number m as a subscript. For example, any orbital with 

n = 2,1 = 1 and m = 1 will be labelled as 2p. 


So far, we have not taken the indistinguishability of electrons into account. We 
know that the total wave function for any system of electrons is antisymmetric. 
So, taking the total wave function to be a product of a spatial eigenfunction 

and a spin ket, the spatial eigenfunction must be either symmetric (with an 
antisymmetric spin ket) or antisymmetric (with a symmetric spin ket). In general, 
however, the product eigenfunction in Equation 5.6 is neither symmetric nor 
antisymmetric. 


We can proceed in two ways. The simplest is to ignore the requirements of 
symmetry, regarding this as just one more approximation in our model. A more 
satisfactory approach is to construct solutions that are symmetric or antisymmetric 
by taking linear combinations of functions like that in Equation 5.6, but with the 
particle labels permuted in all possible ways. In the independent-particle model, 
all these linear combinations have the same total energy E = Ep + Eg +-+ + Es, 
so this procedure does not affect our results for the energy levels of the atom. 
However, this is a very special result for the independent-particle model. In the 
next section we shall consider helium, taking electron—electron repulsion into 
account. You will see that the requirement for the spatial energy eigenfunction of 
helium to be symmetric or antisymmetric, in the presence of electron—electron 
repulsion, has a significant effect on the energy levels of this atom. 


First steps in describing a many-electron atom 


Details of applying the method 
of separation of variables to 
many-particle systems were 
given in Section 4.1 of Book 2. 
In three-dimensional problems, 
the labels p,q,...,s can each 
refer to a set of quantum 
numbers (e.g. n, l and m). 


Throughout this chapter, 
single-particle eigenfunctions 
are denoted by the symbol 9 
with one or more subscripts; this 
is to be distinguished from the 
azimuthal angle $, which carries 
no subscripts. 


Table 5.1 Spectroscopic 
notation for atomic orbitals. 


Orbital 


3 


PEE 4 Q9 Q2 C9 b2 b2 FE 
“-WNHOrRONF OF OO 
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We assume that the atomic 
orbitals are themselves 
normalized. 
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5.2 The helium atom 


Helium, with atomic number Z — 2, is the simplest atom after hydrogen. Let us 
apply the independent-particle model to the ground state of this system, and see 
how well it does. The ground state is the state of lowest energy, which must 
correspond to both electrons being in the lowest energy orbital (1s), each with 
energy Eis. In the independent-particle model, the ground-state energy of the 
whole atom is therefore given by 

2 2 

Both. e Eas i RU a 8Eg = —108.8eV, 

1? 1? 
where the negative value indicates a bound state because the energy zero is chosen 
to correspond to stationary particles infinitely far apart. 


The experimental value of the ground-state energy of helium is —78.9eV. So the 
independent-particle model, which neglects electron—electron repulsion, does not 
provide a very good approximation in this case. As you might expect, the energy 
obtained is too low: electron repulsion will contribute a positive term to the 
energy, making it higher (i.e. less negative) than the estimate provided by the 
independent-particle model. We therefore need to take electron—electron repulsion 
into account. 


In this section, we will consider both the ground state and various excited states of 
helium. You will see that the indistinguishability of the two electrons in a helium 
atom affects the energies of the excited states. For this reason, we shall begin by 
reminding you of the rules used to construct the total wave function of a pair of 
electrons (Book 2, Chapter 4). 


5.2.1 The total wave function for two electrons 


Electrons are fermions, so a pair of electrons must be described by an 
antisymmetric total wave function. The total electronic wave function is taken to 
be the product of a spatial part and a spin part, so the following combinations are 
allowed: 


e symmetric spatial x antisymmetric spin = antisymmetric total, 
e antisymmetric spatial x symmetric spin = antisymmetric total. 


First consider the spatial part of the total wave function. If both electrons are 
described by the same atomic orbital, ¢,, the product function 


Pr(r1) 6v(r2) (5.9) 


is automatically symmetric with respect to swapping the particle labels. However, 
if the electrons are in different orbitals, ¢, and ¢;, we can form either a symmetric 
combination 


1 
ae [9r (£1) @s(r2) + ós(r1) ó«(r2)], (5.10) 
or an antisymmetric combination 

1 


Ja [6 (r1) Ós(r2) = $s(r1) ór(r2)] . (5.11) 


5.2 The helium atom 


In both cases, the factor 1/4/2 ensures that the two-particle spatial wave function 
is normalized. 


Exercise 5.2 Show that the function in Equation 5.10 is an eigenfunction 

of the independent-particle Hamiltonian hı + ho with eigenvalue E. + Es, 
where E, and E; are the single-particle energies associated with the orbitals œ, 
and @s. E 


Now let's consider the spin part of the total wave function. This is represented by Refer to Book 2, Chapter 4 


: TM ; a2 s : 
a spin ket |S, Mg), which is an eigenvector of the operators S and S; if you need to refresh your. 
representing the square of the magnitude, and the z-component, of the total spin anb d Span kets for a pair 
of the two-electron system. We have of spin- 5 particles. 


S8 |S, Ms) = S(S + 1)R? |S, Ms) and $,|S, Ms) = Meh|S, Ms). 


For a system of two spin-5 particles, the possible values of S are 0 and 1. For 

S = 0, Mg must be equal to 0. For S = 1, Ms can take any of the values —1, 0 
and 1. So there are four basic spin kets to consider. The spin ket |0, 0) is called a 
singlet, while the three spin kets |1, — 1), |1,0) and |1, 1) are said to form a triplet. 


It is possible to express these spin kets as follows: 


Singlet spin state 
1 
|0,0) = Va iS) S=0, Ms =0 (5.12) As usual, any arrow without 
a subscript refers to a spin 
Triplet spin states component along the z-axis. 
We also use positional notation 
1.1» = S=1,Ms=+1 SIS i 
|1,0) = a tl) +] 11) S=1, Mg =0 (5.14) | TL) =| Til Da. ete. 
at) 9 = l, Mg il (5.15) 


From these equations you can see that the singlet spin ket |0, 0) is antisymmetric 
with respect to swapping particle labels, while the three spin kets |1, 1), |1, 0) and 
|1, —1) are all symmetric. This is the most important point to remember in the 
discussion that follows. 


Finally, combining the spatial and spin parts of the total wave function, and 
imposing the requirement that it must be antisymmetric with respect to swapping 
particle labels, we see that the following possibilities are available: 


$r(r1) 6» (r2) |0, 0), (5.16) 
-z l-1) bsle) + ós(r1) ó, (r2)] 10,0), (5.16b) 
os) bsla) 65) 6s 02)] 11,1), (5.160) 
os) dal 2) 656) 6002) 11,0), (5.164) 
L lete) dal 2) ~ gele) br 02)] I1. 1). (5.162) 
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The first two have symmetric spatial functions and the antisymmetric singlet spin 
ket, while the last three have an antisymmetric spatial function and a symmetric 
triplet spin ket. Note that it is not possible to construct an antisymmetric spatial 
function when both particles are in the same orbital, so the ground state of helium 
is described by a symmetric spatial function and an antisymmetric spin ket; it is a 
singlet state. 


5.2.2 The ground state of helium 


In the independent-particle model, the ground state of helium is described by the 
spatial function d1s(r1) 1s(r2). We know that this does not give an accurate 
result for the ground-state energy, so how can we do better? We shall now use 
perturbation theory to improve our estimate. 


Using Equation 5.1, together with Equations 5.4 and 5.5 with Z — 2, we see that 
the Hamiltonian operator for a helium atom is 


2 
H = hı +h2 + 


4T€0T12 d 


where hi and ho are the single-particle Hamiltonian operators used in the 
independent-particle approximation. Remember, these have energy eigenfunctions 
similar to those of a hydrogen atom. The last term, e? /4n£or12, describes the 
potential energy due to electron-electron repulsion; this term prevents us from 
using the method of separation of variables, making the problem hard to solve. 


In the perturbation theory approach, we choose hi + ho to be the unperturbed 
Hamiltonian, and e? /4n£or12 to be the perturbation. That is, we write 


2 


H- Ao + oH, where Ao = hy + ho and 6H = e 3 
4T€9T12 
a (0) 


Now, we know the eigenfunctions of the unperturbed Hamiltonian, H : In 
particular, the total wave function describing the ground state of the unperturbed 
problem is 


WO) = xs (r1) d1s(r2) |0, 0). 


The superscript (0) indicates that this is regarded as the zeroth-order 
approximation in our perturbation calculation. The corresponding zeroth-order 
approximation to the ground-state energy is 


EQ) = Ey + Eig = 2E is. 
Using perturbation theory, the first-order correction to the ground-state energy is 


EC? = (9| of |v) 


= (0,00, 0) f d, (r1) dt, (r2) — — dus(r1) dis(12) dV; dV, 


where the integrals are over all space for both particles. The singlet spin ket is 
normalized, so (0, 0|0, 0) = 1, and we conclude that the first-order correction is 


-F 


EQ = (ishil — 


E lesen), (5.17) 


4T€0T12 


5.2 The helium atom 


where we have used Dirac notation as a shorthand for the integral in the preceding 
equation. This integral is not at all easy to evaluate, and we shall not attempt to do 
so here. We just quote the result: 34.0 eV. The ground-state energy of helium 
calculated within first-order perturbation theory is therefore 


EQ ~ —108.8eV + 34.0eV = —74.8eV. 


This value is much better than the independent-particle model, and is about 5% 
above the experimental value of —78.9eV. An even better value could be found 


by using second-order perturbation theory, but this would involve a great deal of 
work. 


5.2.3 The excited states of helium 


The low-lying excited states of helium can be described as states in which 

one electron is in the lowest-energy orbital (1s), and the other electron is in a 
higher-energy orbital (2s, 2p, 3s, 3p, 3d, . . .). Since these excited states correspond 
to the two electrons occupying different orbitals, the correctly-symmetrized 

total wave function is given by one of Equations 5.16b—5.16e, rather than by 
Equation 5.16a, and this leads to interesting effects, as we shall now see. 


Let us suppose that the occupied orbitals are ¢, and @,, with energies E, and Es, 
and that the energy of the atom in this excited state is Ej... Then the zeroth-order 
approximation to the energy is given by the independent-particle result 


EO = E, + Es. (5.18) See Exercise 5.2. 


The corresponding zeroth-order approximation to the total wave function is given 
by one of Equations 5.16b—5.16e, each of which corresponds to a different 
allowed state. These four possibilities can be expressed as 


1 
—|¢r(11) bs(r2) + ós(r1) ó»(r2)] |S, Ms), (5.19) 
V2 
where the plus sign goes with the S — 0 singlet ket, the minus sign goes with 
any of the S — 1 triplet kets, and the (0) superscript indicates that this is our 
zeroth-order approximation in perturbation theory. 


AS = 


In perturbation theory, the first-order correction to the excited-state energy Eps is 
2 


EQ = MI oH po, where ôf = —“—. 
4T€9T12 
Using Equation 5.19, we see that 
EY =} M, M, rPs = PsPr rPs = QsQr ). 
O = $5, Ms|S, Ms) (drs + dsr 7 — Prós + sr) 


The spin kets are normalized, so (S, Ms|S, Ms) = 1. When we expand the 
remaining bra and ket, we get 


ELD = 3|( ros] 6n) + (dab o| T irs bsdr) 
2 
zz (6765 mee bsbr) + (ése, | —— 4T6gr12 orbs). 
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The + is for the singlet state, 
and the — is for triplet states. 


Table 5.2 Coulomb and 
exchange integrals for the first 
two excited states of helium. 


T, S Crs Jra 
1s,2s 11.42eV 1.19eV 
1s, 2p 13.21eV 0.93eV 
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The square brackets on the right-hand side of this equation contain four Dirac 
brackets, which can be translated back into integrals as follows: 


(rolled) = ftn it otro esr avi av 
(esie eo) = ff ors) it tro or av av. 
(és | eor) = f foster) ea) ero e avi av 
(s64| i loeo) = ff ites) it ero ee as av 


By interchanging the labels 1 and 2, and noting that the distance between the 
electrons can be written either as r12 or as r21, we see that the first two integrals 
are equal to one another, and the second two integrals are also equal to one 
another. We therefore have as a first-order correction 


) = (dris  — —— — lee.) E (sd. | ——— psr }- 
4mEQT12 4m£or12 
Adding this to the zeroth-order approximation (Equation 5.18), we conclude that 
Enc Ep + Eg Cy, (5.20) 
where, with slight rearrangements, 
2 2 2 
EE f erro)! lds ay, ay; (5.21) 
ATEQ T12 
and 
Jpg = z f pxl rı ) és(r2) ós(r1) $, (r2) dV; dV. (5.22) 
D T12 


The first integral, Cs, has a simple classical interpretation. The quantity |¢,(11)|? 
is the probability density for particle 1 when it is in the orbital ¢,; when 
multiplied by —e, this represents the charge distribution of electron 1, and may be 
interpreted classically in terms of a ‘charge cloud’. So Cys represents the potential 
energy associated with the classical Coulomb repulsion between two charge 
clouds (those of electrons 1 and 2). It is called the Coulomb integral. 


The second integral has no classical analogue. It is a quantum-mechanical 
interference term arising from the fact that the two electrons are indistinguishable, 
making it impossible to say which electron is in which orbital. Given that 
electrons are fermions, this leads to the requirement for the total wave function to 
be antisymmetric, reversing its sign when the particle labels are exchanged. For 
this reason, Jys is called the exchange integral. 


The Coulomb integral is always positive (because all the terms in the integrand are 
positive): as expected, the mutual repulsion of the electrons increases the energy 
of the atom. The exchange integral also turns out to be positive for the excited 
states of helium, but is roughly an order of magnitude smaller than the Coulomb 
integral (see Table 5.2). Remembering that the plus sign in Equation 5.20 goes 
with the singlet state, and that the minus sign goes with the triplet states, we 
conclude that: 
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When the electrons in a helium atom occupy two different orbitals, the 
singlet state is always higher in energy than the triplet states. 


One way of interpreting this result is to note that the singlet state is described by a The modification of 


symmetric spatial function, in which the electrons tend to huddle together — a energy levels due to the 
consequence of symmetry, unrelated to classical forces. This means that the indistinguishability of electrons 
electrons are likely to be found in close proximity, where they have a large is called exchange. 


positive mutual potential energy. By contrast, the triplet states are described by 
antisymmetric spatial functions, so the electrons tend to stay further apart and 
experience a lower mutual potential energy in triplet states. Figure 5.2 summarizes 
these results for the ground state and low-lying excited states of helium. 


; 1 

(m =1,h —0)and(n —2,5 1) Smet ^P 

| CEU ES Dou ee FREE ap 

/ singlet ig 
) Qu =1,h = 0) and (m2 = 2,2 =0) | -- — 

"y Se implet 3g 


d Ji 
1 
‘7 
my = land mg = 2 ” 
ee Figure 5.2 Low-lying energy 
levels in helium: (a) unperturbed 
(m =1,h = 0) and (n2 —1,h —0) singlet lg energy levels from the 
í independent-particle model; 
I (b) first-order perturbation 
theory results using the 
: Coulomb integral only; 
I (c) first-order perturbation 
j theory results using both the 


mp = land m; =1/ Coulomb and exchange 
EU EE E integrals. The symbols !P etc. in 
(a) unperturbed (b) perturbed (c) perturbed the column on the far right are 
(Coulomb integral only) (Coulomb plus part of a labelling convention 
exchange integrals) that will be explained in 
Section 5.4. 


Exercise 5.3 All the bound states of helium have at least one electron in the 
lowest atomic orbital. All except the ground state have separate singlet and triplet 
levels. Why is the ground state an exception? a 


5.3 Many-electron atoms 


As the number of electrons in the atom increases, so does the number of 
electron—electron repulsion terms in the Hamiltonian operator. Perturbation 
theory then becomes very cumbersome. This section describes a more practical 
way of dealing with atoms containing many electrons. 
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This result was used earlier, in 
Section 4.1.3. 
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5.3.| The central-field approximation 


One of the main attractions of the independent-particle model is that it leads to a 
time-independent Schródinger equation that is separable, allowing us to use the 
method of separation of variables to construct solutions from products of orbitals. 
Unfortunately, this property is lost when we include electron-electron repulsion. 
We therefore ask whether the effects of electron-electron repulsion can be 
included an approximate way — one that will still allow us to use separation of 
variables. 


Motivated by these thoughts, we shall replace the exact Hamiltonian of 
Equation 5.1 by an effective Hamiltonian: 


= Ze x hn? 
H=S h; with h;— ——— V? + Vi(ri). 2 
> wit 25, Vi + Vier) (5.23) 
In this equation, 
Ze? 
ii) = — Ti 24 
Vir) = -gey + Uilr) (5.24) 


is an effective potential energy function for electron i. The first term, 

— Ze? /4reor;, is the potential energy of the electron due to its attraction by the 
central nucleus. The second term, U;(r;), represents in an approximate way the 
effect of all the other electrons on electron 7. This term, whose form still remains 
to be discussed, is chosen to depend only on the radial coordinate of electron i. It 
is therefore spherically symmetric, and corresponds to a central field experienced 
by electron ?. This is what gives the central-field approximation its name. 
Notice that U;(r;) may be different for different electrons, so the single-particle 
Hamiltonian h; may also be different for different electrons, which is unlike the 
independent-particle case. 


Nevertheless, the time-independent Schródinger equation is separable, and 

its solutions can be expressed as products of single-particle atomic orbitals. 
Because the effective potential energy function V;(r;) is spherically symmetric, 
each orbital can be written as the product of a radial function R,;(r) and a 
spherical harmonic Y7,,(0, 9). Because V;(r;) differs from a Coulomb potential 
energy function, the radial functions will be different to those of hydrogen-like 
atoms, but the energy eigenfunctions are still labelled by the quantum numbers 
n, l and m, where | and m are the quantum numbers associated with orbital 
angular momentum. We can therefore use the same spectroscopic notation as for 
hydrogen, labelling the orbitals by 1so, 2p1, 3d. », etc. 


Now let us consider the choice of the effective potential energy function V,(r;). A 
useful result, which emerges from the classical theory of electromagnetism, is that 
the electric field at a distance r from the centre of a spherically-symmetric charge 
distribution is the same as that caused by a point charge Q located at the centre of 
the distribution, where Q is the total amount of charge that is closer to the centre 
than r. This motivates the idea of screening. 


Consider an electron that is far from the nucleus of an atom with Z electrons. 
Then we can assume that the other Z — 1 electrons will be closer to the nucleus 
than the distant electron. Modelling these electrons by a spherically-symmetric 
charge cloud, and using the above result from electromagnetism, the distant 
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electron will be subject to the approximate potential energy function 


z Z E] e 1 


c E (5.25) 


Viri) B 4T 0 | 4T€0 ri 


ri ri 
In effect, the repulsion due to the inner electrons partly cancels the attraction due 
to the nucleus, so it is as if the nucleus had a smaller charge. In atomic physics, 
this effect is known as screening. For an atom with many electrons, most of the 


nuclear charge will be screened from a distant electron. 


Now, let us go to the other extreme and consider an electron that is close 

to the nucleus. In this case, the other electrons, again modelled by a 
spherically-symmetric charge cloud, will have practically no effect, and the 
nuclear charge will be unscreened. The chosen electron will therefore be subject 
to the approximate potential energy function 


gu 


Viri) ~ — Are T 
i 


(5.26) 


We should therefore choose a function V;(r;) that varies smoothly between the 
limiting tendencies of Equations 5.25 and 5.26. Although, in both limits, V;(r;) is 
approximately proportional to 1/r;, the proportionality factor is different for large 
and small values of r;, so V;(r;) is not proportional to 1/r; over the full range of 
the radial coordinate. This means that the degeneracy observed in hydrogen for 
states with the same value of n, but different values of l, is removed. For atoms 
other than hydrogen, orbitals with the same value of n, but with different values 
of l, have different energies. 


What energy ordering would you expect for orbitals with the same value of n and 
different values of /? A clue is provided by Equation 5.7, which tells us that the 
energy eigenfunctions of a hydrogen-like atom are proportional 

to r! at small values of r. If you refer back to Chapter 2, you will 


see that this behaviour arises because the potential energy E/oV Li H 
function in hydrogen is dominated by the centrifugal barrier Ür ID 
I(l + 1)/2mr? for small values of r. Exactly the same thing == Z2 Z = nes 
happens in the orbitals of many-electron atoms, so we can safely -r ds ap dq a wee pce 
assume that their orbitals will also vary as 7' close to the nucleus. r 3p "We tego. s 
It follows that electrons with lower values of / are more likely 3s 

to be found close to the nucleus than electrons with higher -3r n Mec 
values of |. Consequently, electrons with lower values of | LE 

will experience less screening by other electrons, and will EP L 

be more strongly bound. Since s, p, d and f orbitals correspond to S 

l = 0,1,2 and 3 respectively, we predict the following ordering ee 

of energies for a given value of n: EM 


s<p<d<f<-:--. 


Figure 5.3 shows the energies of several orbitals for the lithium 
atom. As you can see, these increase with l. As l increases, 
the screening becomes more effective and the energy of the 
lithium orbital becomes closer to that of the corresponding 
state of hydrogen. 


Figure 5.3 Diagram showing the energies of 
lithium orbitals for the highest-energy electron in 
the central-field approximation. The other two 
electrons occupy the 1s orbital. The n = 1 
orbital is already full, so it is not available to the 
Usually, the screening effect is smaller than the energy highest-energy electron. The energy levels of 
differences associated with different values of the principal hydrogen are plotted on the right for comparison. 
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quantum number n, but this is not always so. For example, 4s orbitals are often 
lower in energy than 3d orbitals, and 5s orbitals are lower in energy than 4f 
orbitals; in cases like this the reduced screening at low values of l reverses the 
normal energy-ordering associated with the principal quantum number n. We 
shall say more about this shortly. 


Self-consistency 


The choice of the potential energy function V;(r;) may have seemed rather 
arbitrary, but there is a way of making things much more precise. 


Starting with a given potential energy function, the central-field model 

is used to find a set of single-particle orbitals. These orbitals are then filled 

with electrons, starting with the orbital of lowest energy and working upwards 
until all Z electrons have been used up. The total wave functions may also be 
antisymmetrized at this stage. Knowing the shapes of the orbitals, physicists can 
work out the distribution of electronic charge. They can then use this to find an 
appropriate potential energy function for each electron that is consistent with the 
spatial distribution of the other Z — 1 electrons. This gives a new central-field 
model, which can be solved to find a better set of orbitals. The process is repeated 
again and again until further iterations make no difference. At this point, the 
solution is said to be self-consistent. Provided that the starting point is reasonable, 
the self-consistent solution should be a good approximation, limited only by the 
central-field model itself. Moreover, the self-consistent solution is generally 
insensitive to the precise starting point. Nowadays, this method is implemented 
using powerful computers, but the calculations were first automated in the 1930s 
using a mechanical device whose prototype was constructed from Meccano! 


5.3.2 Configurations 


We shall not discuss the detailed form of the energy eigenfunctions or eigenvalues 
of a general Z-electron atom. However, we shall describe the way atomic states 
are classified and labelled. We shall use the word shell to describe the set of 
orbitals that have a specific pair of n and / values. For example, we may refer to 
the 2p shell or the 3d shell. Then the crudest description of the state of an atom is 
provided by a list of the occupied shells, together with the numbers of electrons 
they contain. This list is referred to as the electronic configuration of the atom. 
In a crude approximation, which neglects any corrections to the central-field 
model, the electronic configuration of an atom determines its energy. 


We are particularly interested in the ground-state configuration. For an atom with 
Z electrons, this can be found by thinking of the shells as being progressively 
filled by electrons, starting from the shell of lowest energy and working upwards 
until all the electrons are accounted for. 


The possible shells are specified by pairs of n and l values, where n = 1, 2, ... 
and | = 0, 1, 2, ..., n — 1. To determine which shells are occupied in the 
ground-state configuration of an atom, we need to know the capacity of each shell 
(the maximum number of electrons it can contain) and the energy-ordering of the 
shells. The capacity of a shell is based on the following points: 


1. For each value of l, there are 2| + 1 possible values of m: 0,-E1,... , El. 


5.3 Many-electron atoms 


Li 
Eo. 


3. By the Pauli exclusion principle, no two electrons in an atom can have the 
same set of quantum numbers (n, l, m and ms). 


2. Each electron has two possible values of ms: 4 


Taken together, these points imply that a shell, characterized by given values of n 
and l, has a capacity of 2 x (2l + 1) electrons. For example, a 2p shell can contain 
at most 2 x (2 x 1+ 1) = 6 electrons. When a shell is full, it is said to be a 
closed shell; otherwise it is an open shell. We can therefore say that a closed 

nl shell contains 2(2/ + 1) electrons, while an open ni shell contains fewer than 
2(2l + 1) electrons. The electrons in the open shells determine many of the 
properties of the atoms. They are known as valence electrons. 


The general pattern of energy-ordering for shells is shown in Figure 5.4, with the 
1s shell having the lowest energy, the 2s shell the next-to-lowest energy, and so on. 
The principal quantum number n increases without limit, but the figure includes 
all the shells that are occupied in the ground-state configurations of atoms. 


The ground-state configuration of an atom is found by filling these shells in order 
of increasing energy. For example, the ground-state configuration of carbon, with 
atomic number Z = 6, has two electrons in the 1s shell, two electrons in the 2s 
shell and two electrons in the 2p shell. However f, d and s shells can be very close 
in energy, and their relative energy-ordering depends sensitively on the screening 
in individual atoms. Hence, exceptions to the general pattern of shell filling can be 
found amongst the so-called transition elements (in which d shells are being 
filled) and the rare-earth elements (in which f shells are being filled). These 


exceptional cases are noted in the caption to Figure 5.4. Figure 5.4 The 


energy-ordering of shells in the 
central-field approximation, 
indicated by the snaking line. 
The line is dashed where the 
energy differences are so small 
that the filling of shells may be 
irregular. (The following 
elements have ground-state 
configurations that are 
exceptions to the normal order 
of filling: Cr, Cu, Nb, Mo, 

Tc, Ru, Rh, Ag, Pt and Au 
have an extra d electron and a 
missing s electron; Pd has 

two extra d electrons and 

two missing s electrons; La, 
Gd, Ac, Pa, U, Np and Cm 
have an extra d electron and a 
missing f electron; Th has two 
extra d electrons and two 
missing f electrons.) Symbols 
of chemical elements are 
interpreted inside the back cover. 
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Essential skill 
Writing down a ground-state 
configuration 
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To indicate the number of electrons in a given shell, we use a superscript (omitted 
in the case of ‘1’). So, for example, the ground-state configurations of hydrogen 
and helium are 1s and 1s?. The ground-state configurations of the first six 
elements are listed in Table 5.3. 


Table 5.3 The ground-state electronic configurations of the first six elements. 


Symbol Name Z Configuration 


H hydrogen 1 1s 

He helium 2 de 

Li lithium | 3 12s 
Be beryllium 4  1s?2s? 
B boron 5. ‘Is? O57 2p 
G carbon 6. 1s^28?2p? 


Configurations of excited states 


The configurations of low-lying excited states can be written down in a similar 
way. In general, the configuration describing the first excited state of a 
many-electron atom is one in which an electron in the highest energy orbital 

in the ground-state configuration is excited to the next orbital in energy. For 
example, the ground-state configuration of lithium is 1s? 2s, so the first 

excited configuration is 1s? 2p. Continuing this pattern, the next two excited 
configurations of lithium are 1s? 3s and 1s? 3p. Configurations such as 1s 2s? or 
1s 2s 2p, in which an electron is excited from the low-lying energy of the 1s shell, 
turn out to have much higher energies. 


Exercise 5.4 Write down the ground-state configurations of oxygen (Z = 8), 
neon (Z = 10), sodium (Z = 11), argon (Z = 18) and iron (Z = 26). 


Exercise 5.5 Show that the maximum number of electrons that can have 
principal quantum number n in an atom is 2n?. You may use the fact that 
YE oio ik(k4 1). 8 


5.3.3 The Periodic Table 


In 1869, Dmitri Mendeleev constructed a table in which chemical elements with 
similar properties appear in the same column, and atomic mass increases from left 
to right and from top to bottom of the table. The table has been refined since 
Mendeleev's day, and is now called the Periodic Table of the elements. A modern 
version is shown on the inside back cover of this book. Elements in the same 
column are said to belong to the same group, and elements in the same row are 
said to belong to the same period. 


It is remarkable that Mendeleev was able to sketch the Periodic Table almost 
thirty years before the electron was discovered, without any inkling of the 
electronic structure of atoms. Nowadays we can use our knowledge of the 
ground-state configurations of atoms to gain a deep understanding of the Periodic 
Table. It turns out that the valence electrons — electrons in open shells — are 
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responsible for the chemical properties of elements. Elements in the same column 
of the Periodic Table (i.e. the same group) have the same number of valence 
electrons, and the principal quantum number n of these electrons increases as we 
go down the column. As we go from left to right along a row, open shells fill up. 
For example, the 2s shell fills as we go from Li to Be, and the 2p shell fills as we 
go from B to Ne. 


The group of elements in the column on the extreme right of the Periodic Table is 
called the noble gases. The ground-state configurations of the noble gas atoms are 
shown in Table 5.4. In these atoms, all the nl shells up to a given value of n are 
closed. This makes them very non-reactive, with little tendency to form molecules 
with other atoms. 


Table 5.4 The ground-state electronic configurations of the noble gases. 


Symbol Z Configuration 


He 2 1s? 

Ne 10 1s?2s?2pó 

Ar 18 1s?2s?2p6 3s? 3p® 

Kr . 36 1s?2s?2p9 3s? 3p 4s? 3d1? 4p® 

Xe 54 1s?2s?2p 3s? 3p? 4s? 3d? 4p® 5s? 4d1? 5p5 

Rn 86 1s?2s?2p6 3s? 3p® 4s? 3d!? 4p® 5s? Ad1? 5p6 6s? 4f14 5010 gp6 


Elements in the first group of the Periodic Table — from Li to Fr — are called 
alkali atoms, and those in the penultimate group — from F to At — are called 
halogens. The ground-state configurations of the alkali atoms and halogens are 
shown in Tables 5.5 and 5.6, using a shorthand notation in which [Ne(10)], for 
example, means that the first 10 electrons are arranged in the ground-state 
electronic configuration of neon (1s? 2s? 2p). 


Table 5.5 The ground-state electronic configurations of the alkali atoms. 


Symbol Z Configuration 


Li 3 [He(2)] 2s 
Na 11 [Ne(10)] 3s 
K 19 [Ar(18)] 4s 
Rb 37  [Kr(36)] 5s 
Cs 55  [Xe(54)] 6s 
Fr 87  [Rn(86)] 7s 


Table 5.6 The ground-state electronic configurations of the halogens. 


Symbol Z Configuration 


F 9 [He(2] 2s? 2p° 

Cl 17 [Ne(10)] 3s? 3p? 

Br 35 [Ar(18)] 4s? 3d!? 4p? 

I 53 [Kr(36)] 5s? 4d!? 5p? 

At = 85 [Xe(54)] 6s? 4f!^ 5d!? 6p® 
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These trends in the Periodic 
Table are only a general guide; 
exceptional cases which go 
against the general trends can be 
found. 
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Alkali atoms have a single valence electron in an s shell. The other Z — 1 
electrons form a tightly bound core in closed shells around the nucleus, so the 
valence electron sees a well-screened nuclear charge and is well described by the 
central-field model. All alkali atoms display similar spectra and form similar 
types of molecule when combining with other atoms. The halogen atoms also 
bear a family resemblance to one another; they all lack one electron in an open 

p shell. Closed shells tend to be low in energy, so alkali atoms and halogens react 
strongly with one another to form stable molecules in which an alkali atom 
donates its valence electron to a halogen atom; examples are NaCl (sodium 
chloride, table salt) and KBr (potassium bromide). 


The electronic configuration of an element can help us understand many of its 
properties. One of these is the first ionization energy. This is the minimum 
energy required to remove one electron from the atom to produce a charged ion 
and an unbound electron. More energy is required to remove a second electron, 
having removed the first. This is because the nuclear charge remains unchanged, 
and with fewer electrons, the screening of the nuclear charge is less effective. For 
example, the first and second ionization energies for helium are 24.5 eV and 
54.4 eV, respectively. 


In the Periodic Table, the first ionization energy generally increases from left to 
right along a row and decreases as we go down a column (Figure 5.5a). We can 
understand this in the following way. As we go along a row, the nuclear charge 
increases, and so does the number of valence electrons. However, these electrons 
are entering an open shell and are described by orbitals with similar spatial 
distributions. Such orbitals provide only weak screening for one another. So, as 
we go along a row, screening does not fully compensate for the increasing nuclear 
charge; the valence electrons become more tightly bound and the first ionization 
energy tends to increase. As we go down a column, the nuclear charge increases, 
and there are more electrons in closed shells to provide screening. Far from the 
nucleus, these two effects largely cancel out. However, as n increases, the average 
distance of the valence electrons from the nucleus increases; this means that 

the valence electrons are less tightly-bound, leading to a decrease in the first 
ionization energy. 


A similar analysis can be given for the sizes of atoms (Figure 5.5b). Atoms are 
not hard spheres with defined edges, but an atomic radius can be defined as the 
radial distance within which a given percentage (say 90%) of the total electronic 
charge of the atom is located, on average. Alkali atoms, with a loosely-bound 
valence electron, have large radii. As we go from the left along a row, the valence 
electrons become more strongly bound and the atomic radius tends to decrease. 
Also, as noted above, the atomic radius tends to increase as we go down a column. 
However, this increase in radius is not dramatic; cesium (Cs) contains nearly 

20 times as many electrons as lithium, but its radius is less than twice as large. 
This is because the greater nuclear charge in cesium keeps the electrons more 
densely packed. 


Exercise 5.6 


(a) Which is expected to have the larger first ionization energy: sulphur (S) or 
magnesium (Mg)? 


(b) Which is expected to have the larger atomic radius: magnesium (Mg) or 
barium (Ba)? m 


5.4 Terms and levels 
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Figure 5.5 (a) First ionization 
energy as a function of atomic 
number. (b) Atomic radius as a 
" lÜü 20 30 40 50 60 70 80 90 function of atomic number l 
ETT (technically, ‘covalent atomic 
(b) radii’ have been used in this 
figure). 
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5.4 Terms and levels 


Figure 5.6 shows the visible parts of the spectra of hydrogen and helium. Each of 
the lines in the spectra corresponds to a transition between two energy levels in 

the atom. There are many more lines in the helium spectrum, so one might guess Figure 5.6 The visible 
that, in a given energy interval, there are more energy levels in the helium atom 


: spectra of atomic hydrogen and 
than in hydrogen. 


helium. 


| E en 


131 


Chapter 5 Many-electron atoms 


A clue as to how this happens is given in Figure 5.7. Each horizontal line in the 
figure indicates an energy level for the carbon atom. Looking at the three lowest 
lines, you can see that a single configuration corresponds to more than one energy 
level. 'This is not surprising. The configuration of an atom only tells us how the 
electrons occupy shells of given n and /; to completely specify the state of the 
atom, we must supply further information. 


1g lp In 3q 3p 3D 
E — 
s d 1s?2572p 3p 
RL 
——— } 1s?2s?2p 3s 
Figure 5.7 Energy levels of 
the carbon atom, measured E e 
upwards from the ground state. X )" 
Braces are used to show energy a 
levels that arise from the same B8 r 
configuration. The 1s?2s?2p? | 
configuration produces three 
energy levels, the 1s?2s?2p 3s 2L 
configuration produces two 
energy levels, and the — r 18?28?2p? 
1s?2s?2p 3p configuration ir 
produces six energy levels. The 
symbols !S, tP, tD, ?S, ?P and ol | 


3D at the top of the figure will 
be explained in Section 5.4.2. 


Within the central-field model, atomic states with the same configuration 
(differing only in the m and m, quantum numbers of individual electrons) remain 
degenerate. However, the central-field model is only an approximation. In 
reality, electron-electron repulsion cannot be exactly modelled by a central field, 
and additional effects such as the spin—orbit interaction also come into play. 
Consequently, the electrons in an atom interact in a variety of ways. You have 
already seen an example of this in the helium atom, where the 1s 2s configuration 
corresponds to one singlet and three triplet states. Electron-electron repulsion 
causes the singlet and triplet states to split apart by a couple of electronvolts. 
Although this does not destroy the broad pattern of energy levels determined by 
the various configurations, it does lead to a refinement of it. 


5.4.1 Good quantum numbers 


We shall not calculate the energy levels in a complicated atom. Instead, we shall 
explain how these energy levels are classified and labelled. We rely on the 
following general principle. 
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5.4 Terms and levels 


Good quantum numbers 


If observables A, B,..., C are represented by operators Á, B, os "a 
that commute with the Hamiltonian operator H of the system and with 
each other, it is possible to find a set of simultaneous eigenfunctions for 
HAB e 


These eigenfunctions describe states in which the energy, and observables 
A, B, ..., C, all have definite constant values. They can be labelled by the 
quantum numbers that specify the values of these observables. These 
quantum numbers are said to be good quantum numbers for the system. 


Within the central-field model, the operators ite i L zi and Sa for the ith electron 
all commute with the Hamiltonian operator, so the single-particle quantum 
numbers l;, m; and ms, are all good quantum numbers in this approximation. But 
beyond the central-field model, we must think again. The exact Hamiltonian 
contains electron—electron interaction terms that depend on the separations of the 
electrons, rather than just their radial coordinates. It also contains spin—orbit 
interaction terms that couple together the orbital and spin angular momenta of 
the particles. When these terms are included, l;, m; and ms, do not remain 

good quantum numbers, and they cannot be used to label the exact energy 
eigenfunctions of the atom. 


It is clear what needs to be done: we must construct operators that commute with 
the full Hamiltonian of the many-electron atom. The energy eigenfunctions of the 
atom can then be labelled by the good quantum numbers associated with these 
operators. There are two cases to consider: atoms for which the spin—orbit 
interaction can be ignored, and atoms for which the spin-orbit force plays a 
significant role. We start with the first case. 


5.4.2 Spin-orbit interaction neglected 


For atoms of low atomic number, the energy associated with the spin—orbit 
interaction is much smaller than the energy associated with electron—electron 
repulsion, so it is a reasonable approximation to ignore the spin—orbit interaction 
altogether. The central-field approximation already takes some account of 
electron-electron repulsion, but only in an approximate way. The difference 
between the exact electron-electron repulsion of Equation 5.1 and the central-field 
approximation to it is called the residual electron—electron interaction. In this 
subsection, we investigate the effects of this residual interaction in the absence 
any spin—orbit forces. 


The residual electron-electron interaction prevents the quantum numbers l; 

and m; (associated with the orbital angular momentum of the ¿th electron) 

from being good quantum numbers. At first sight, you might suppose that ms, 
(associated with the z-component of the spin of the ¿th electron) would remain a 
good quantum number, provided that there are no spin-dependent terms in the 
Hamiltonian. But this is not true: we must form an antisymmetric total wave 
function, and this automatically links the electron spin to the electrostatic energy. 
You have seen an example of this in the helium atom, where the ground state 
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involves the singlet spin ket |0, 0) in which one electron is spin-up and the other is 
spin-down, but it is impossible to say which electron has which spin. It is the total 
spin quantum numbers, S and Ms, that have definite values. Taking this as a clue, 
we construct the operators 


Z 
L-V'L ad S$-Y/8, (5.27) 


where L and S; are the orbital angular momentum and spin angular momentum 
operators for electron 7, and L and S are the total orbital and spin angular 
momentum operators for all Z electrons in the atom. Taking the z-components of 
these operators gives 


Z Z 
L2 5 La od 8,5» 84 (5.28) 
i=1 i=l 
" while taking the squares of the magnitudes gives 
Just for the record: T z Di T’ -L.L and g - 8.8. (5.29) 


i=1 : ; ; : 
because there are cross-product It is possible to show that the operators in Equations 5.28 and 5.29 all commute 


terms. with the Hamiltonian operator H of Equation 5.1, which includes the exact 
electron-electron repulsion terms, but ignores the spin—orbit interaction. That is, 


[L,8]-0, [L,fü]-o, [S$,8]-0, [Sfi] =o. 

Following the general pattern for angular momentum operators, the eigenvalues of 

D. fus S" and S, are L(L + 1)h2, Mrh, S(S + 1)5? and Mgh. It follows that 
Note the use of capital letters to the quantum numbers L, Mz, S and Ms are good quantum numbers for the 
denote quantum numbers for atom in the absence of spin-orbit interactions. This means that the energy 
total angular momenta. Here, L eigenfunctions of the atom can be labelled by these quantum numbers (and by 
is the the total orbital angular ^ additional quantum numbers if necessary). 
momentum quantum number; 
it is not the magnitude of the 
orbital angular momentum. 
Similarly, in this context, S 
is the total spin quantum 
number. 


In general, the energy of an isolated atom depends on its electronic configuration, 
and on the quantum numbers L and S, but is independent of the quantum numbers 
Mir, and Ms. Each set of states, arising from a given configuration and specified 
by a given pair of L and S values is called an atomic term, or a term for short. 
So, when specifying an energy level in an atom, we must give the electronic 
configuration and the atomic term. 


To find the possible atomic terms, we need to know the values of L and S that are 
consistent with a given electronic configuration, and to find the degeneracy of an 

atomic term we need to know which values of Mr, and Ms are possible for given 
values of L and S. The following rules (no proofs given) apply in simple cases: 


Rules for the possible values of L, S, M; and Ms 
For L and S derived from a given configuration: 


1. Closed shells in the configuration do not contribute to the values of S and L; 
only the valence electrons in open shells are relevant. 


2. An open shell containing a single valence electron with quantum numbers l; 
and s; produces a single term with L = l; and S = s;. 
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The case in which two valence 
electrons occupy the same open 
shell is discussed on page 136. 


3. A pair of valence electrons that occupy different open shells and have 
quantum numbers (/4, s1) and (l2, 52) produces terms in which the possible 
values of L and S are 


= t — la. |ü — Ip| +1,...,h, 4h -1hk th, (5.30) 
j= [51 — s9|,|$1 — 89| +1,...,51 + 82 — 1, 81 + $2. (5.31) 


4. For fixed values of L and S, the quantum numbers Mr, and Mg are 
restricted to the values 


sc E cy (5.32) 
Mc ge gem (5.33) 


giving (2L + 1) values of Mr, and (2S + 1) values of Ms. 


The following worked example shows how these rules are applied. 


Worked Example 5.1 Essential skill 

What are the possible values of L, S, Ms and Mr, for the carbon atom For a given configuration with 

configuration 1s?2s?2p 3s? two electrons in different open 
shells, determine the possible 

Solution values of the quantum numbers 

1s? and 2s? are closed shells, so we only need to consider the electrons in L, S, Ms and Mz 


the open 2p and 3s shells. These electrons have lı = 1 and l = 0, so the 
minimum and maximum values of L are 


Een ed — 0| — 
Imax — 44021-24021. 
Hence the only possible value of L is 1, and the corresponding values of Mz 
are —1, 0 and 1. 
For spin, 51 = sg = 1, and the minimum and maximum values of S are 
Smin = [51 — 52] = |} — $| = 0, 
Üma = $i +s2=5+5=1. 
The values of S increase in steps of 1, so the possible values are S = 0 and 
S = 1. This result is familiar: the total spin state of a pair of electrons is 


either singlet (S = 0) or triplet (S = 1). When S = 0, Mg is 0. When 
S = 1, Ms is equal to —1, 0 or 1. 


Exercise 5.7 What are the possible values of L and S for the lithium atom 
configuration 1s? 2s? 


Exercise 5.8 What are the possible values of L, S, Ms and Mz for the carbon 
atom configuration 1s? 2s? 2p 3p? a 


A special spectroscopic notation is used to label atomic terms. For a term with 
quantum numbers L and S, we write 


294-1 L, (5.34) 
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Table 5.7  Spectroscopic 
notation for atomic terms. 


L 


r 
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where, for L, we adopt the same notation as for orbitals, but using capital letters, 
as indicated in Table 5.7. 


The quantity 2S + 1 is called the multiplicity of the term, and represents the 

28 1 iuste values of Mg that are associated with a given value of S. For 
S= 0, 1, 1:3 2»... We have 25 + 1 = 1,2,3,4,..., and the terms are called 
singlet, doublet, triplet, quartet, and so on. There are also 2L + 1 values of Mr, 
associated with a given value of L. In the absence of spin-orbit effects, the energy 
of a term is independent of Ms and Mz, so each term has a degeneracy of 


(28 --D(2T 4-1). 


We can now see what the labels ! P, ?P, etc. signify in Figures 5.2 and 5.7; they 
label different atomic terms arising from given configurations. 


@ Use spectroscopic notation to specify the terms arising from the carbon atom 
configurations 1s?2s?2p 3s and 1s?2s?2p 3p. 


O According to Worked Example 5.1, the configuration 1s? 2s? 2p 3s gives rise 
to L = 1 and S = 0 or S = 1, so its possible atomic terms are tP and ?P. 
According to Exercise 5.8, the configuration 1s? 2s? 2p 3p gives rise to L — 0, 
L-1or L = 2and $ = 0 or S = 1, so its possible atomic terms are IS, 3S, 
1 p, 8p. ! D and ?D. All of these terms are marked in Figure 5.7. 


Exercise 5.9 Use spectroscopic notation to specify the terms arising from 
the 1s 2s and 1s 2p helium configurations, and state the degeneracies of these 
terms. a 


A limitation 


Note that Rule 3 in the box on pages 134—5 refers to electrons that are in different 
open shells. For example, the configuration could be 1s? 2s 2p or 1s? 2s 3s 

as, in both cases, the two valence electrons have different sets of nl quantum 
numbers. An added complication arises in configurations such as 1s? 2p”, where 
the two valence electrons occupy the same shell. In such cases, it turns out 

that the indistinguishability of the electrons and the Pauli exclusion principle 
imply that some of the predicted atomic terms are not realized in practice. We 
mention this only for completeness. Electrons in the same open shell are said 
to be equivalent electrons; you will only be asked to find atomic terms for 
configurations involving non-equivalent electrons (electrons in different open 
shells), for which Rule 3 applies. 


5.4.3 Spin-orbit interaction included 


The spin-orbit interaction increases with the atomic number Z. We now consider 
the case where the spin-orbit interaction is not neglected, but is still small 
compared to the residual electron-electron interaction. This is true for atoms with 
Z < 35. 


In the presence of the > spin-orbit interaction, L and S remain good quantum 

numbers, but Ty and S, do not commute with the Hamiltonian operator, so Mr, 
and Ms are not good quantum numbers. However, we can form a total atomic 
angular momentum, J, where 'total' now refers to a sum over all the electrons 


5.4 Terms and levels 


and to the sum of orbital and spin contributions. The operators T and J, have 
eigenvalues J(J + 1)h? and Mi, and the quantum numbers J and M; are good 
quantum numbers for the whole atom. 


When the spin-orbit interaction is included, the energy of the atom depends on J, 
but is independent of M ;. Each atomic term, associated with a given electronic 
configuration and with given values of L and S, splits into separate energy levels 
called atomic levels, or levels for short. This splitting produces fine structure in 
atomic spectra. In general, the splitting between different levels arising from the 
same term is much smaller than the spacing between different terms arising from 
the same configuration. Because the energy does not depend on My, each level 
corresponds to a set of 2J + 1 degenerate states. 


If the spin—orbit interaction is small, the appropriate way to construct J is to add 
the total orbital angular momentum to the total spin: 


J-L-S. 


For obvious reasons, this is called the LS-coupling scheme. Within this scheme, For L > S, the number of 


it turns out that fixed values of L and S, labelling an atomic term, give rise to the different J values, and hence the 
number of levels, is equal to the 


following allowed values of J: 
multiplicity, 25 + 1. 


J-|L-S,|lL-S|c-i...,LbL-S-iL-S, (5.35) 
and, as for all angular momenta, the possible values of M; are 

M;—-—J,—J--1,...,7—1,J. (5.36) 

P . configuration term level 
Exercise 5.10 What are the possible values of the total 
angular momentum quantum numbers J and My for atomic E=-0,8=0,'S J —9, 'So 
terms in which: (a) L = S = 0; (b) L = 2, S = 0; a | he 
(c) L=1,S5=1? E i 
Because the splitting depends on the total angular momentum, : 
the value of J is now added to the labelling. To specify a level ! i i 
: : à f 'h=2,8=0,'D J= 2, Ds 
in spectroscopic notation, we write i ——— -------- S 

25+} |. i 

g P 15?28?2p? 
When the LS-coupling scheme holds, the possible values of — NE 
J are determined by Equation 5.35. Figure 5.8 illustrates how a ES VO DCN goes 
configuration leads to several terms which then split into different à MI ms JoL E 
levels when a weak spin-orbit interaction is taken into account. Fo. RS 
; lectron-elect in orbi 

Exercise 5.11 Write down the levels that the following terms TM NUS ; De ean p 
split into: (a) 3P; (b) !E; (c) 2D. 
What are the degeneracies of these levels? i] 


Figure 5.8 The splitting of the configuration 
Strong spin-orbit coupling 1s? 2s? 2p? of a carbon atom into terms with 

different values of L and S (see Figure 5.7). 
When the spin-orbit interaction is taken into 
account, the terms split into levels with different 
values of J (see Exercise 5.10). 


For atoms with Z > 80, the spin—orbit interaction becomes 
stronger than the residual electron-electron repulsion. Under 
these circumstances, it is more appropriate to combine the 
orbital and spin angular momenta of each electron to find its total 


137 


Chapter 5 Many-electron atoms 


Hund's rules do not apply to all 
excited states. For example, 
they fail for the 1s? 2s? 2p 3p 
configuration in carbon 

(Figure 5.7). 


Essential skill: 

Applying Hund’s rules to order 
terms and levels arising from a 
given configuration 
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angular momentum, j;, and then express the total angular momentum of the atom 
as a sum of contributions from each electron: J = » 7; ji. This is known as the 
jj-coupling scheme, but we will not go into its details here. For atoms with Z 
between 35 and 80, neither the L.S-coupling scheme nor the jj-coupling scheme 
is completely satisfactory, although they are often used for pragmatic reasons. 


5.4.4 Hund’s rules 


In general, different terms and levels arising from the same configuration have 
different energies, but what is their energy ordering? In many cases, the answer is 
provided by a set of rules known as Hund’s rules. Strictly speaking, Hund's rules 
apply to ground-state configurations, but they can also be applied to some excited 
states. Hund's rules can be summarized as follows. 


Hund's rules for atomic terms and levels 
For terms and levels arising from a given configuration: 


1. The term with the largest value of S has the lowest energy. The energy of 
other terms increases with decreasing S. 

2. For a given value of S, the term with the largest value of L has the lowest 
energy. The energy of other terms increases with decreasing L. 


3. For a given term, the levels are ordered as follows: 


e If the shell is less than half-full, the level with the smallest value of J 
has the lowest energy. 


e If the shell is more than half-full, the level with the largest value of J 
has the lowest energy. 


e If the shell is exactly half-full, there is no splitting due to the spin—orbit 
interaction. 


The following example shows how these rules are applied. 


Worked Example 5.2 
Use Hund's rules to confirm the order of the levels shown in Figure 5.8. 


Solution 

The levels shown in Figure 5.8 are 1S, ‘Do, ?P2, ?P, and Pp. Hund's first 
rule shows that the triplets ĉP2, ?P4 and Po are lower in energy than the 
singlets So and !D5. Hund's second rule shows that !D» is lower in energy 
than !So. Finally, the 2p shell is less than half-full, so Hund's third rule 
shows that *Po is lower in energy than P4, which is lower in energy than 
?P». Hence the energy ordering is 


Bp, << ID < 2p, E Dy < Su, 


as shown in Figure 5.8. 


Summary of Chapter 5 


Exercise 5.12 The following terms arise from the same configuration: °P, ^P, 
2D, ?F, ^F, ?G, 7H. Assuming that Hund's rules apply, write these terms in order 
of increasing energy. E 


Summary of Chapter 5 


Section 5.1 Taking the mass of the nucleus to be infinite, the Hamiltonian 
operator of an Z-electron atom can be written as 


Z ZZ 
" n2 Ze 1 e? 
H- y? — 
2 | 2m. ' =| * ATEQ 20 Tj 
i=1 i=1 j>i J 


where motion of the whole atom has been neglected. The corresponding 
time-independent Schrédinger equation is non-separable, and cannot be solved 
exactly. In the independent-particle approximation, we neglect electron—electron 
repulsions. Energy eigenfunctions can then be found that are products of 
single-particle orbitals, and the energy of the atom is the sum of the energy 
eigenvalues associated with individual electrons. 


Section 5.2 Electrons are identical fermions, so the electrons in an atom must be 
described by an antisymmetric total wave function. In first-order perturbation 
theory, an excited state of helium, in which the electrons occupy different orbitals 
$, and $, with energies E; and FE, has total energy 


2 2 2 
Hs ~ E. An Es E € f ere lós(r2)] dV; dV3 
il 


ATEQ 2 
8 f l1) (r2) (r2) ós(r1) 
tnn | = dV, dV, 


where the plus sign is for a singlet state and the minus sign is for a triplet state. 
The last integral on the right-hand side is the exchange integral; this makes triplet 
states lower in energy than singlet states. 


Section 5.3 In the central-field approximation, electron—electron repulsion is 
modelled by a spherically-symmetric effective potential energy function. This 
gives a separable time-independent Schrédinger equation, and solutions can be 
obtained as products of single-particle orbitals. Each orbital is the product of a 
radial function and a spherical harmonic. For a given n, orbitals with low /-values 
have lower energies than orbitals with high /-values. Self-consistency can be 
achieved by an iterative procedure which ensures that the potential energy 
function is consistent with the distribution of electrons. 


A shell is a set of orbitals with a given pair of n and / values. The configuration of 
an atom specifies how electrons occupy shells. Ground-state configurations 
explain the gross structure of the Periodic Table, in which elements with similar 
properties are organized into columns. 


Section 5.4 When electron-electron and spin-orbit interactions are taken into 
account, the quantum numbers associated with a single electron are not good 
quantum numbers for the whole atom. 


When the spin-orbit interaction is neglected, L and S, the total orbital angular 
momentum and total spin quantum numbers of all the electrons in the atom, are 
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good quantum numbers, along with the corresponding M and Mg. Because of the 
residual electron—electron interaction, a single configuration splits into a number 
of energy levels, called atomic terms, labelled by 2°+!L. Closed shells do not 
contribute to L and S. Two non-equivalent valence electrons with quantum 
numbers (l1, 51) and (l2, s2) gives rise to terms labelled by 


L= |h — ləl, |l — 0| t 1,...,h 12 — 1h + do, 
S= [51 — s2|, |s1 — s9| +1,...,81 +52 — 1, 84 + $2. 
When the spin-orbit interaction is included, the good quantum numbers are 
L, S, J and M;, where J and My, refer to the total angular momentum (orbital 


plus spin) of all the electrons in the atom. If the spin—orbit interaction is weak, the 
LS-coupling scheme can be used and the allowed values of J are 


Jelb-s |L- S|+1,...,L+S-1,L +5. 


Because of the spin—orbit interaction, states of different J have different energies, 
but have a (2J + 1)-fold degeneracy because the energy does not depend on My. 
Thus each term is split into a number of levels defined by different values of J. 
Levels are labelled by 7°+!L,. 


Hund's rules often allow us to determine the energy ordering of the terms and 
levels arising from a given configuration. 


Achievements from Chapter 5 


After studying this chapter, you should be able to: 

5.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 

5.2 Describe the independent-particle model of atoms. 

5.3 Write down singlet and triplet total wave functions for helium. 


5.4 Give an account of the calculation of the energy of bound states of helium 
using perturbation theory; explain how the exchange interaction arises. 


5.5 Explain the basic ideas behind the central-field approximation. 
5.6 Write down the ground-state electronic configuration for given atoms. 


5.7 Explain general characteristics of the Periodic Table, in particular why 
atoms in the same column have similar behaviour, why noble gases are 
non-reactive, and general trends in the first ionization energy and atomic 
radius of elements. 


5.8 Use the spectroscopic notation for a many-electron atom, and describe how 
L, S and J arise within the L.S-coupling scheme. 


5.9 Obtain the terms and levels arising from a given configuration in the case of 
a single valence electron or a pair of non-equivalent electrons, and use 
Hund’s rules to predict the energy-ordering of terms and levels. 


Chapter 6 Diatomic molecules 


Introduction 


You have seen how the time-independent Schródinger equation is used to describe 
atoms. However, most of the matter on Earth is not in the form of isolated atoms; 
instead it consists of atoms joined together in molecules or in solids, and these 
have very different properties from isolated atoms. Even the air we breathe 
consists mainly of molecules: nitrogen molecules Nə (two nitrogen atoms bound 
together), oxygen molecules O» (two oxygen atoms bound together) and carbon 
dioxide molecules CO» (two oxygen atoms bound to a carbon atom). These 
molecules remain intact when they collide with one another in a gas, and a 
considerable amount of energy is required to split them into their constituent 
atoms. For example, 9.8 eV is required to split a nitrogen molecule into two 
nitrogen atoms. 


The aim of this chapter is to apply the time-independent Schiódinger equation to 
simple molecules, and hence to show how quantum mechanics explains chemical 
bonding, that is, how atoms bind together to form molecules. 


We shall start by studying the hydrogen molecule ion, H7 , which consists of two 
protons and one electron. This is not a molecule you would come across in 
everyday life, nor can you store it in the laboratory because it would rapidly gain 
an electron to form a hydrogen molecule, Ho. However, the hydrogen molecule 
ion has been observed experimentally and its properties have been measured. It 
was discovered by J. J. Thompson in cathode rays and it is formed fleetingly 

in a tube of hydrogen gas through which an electrical discharge is passed. 
Measurements show that HS is a molecule in which the two protons are bound 
together by the electron; it is not a hydrogen atom plus a free proton. Early 
studies of the hydrogen molecule ion demonstrated that the time-independent 
Schródinger equation can explain how chemical bonds arise, and this opened up 
the whole new area of quantum chemistry. 


An early triumph for molecular quantum mechanics was the 
explanation of the unusual magnetic properties of the oxygen 
molecule. When a stream of liquid oxygen (which consists 

of oxygen molecules) is poured between the poles of a magnet, 
it is held by the field, as shown in Figure 6.1. This behaviour 
could not be explained by pre-quantum mechanical descriptions 
of chemical bonding, but we will show that it can be explained 
using results obtained from the time-independent Schrödinger 
equation. 


Section 6.1 starts by setting up the time-independent Schrödinger 
equation for a diatomic molecule, and explaining how it can be 
simplified using an approximation due to Born and Oppenheimer, 
which allows the motions of electrons and nuclei to be studied 
separately. Using the Born—Oppenheimer approximation, it Figure 6.1 A stream of liquid oxygen is held 
is possible to solve the electronic part of the problem for H- in the inhomogeneous magnetic field between the 
exactly. Rather than doing this, Section 6.2 uses the variational poles of a magnet. 

method (introduced in Chapter 3) to obtain an estimate of the 
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In this expression, V2 
is a shorthand for 

9? 9? o? 
Ox. i ay a oz?’ 
where (Xa, Ya, Za) are the 
coordinates of nucleus A, with a 
similar interpretation for V2. 


Figure 6.2 Position vectors 
used to define the Hamiltonian 
operator of a diatomic molecule 
with two nuclei labelled A and B 
and two electrons labelled 1 and 
2: (a) positions relative to an 
origin O at the centre of mass of 
the molecule; (b) relative 
positions. 
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ground-state energy and the corresponding eigenfunction for the hydrogen 
molecule ion. The advantage is that the variational method can be applied to any 
molecule, whereas exact solutions can only be found for H7. We shall also see 
how the first excited state of Hj emerges from the variational calculation. 
Section 6.3 explains how molecular orbitals can be constructed from linear 
combinations of atomic orbitals. It also introduces a spectroscopic notation for 
labelling molecular orbitals in diatomic molecules. Section 6.4 then shows how to 
find the ground-state electronic configurations of a number of diatomic molecules. 
You will see why the nitrogen atoms in a nitrogen molecule are so strongly bound 
together, and how quantum mechanics explains the unusual magnetic properties 
of the oxygen molecule. Finally, Section 6.5 describes ways of improving the 
approximations used in this chapter. 


6.1 
6.1.1 


The time-independent Schrodinger equation 


Setting up the equation 


As for any quantum system, the energy eigenfunctions needed to describe 

the stationary states of a diatomic molecule are found by solving the 
time-independent Schródinger equation. We shall simplify this task by ignoring 
the spin of the particles, just as we did for atoms initially. The first step is to find 
an expression for the Hamiltonian operator, H. 

As an example, consider a two-electron diatomic molecule, with the variables 


defined as in Figure 6.2. We can write the Hamiltonian operator for this molecule 
as 


H- V V 
2M, ^ 2M, P 
2 
T, y h? 2 Zae? Zge? 
i—i 2e ATE0TiA ATEQTiB 
e? ZAZpe? (6 D 
4T€0T12 Areg RAB ` l 


(b) 


6.| The time-independent Schródinger equation 


The first line on the right-hand side represents the total kinetic energy of the two 
nuclei, A and B, of masses Ma and Mg. The second line represents the kinetic 
energies of the two electrons, each of mass Mme, plus the negative potential 
energies of the electrons due to their attractions by the nuclei, which have atomic 
numbers ZA and Zg and are separated from the ith electron by r;a = |r; — Ral 
and rip = |r; — Rg]. The third line adds the potential energies due to Coulomb 
repulsion between the two electrons, separated by ri? = |r1 — r2|, and Coulomb 
repulsion between the two nuclei, separated by Rag = |Ra — Rs]. 


As with atoms, we are not interested in translational motion of the molecule as a 
whole. We therefore work in the centre-of-mass frame of the molecule, where the 
overall translational motion is absent. When defining the centre of mass, we can 
safely neglect the masses of the electrons compared to the masses of the nuclei. 
Omitting the details, this approximation allows us to write the Hamiltonian 
operator as 


^ n? i Zae Zge? 
H=- Vi v? 
H AB T 2 | 2Me £ ÅTEQTiA 4T €0TjB 


e? ZAZpge? 


AT'€9T12 4T £&o Rap ` 


(6.2) 


Compared with Equation 6.1, the kinetic energy terms of the two nuclei have been 

replaced by a single term (—/2/2,)) V2. This includes the reduced mass ju of the Ma M. 
nuclei and involves derivatives with respect to the components of the relative b= = 
position vector Rag = Ra — Rg, rather than the coordinates of the individual Ma + Mp 
nuclei. 


With the centre-of-mass motion discounted, the energy eigenfunctions describing 
a two-electron diatomic molecule are the solutions of the time-independent 
Schródinger equation 


fiy(rı, r2, Rag) = Ev(ri, r2, RAg), (6.3) 


where the Hamiltonian operator H is given by Equation 6.2. The energy 
eigenfunction Y% depends on the position vectors rı and ro of electrons 1 and 2, 
and also on the relative position RAg of the nuclei. It does not depend separately 
on the individual nuclear positions Ra and Rg because, in the centre-of-mass 
frame, these can be expressed directly in terms of Ma, Mg and Rag, for example: 


Msg 


Ra = —— ———RAB. 
3 Ma + Mg = 


(6.4) 
Unfortunately, the Hamiltonian in Equation 6.2 contains terms — Zac?/ (4m&or;) 
and — Zge?/ (4reorig) that depend on the coordinates of an electron and a 
nucleus. These terms prevent us from using the method of separation of variables 
and obtaining completely independent equations for the electronic and nuclear 
coordinates. This means that the time-independent Schródinger equation cannot 
be solved exactly; we need to find suitable approximations. 


6.1.2. The Born—Oppenheimer approximation 


The key approximation used in the quantum-mechanical description of nearly all 
molecules was proposed by Max Born and Robert Oppenheimer in 1927. It is 
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called the Born-Oppenheimer approximation, and is based on the fact that the 
nuclei in a molecule are much more massive than the electrons, and therefore 
move much more slowly than them. This leads to: 


The Born-Oppenheimer approximation 


1. In order to study the behaviour of the electrons in a molecule, we can 
initially treat the nuclei as being static. 


2. In order to study the nuclear motions in a molecule, we can assume that the 
electrons adapt instantaneously to each new set of positions of the nuclei. 


The Born-Oppenheimer approximation does not achieve a complete separation of 
the electronic and nuclear motions, but it does provide a framework within which 

we can understand how the nuclear positions affect the electronic states, and how 

these electronic states then influence the more sluggish motion of the nuclei. 


In this chapter, we are mainly concerned with the states of electrons in molecules. 
From this perspective, the most important point about the Born-Oppenheimer 
approximation is that Rap can be treated as a constant vector. This means that 
we can solve the electronic part of the problem by neglecting the first term in 
Equation 6.2 (which describes the motion of the nuclei) and also neglecting the 
last term (which just adds a constant to the energy, without affecting the electronic 
energy eigenfunctions). We therefore arrive at the following equation for the 
electrons: 


Electronic time-independent Schródinger equation 


2 
te VA Zpe? 
x vi- A Be | alri, r2) 


E 2me 4 ÅTEOTiA ATEOTIB 
= 


e2 


e , = Ee e ; : iS) 
"Eee Lio r2) Wei(¥1, r2) (6.5) 


The solutions 1/4 are the electronic energy eigenfunctions of the molecule; they 
describe the probability distribution of the electrons for a fixed internuclear 
separation Rag. The corresponding eigenvalues are the electronic energies, 
which also depend on Rap. 


A different choice of Rag would lead to different electronic energy 
eigenfunctions. It is therefore fair to say that these eigenfunctions depend on Rap. 
However, Rag is fixed in the Born—Oppenheimer approximation. For this reason, 
we shall regard Rap as a parameter (like Ma or ZA) that implicitly determines 
the form of the electronic energy eigenfunctions, but is not displayed as an 
argument of these functions. We say that Wej(r1, r2) depends parametrically on 
Rap. The energy eigenvalues also depend on Rag. In the discussion that follows, 
it will be helpful to make this dependence explicit by writing Fa = E.(Rap). 


6.| The time-independent Schródinger equation 


The Born-Oppenheimer approximation assumes that the energy eigenfunction of 
the whole molecule (electrons plus nuclei) can be expressed as a product: 


V(ri,ro, Rap) = Va(ri, r2) Xnuc(Rap).- (6.6) 


Here, wei(1r1, r2) is the electronic energy eigenfunction, whose modulus squared 
describes the probability density of the electrons for a particular internuclear 
separation Rag, and Xnuc(Rag) is the nuclear part of the energy eigenfunction, 
whose modulus squared describes the probability density of the nuclei. To find 
the form of Xnuc (Ras), we substitute Equation 6.6 into the time-independent 
Schródinger equation for the whole molecule (Equations 6.2 and 6.3). Using the 
fact that Ve satisfies the electronic time-independent Schrödinger equation 
(Equation 6.5), we then see that Xpuc(Rag) satisfies the following equation: 


Nuclear time-independent Schródinger equation 
ns 2 ZAZpe? 


ERE EE Ee nuc =E nuc ; . 
Zu V AB TD (Rap) | Xnuc(Ras) Xnuc(Rap), (6.7) 


where E is the total energy of the whole molecule. This equation contains 
E (Rag), an energy eigenvalue of the electronic time-independent Schrédinger 
equation at the nuclear separation Rag. Because this is a function of Rag, the 
electronic energy contributes to the effective potential energy function in which 
the nuclei move. This effective potential energy function represents the total 
energy of the molecule minus the kinetic energies of the nuclei; we shall call it the 
total static energy of the molecule and denote it by Estat- Thus 

ZaZpe? 


Esa ————— + EQ(RAB). 6.8 
tat dons (Rag) (6.8) 


Note that Estat depends on the precise electronic state that is being considered. 


In practise, the Born-Oppenheimer approximation splits the task of finding the 
solutions of Equation 6.3 into that of finding the solutions of Equations 6.5, and 
then finding the solutions of Equation 6.7. You might think that it would be more 
work to solve two equations rather than one, but this is not the case because the 
new equations are much simpler to solve than the original one. 


6.1.3 Three different energy contributions 


If we record the absorption spectrum of a diatomic molecule, we observe sets of 
lines in three distinct regions of the electromagnetic spectrum. One group lies in 
the ultraviolet or visible region, a second group is in the infrared region and there 
is a third group in the far infrared or microwave region. Figure 6.3 schematically 
illustrates this with the spectrum for the hydrogen chloride molecule, HCl. The 
fact that these lines show up in different regions of the spectrum indicates that the 
separation between the energy levels producing the lines varies greatly (largest for 
the lines in the ultraviolet region and smallest in the microwave region). 
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Figure 6.3 Schematic representation of the lines found in the absorption 
spectrum of HCl in terms of the photon energy E = hf = hc/A, where f is the 
frequency and A is the wavelength. 


The lines in the ultraviolet region are associated with changes in electronic 
energy; how to calculate the energy levels associated with these lines is the major 
topic in the rest of this chapter. The other lines, in the infrared and microwave 
regions, are associated with motion of the nuclei, and the fact that they occur in 
two distinct regions suggests that there are two distinct types of nuclear motion. 
This is indeed the case. 


To a good approximation, the nuclear time-independent Schrodinger equation 
(Equation 6.7) can be separated into two time-independent Schrödinger equations: 
one that describes the vibrational motion of the molecule (how the distance 
between the nuclei changes), and another that describes the rotational motion 

of the molecule about various axes. This allows us to define vibrational and 
rotational energies for the molecule. Spectral lines in the infrared region are 
associated with changes in vibrational energy and lines in the microwave region 
are associated with changes in rotational energy. The total energy of the molecule 
can be written as a sum of electronic, vibrational and rotational contributions. 


Exercise 6.1 Would you expect the vibrational energy levels of a molecule to 
depend on its electronic state? E 


6.2 The hydrogen molecule ion 


We now concentrate on the electronic part of the problem. For simplicity, we shall 
look at the hydrogen molecule ion, H7 , which consists of two protons and one 
electron. The reason for starting here, rather than with more familiar molecules 
such as oxygen or nitrogen, is that the hydrogen molecule ion provides the 
simplest possible example of a chemical bond. The two protons are somehow 
bound together by the electron, and we shall try to understand how this works. 


We start by writing down the electronic time-independent Schrödinger equation 


6.2 The hydrogen molecule ion 


for the hydrogen molecule ion: 


| m v? e? e? 


2me 4mEorA . 4m€orB 


| Va(r) = Eate(r). (6.9) 


There is no electron-electron repulsion term in this case because the hydrogen 
molecule ion has only one electron. Since Hj has only one electron, we have 
dropped the index £ in Vj, ria, rig and the vectors that define the electron's 
position. Thus r is the position vector for the electron relative to the centre of 
mass O, and r4 and rg are its position vectors relative to protons A and B. We 
shall also denote the magnitude of the proton-proton separation Rap by R. For 
hydrogen atoms, we set Z4 = Zp = 1. 


We choose a coordinate system with its origin at the centre of mass of the 
molecule, midway between the two protons, and with both protons on the z-axis 
(Figure 6.4). The Cartesian coordinates of the two protons are therefore 

(0, 0, -- R/2) and (0,0, —R/2), where R is distance between the protons, which is 
taken to be constant according to the Born-Oppenheimer approximation. 


Unlike the hydrogen atom, the hydrogen molecule ion is not spherically 
symmetric. Nevertheless, there are advantages to using spherical coordinates, as 
you will see. The spherical coordinates for a hydrogen molecule ion are shown in 
Figure 6.5. 


The absence of spherical symmetry is marked by the fact that the potential energy 
of the electron depends on 0 as well as r. For example, the potential energy of the 
electron at r = 0.6R, 0 = 0, o = 0, is very different from that at r = 0.6 R, 

0 = 1/2, d = 0. However, the potential energy function is symmetric with 
respect to rotations about the z-axis, and so does not depend on the angle ¢ in 
spherical coordinates. As a consequence, the operator for the z-component of the 
orbital angular momentum of the electron, L, = —ih0O/0¢, commutes with the 
Hamiltonian operator in Equation 6.9. (For diatomic molecules with many 
electrons, the total L z also commutes with the Hamiltonian operator.) 


@ What do you conclude about the solutions Wei(r) of Equation 6.9 from the 
fact that L; commutes with the Hamiltonian operator H? 


O The solutions Yea(r) can be chosen to be eigenfunctions of L as well as of 
the Hamiltonian. 


Although the operator Ly commutes with the Hamiltonian, the same cannot be 


said for Ly; Ly or L. You may find this rather puzzling because it means that the 
total orbital angular momentum of the electron is not a conserved quantity and yet 
the total angular momentum of an isolated hydrogen molecule ion must always 
be conserved, as in classical physics. The answer to this puzzle lies in the 
Born-Oppenheimer approximation. In fixing the positions of the protons, we have 
ignored any contribution they make to the angular momentum, and it is the total 
angular momentum of the whole molecule (both the electron and the protons) that 
must be conserved. 


Because the operator L z = —ihO/0¢ commutes with the Hamiltonian operator 
within the Born-Oppenheimer approximation, the quantum number m, where 

L, = mh, is a good quantum number for this system, and can be used to label the 
electronic energy eigenfunctions. In more detail, these eigenfunctions can be 
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Figure 6.4 The Cartesian 
coordinate system for the 
hydrogen molecule ion, with 
proton A fixed at (0,0, +R/2) 
and proton B at (0,0, — 2/2). 
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Figure 6.5 Spherical 
coordinates r, 0, @ for the 
electron in the hydrogen 
molecule ion. 
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written as 
Va(r) — u(r, 0) gm. (6.10) 


where m is an integer (zero, positive or negative) known as the magnetic quantum 
number, or the azimuthal quantum number. The part of the energy eigenfunction 
that depends on ¢, namely e", is similar to that for the hydrogen atom. For a 
hydrogen molecule ion, however, the z-direction is defined by the molecular axis, 
whereas for the hydrogen atom it is arbitrary, or is defined with reference to 
something external, such as an applied magnetic field. 


The allowed energy levels do not depend on whether the z-axis points in the 
direction from proton B to proton A (as in Figure 6.5) or in the opposite direction, 
from proton A to proton B. Reversing the direction of the z-axis has the effect of 
changing the sense in which ¢ is measured around the molecular axis, and 
therefore changes e!"'? into e^!"?, So, if two energy eigenvalues differ only in 
being labelled by m and —m, they will have the same energy, and be degenerate 
with one another. The electronic energies in any diatomic molecule depend on 
|m], but they do not depend on the sign of m. This fact will be important when we 
discuss bonding in molecules such as nitrogen and oxygen. 


6.2.1 Linear combination of atomic orbitals 


We shall now use the variational method, which you met in Chapter 3, to find an 
approximate solution to Equation 6.9 for a hydrogen molecule ion in its electronic 
ground state, for a particular value of the proton-proton distance. To do this, we 
must first choose a suitable trial function. 


There are two common methods for choosing trial functions for molecules. The 
first method chooses a trial function that incorporates any molecular symmetries 
that are expected to be present. However, this method requires a different starting 
point for each molecular shape. 


The second method regards molecules as being made up of combinations of 
atoms, and therefore uses atomic orbitals to build a trial function. Such an 
approach has the advantage that we have a set of known functions that we can 
use as building blocks to form trial functions for any molecule, and this is the 
approach usually adopted. The trial function is taken to be a linear combination of 
atomic orbitals centred on each of the nuclei that form the molecule. This method 
is known as the linear combination of atomic orbitals, frequently abbreviated to 
LCAO. The resulting one-electron eigenfunctions for the molecule are called 
molecular orbitals. We shall now apply the LCAO method to the electronic 
ground state of the hydrogen molecule ion. 


The hydrogen molecule ion in its electronic ground state dissociates into a proton 
and a hydrogen atom. This means that when R is very large, we expect the 
electronic ground-state eigenfunction to resemble that for a hydrogen atom with 
the electron in a 1s atomic orbital. The orbital can be centred on either proton, but 
we cannot have a solution that *prefers' one over the other. This suggests that the 
appropriate choice will be to take the electron in a HI molecule to be in a linear 
combination of two 1s hydrogen atomic orbitals — one centred on proton A and 
the other centred on proton B. 


6.2 The hydrogen molecule ion 


Let us denote the 1s atomic orbital centred on proton A by #\(r) and the 1s 
atomic orbital centred on proton B by ¢8,(r), where r is the position vector of the 
electron. Then we have 


1 1 3/2 
A (r) = Fz (=) e- F-Ral/ao (6.11a) See Tables 1.1 and 2.1. 
1 1 3/2 
is(P) = Um (5) el Bal/oo. (6.11b) 
0 


and our trial function can be written as: 


Valt) = eiéfs(r) + eon (x), (6.12) 
where the coefficients c4 and c9 remain to be determined. 


At the heart of the variational method is the idea that the expectation value of the 
energy, computed with the exact Hamiltonian and our trial function, obeys the 
inequality 


(E) — (Wei|H| er) >FE 

= — S) 
(Palpe Š 

where Egs is the exact ground-state energy. We shall now use our trial function to 


calculate (E), and then vary the parameters cı and c» to find the smallest possible 
answer; this will be our variational estimate of the ground-state energy. 


(6.13) 


Substituting Ye; from Equation 6.12 into Equation 6.13, we get 


E (eos + op [Alero + C205.) . 
(erp, + c248, | ei hh + co.) 


If we expand the bra and ket vectors, and remember that the linear operator H has 
no effect on the constant coefficients c; and co, we obtain 


cies (Oh Bot) + een (9. [B9B + etes (os Eo.) + $e (oP, |H] $4) 
ete (bh ot) + cher (BOR) + creo (0 91.) + ee (95. on) 


(E) 


(E) = 


Now we can make some simplifications. The atomic orbitals 9^ (r) and oP, (r) 
are normalized, so we have 


(pilor) = (ORT) = 1. 


We cannot give the values of (Øf |F.) or (¢8,|¢\) because these refer to 
hydrogen atom orbitals centred on different atoms, and the overlap between 
these orbitals depends on the separation of the protons. However, the orbitals 
in Equations 6.11 have been chosen to be real, and this allows us to say that 
(o |08,) = (ORIEN). It is convenient to introduce the shorthand notation 


S = (Pilotis) = (lots); (6.14) 
where the real quantity S is called the interatomic overlap integral. 


€ Use Equations 6.11 to write down an explicit integral for S. Do not attempt to 
simplify your answer. 
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O Using Equations 6.11, we have 
S = (PRIT) 


27 T oo 
= cs f n e Ir-Ral/ao e-|r-Ra[/ao ,2 sin 8 dr dO dọ, 
o Jo Jo 


i Tag 
where r, 0 and ¢ are the spherical coordinates in Figure 6.5. Further work 


could relate |r — RA| and |r — Rpg] to r, R and cos 0, but such simplification 
is not required by the question. 


Exercise 6.2 Use physical arguments to deduce the limiting values of 5$ as the 
distance R between the two protons tends to (a) zero and (b) infinity. EJ 


It is also helpful to introduce two more symbols for other terms that appear in our 
expression for (E). We define 


These terms (often called matrix Aya = (oH |o) = CARITA (6.15) 
elements) cannot depend on our A 7 

choice of labels for the two Hap = ($},|H|¢%,) = (9, [H| o4). (6.16) 
protons. 


Finally, we assume that the coefficients cı and c» are real. This assumption is not 

essential, and it will not affect our final results, but we make it in order to simplify 
the working. Putting all these simplifications and symbols together, we obtain the 
following expression for (E): 


(ci + c3) Haa + 2c102 Han 
c? + c2 -r2c098 


(E) = (6.17) 
@ Show that, when the proton-proton separation R becomes very large, (E) 
becomes equal to the ground-state energy of an isolated hydrogen atom. 


O When R becomes very large, S and Hag become vanishingly small because 
atomic orbitals of different atoms scarcely overlap. In this limit Equation 6.17 
reduces to 


(cd + c3) HAA 


E) = 
t +e 


= HAA 

When R is large, the contribution of the potential energy of one or other of the 
protons to the Hamiltonian in Equation 6.9 is negligible (in other words, if 

e? /4n&ora is significant, then e?/4reorp is negligible and vice versa). The 
Hamiltonian operator therefore reduces to that for an isolated hydrogen atom. 
Thus at large R, 


(E) = Haa = (¢4|H|¢4) = (9 Eis | o0) = Ey (ofs |f) = Fis, 


where E, is the ground-state energy of an isolated hydrogen atom. 


6.2.2 The ground state of the hydrogen molecule ion 


We now determine the electronic ground state of the hydrogen molecule ion 
by minimizing the expression for (E) in Equation 6.17 with respect to the 
coefficients c and co. To do this, we need to find the partial derivatives of (E) 
with respect to cı and c» and equate each of these partial derivatives to zero. 
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It is helpful to note that the derivative of any quotient function, 
f(x) = T(x)/ B(x) is given by 


dT dB 


pO ag ae ee 22 
dz B(x)? B(x) | dz dg |’ 
so the extrema of any quotient function, f(x) = T(x)/ B(x) satisfy the condition 
dT dB 
-~ a = (6.18) 


We shall now apply this condition to (EZ). Calculating the partial derivatives with 
respect to cı of the top T and bottom B of Equation 6.17, and substituting them 
into Equation 6.18, we obtain 


2c1 Haa + 203 HAB — (E(2e + 22S) = 0, 
and collecting terms in cı and c» gives 
c1(Haa — (E)) + co( Hap — S(E)) = 0. (6.19) 


Differentiating (E) with respect to c» leads to a similar expression in which c; 
and c» are interchanged: It would be legitimate to obtain 


Equation 6.20 by interchangin 
ci(Hag — S(E)) + co(Haa — (E)) = 0. Koen) pum c2 in Equation 6.19. 5 


In order for Equations 6.19 and 6.20 to be satisfied non-trivially (that is, without on the grounds that cı and 


setting cı = co = 0) we require that co appear symmetrically in 
Equation 6.17. 
Haa — (E) Hag- S(E)| | (621) : 
Hag— S(E) Haa- (E) l 


This is called the secular equation and the determinant on the left-had side is 
called the secular determinant. Expanding the determinant, we obtain 


(Haa ue) (Hap S(E))? — 0, 


SO 


Haa — (E) = +(Hap — S(E)). 
There are two solutions: 


Haa + Hap Haa — Hap 
E) = ————— d (E) = —\—.—. 6.22 
(E) = 088.759 and (HE) = 084 — (622) 
By considering the integrals implicit in S, Haq and Hag, it is possible to show 
that the first of these solutions has the lower energy. This solution therefore gives 


us our estimate of the electronic ground-state energy: 


DUDAS ULL (6.23) 
Remember that the integrals S, Haa and Hag all depend on the proton-proton 
separation R. So, within the Born-Oppenheimer approximation, we have found 
an approximation to the electronic ground-state energy of a molecule with a fixed 
value of R. We will relate this to the total energy of the molecule in the next 
section. First, we investigate the wave function that corresponds to the minimum 
value we have just found. 
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Exercise 6.3 Show that we must have c, = c» in order for the minimum 
expectation value (E) = (Haa + Hag)/(1 4- S) to satisfy Equations 6.19 and 
6.20. a 


The value of c; is determined by the normalization condition, (Yele) = 1. We 
have already calculated (Welpe) as the denominator in Equation 6.17. So we 
require that 


(We1| a) = & T c + 2c1C2 S —]. 
Putting c = c», this gives 2c2(1-- S) = 1, so normalization is achieved by setting 


= -— a (6.24) 


C = " 
v 2(1 4- S) 
Our approximate eigenfunction for the electronic ground state of the hydrogen 
molecule ion is therefore 


1 
Vale) = Tae (680 ds), (625) 


where we use the subscript gs to indicate that this function refers to the electronic 
ground state of the molecule. The electron is in a linear superposition of two 
states, one described by a 1s atomic orbital centred on proton A, and the other by 
a 1s atomic orbital centred on proton B. Not surprisingly, given the symmetry of 
the situation, the coefficients of these two states have equal magnitudes. 


@ Can we specify to which proton the electron is bound in the limit of large R? 


O No — not until we make a measurement that decides between these two 
possibilities. Such a measurement only makes sense in the limit of large R. 
When it is made, the eigenfunction in Equation 6.25 collapses into either that 
of a hydrogen atom at z = R/2 or that of a hydrogen atom at z = —R/2. 
Since S — 0 in the limit of large R, the probabilities for these two outcomes 
are both equal to I. 


It is instructive to write down an expression for the probability density, |Ves(r)|?. 
Using Equation 6.25, and remembering that the 1s atomic orbitals are described 


by real functions, we obtain 
A 2 B 2 A B 
|? == [ ds (r)] + [ R (r)] + is (T) iE) . (6.26) 


= 2114+ 8) 2(14 S) (1+ S) 


| gs (rr) 


The first two terms represent the probability densities due to separate atomic 
eigenfunctions centred on the two protons. Since S > 0, the factor 1/2(1 + S) 
makes each of their contributions less than half of that for an isolated hydrogen 
atom. The final term is only significant in regions where $$. and 8, are both 
non-negligible. It is an interference term between the two atomic wave functions, 
centred on different protons. Since 9^ (r) and à. (r) in Equations 6.11 are 
positive everywhere, this interference term leads to an enhanced probability 
density between the protons where the overlap is largest. The interference 
between the two atomic wave functions is constructive. 


This is the key to chemical bonding: the increased electron probability density 
between the protons partially screens the protons from one another, reducing their 


6.2 The hydrogen molecule ion 


effective electrostatic repulsion. When all the energies are added together, the 
total energy of the hydrogen molecule ion is smaller than that of an isolated atom 
plus a proton, so the hydrogen molecule ion remains bound together: it is stable. 


Although the build-up of electron probability density between the protons is a key 

factor, it is not the only one. In classical physics, it is impossible to achieve stable 

equilibrium for a static distribution of charge interacting via electrostatic forces 

alone. A classical molecule with a concentration of electron 

charge between the nuclei would not be stable. Stability is only 

achieved because the energy-accounting must be done using A bs? 
quantum mechanics. One factor promoting the stability of 
molecules in quantum mechanics is that the electronic 
eigenfunctions in a molecule are more spread out than in an 
atom, and this tends to reduce the average kinetic energy of the 
electrons. 


Finally, we ask how accurate our variational approximation 

to the ground-state eigenfunction is. In fact, it is possible to 
obtain an exact solution for the hydrogen molecule ion within 

the Born- Oppenheimer approximation, using a coordinate system 
based on the variables £ = (ra + rg)/ R and ņ = (ra — rg)/ R. 
The lengthy calculation is not included here because it cannot : à 
be extended to other molecules, but it does provide a useful —Rj/2 2 R/2 
‘gold standard’ against which our results can be compared. 


Qv 


Figure 6.6 shows the ground-state electron probability density Figure 6.6 The ground-state electron 
|/s|? both for the variational solution and for the exact solution. probability density |/ss|? along the z-axis of a 
The probability density for the variational solution is close hydrogen molecule ion: variational solution 
to the exact solution for |z| > 0.6. However, for small |z|, the for the exact proton-proton separation of 
variational solution underestimates the probability density, and R = 1.06 x 10-!? m (dashed line); exact 
between the two nuclei the difference becomes quite significant. ^ solution (solid line). 


6.2.3 The ground-state energy curve 


The Born-Oppenheimer approximation, gives us the energy eigenfunctions and 
eigenvalues of the electrons in the centre-of-mass frame, assuming that the nuclei 
are fixed in position. 


The same approximation assumes that, when the nuclei in a molecule move, the 
wave functions of the electrons adjust instantaneously. So, for the hydrogen 
molecule ion, the electron is assumed at each instant to be in a stationary state 
described by a solution of the electronic time-independent Schrédinger equation 
(Equation 6.9) with the appropriate instantaneous value of R. As the protons 
move, the electron eigenfunction changes to match the new proton positions. 


The eigenvalues Ea (R) of Equation 6.9 give us the electronic contribution to 
the total energy of the molecule as a function of R, but they are not the only 
contribution to the total energy. So far, we have omitted the potential energy 
+e?/4me9R due to the Coulomb repulsion of the two protons. This was sensible 
when calculating the electronic states because, with R fixed, this term just adds a 
constant to all energies. However, when discussing the total energy of the whole 
molecule, we must include this term, along with the kinetic energies of the 


153 


Chapter 6 Diatomic molecules 


Figure 6.7 The total static 
energy Estat of the hydrogen 
molecule ion (solid line) is the 
sum of the negative electronic 
energy Ej4(R) and the positive 
proton-proton repulsion energy, 
Epp(R) = e?/4nzoR, where R 
is the proton—proton separation. 
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protons. Equation 6.7, which gives the energy eigenvalues of the whole molecule, 
includes both the electronic energies Ea (R) and the proton-proton repulsion 
term, e?/4reoR. The effective potential energy in which nuclei move is given by 
the total static energy 


2 

€ 
=n Eqn 6. 
bak (Eqn 6.8) 


and we shall concentrate on this energy now. 


Estat = Ea(R) + 


We shall take our energy zero to correspond to a hydrogen atom in its ground state 
separated from a free proton by an infinite distance, with both the hydrogen atom 
and the proton being at rest. Then, a hydrogen molecule ion whose total static 
energy at a particular value of R is negative will be more stable than a separated 
hydrogen atom and proton. With our choice of energy zero, the electronic 
contribution to the ground-state energy is negative, and the proton—proton 
repulsion energy is positive. For any value of R, the total static energy is a 
balance between these two contributions. 


Figure 6.7 shows how the total static energy of a hydrogen molecule ion in its 
electronic ground state depends on the proton-proton separation, R. We shall 
refer to a graph like this, which plots the total static energy as a function of the 
internuclear distance, as an energy curve. Several points should be noted: 


=D 
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e At large values of R, the total static energy approaches zero, so there is 
practically no difference between the energy of the molecule and that of a free 
proton and an isolated hydrogen atom in its ground state. 

e At very small values of R, the proton-proton repulsion energy becomes very 
large and the total static energy becomes large and positive. 

e There is a minimum in the energy curve. The value of R at which this occurs is 
the equilibrium separation, Req, for the ground state. 

e The hydrogen molecule ion is most stable when R = Reg. The depth of the 
potential energy well at this equilibrium separation is called the spectroscopic 
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dissociation energy and is labelled Deq. Even the lowest vibrational state has 
some zero-point vibrational energy. Allowing for this, the directly-observed 
ground-state dissociation energy of the molecule is slightly less than the 
spectroscopic dissociation energy, and is given by Deg minus the zero-point 
energy. 


How do the predictions made using our trial function compare with the exact 
solution, and with experiment? Figure 6.8 compares the approximate ground-state 
energy curve obtained using our trial function with that obtained using the exact 
ground-state eigenfunction. Both curves are based on the Born-Oppenheimer 
approximation. 


As expected, the variational approximation to the energy is always above the 
exact ground-state energy. Although our variational solution correctly predicts 
that there is a minimum in the energy curve, it places it at a proton-proton 
separation of Reg = 1.32 x 10-1? m, whereas both the exact solution and 
experimental measurements place it at 1.06 x 1071? m. The approximate solution 
also underestimates the spectroscopic dissociation energy, predicting a value of 
Deq = 1.76 eV compared with the experimental value of 2.79 eV. 


The conclusion is that our trial function gives the right qualitative picture, 

and gives a reasonable explanation of the origins of chemical bonding, but is 
inaccurate in the quantitative details. At the end of the chapter, we shall see how 
trial functions can be improved in order to make better predictions for both Reg 
and Deg. 
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Figure 6.8 The total 

static energy for the 
ground-state variational 
energy eigenfunction of 
Equation 6.25 (dashed line) 
compared with the exact total 
static energy (solid line). The 
minimum value of the total 
static energy is —Deg, where 
Da > 0. 


6.2.4 First excited state of the hydrogen molecule ion 


So far we have concentrated on the ground state of Hj . However, experimental 
measurements show that other states exist. Can we describe these excited states 
using the LCAO method? It turns out that we can, as we shall now show. 


When using the variational principle to obtain an estimate for the electronic 
ground-state energy, we obtained a secular equation with two solutions, and we 
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selected the solution of lower energy to describe the ground state. But what about 
the other solution? 


You saw in Chapter 3 that, if we could search among all possible functions, 

any function « that produces a stationary value in (Bly) / Qb|v) is an exact 
eigenfunction of the Hamiltonian H. Of course, we cannot search among all 
possible functions, but assuming that it is reasonable to approximate molecular 
electronic eigenfunctions by a linear combination of atomic orbitals, the rejected 
solution to the secular equation should provide an approximate description of an 
excited state of the hydrogen molecule ion. In fact (although we cannot prove it) it 
approximates the first excited state. Referring back to Equation 6.22, we therefore 
have the following estimate for the electronic energy of the first excited state: 


Haa — Hap 


Eexc = jos 


(6.27) 
As you can confirm in the following exercises, the corresponding normalized 
energy eigenfunction is 


= EN ^ (v) — (r 
Yalt) = Teme (6) - 6f). (6.28) 


Exercise 6.4 By substituting (E) = Eexc from Equation 6.27 into 
Equation 6.19, show that this value of the energy corresponds to a linear 
combination of atomic orbitals of the form cı (¢i,(r) — 95. (r)), where ci is a 
constant. 


Exercise 6.5 Confirm that the wave function Yexc in Equation 6.28 is 
normalized. Show also that vc is orthogonal to the ground state eigenfunction 
Wes of Equation 6.25. m 


The first excited state has a very different character from the ground state. This 

can be seen calculating the probability density |Yexc|?. Using Equation 6.28 and 

remembering that the 1s atomic orbitals are described by real functions, we obtain 
2 2 
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excl? Figure 6.9 shows a plot of this probability density. The last term 
in Equation 6.29 is an interference term between the two atomic 
wave functions, centred on different protons. It makes a negative 
contribution to the electron probability density, especially 
in the region between the protons so there is only a small electron 
B s probability density there. This interference is destructive. 


1 
Se | Rj2 Without a significant electron probability density between 


the protons, screening is slight and the effective proton-proton 
repulsion contributes a large positive term to the total energy. 
Figure 6.9 Probability density along the In practice, this means that the energy of Hj in its first excited 
z-axis for an electron in the first excited state state is always higher than for an isolated hydrogen atom in 
Wexc Of a hydrogen molecule ion in the LCAO its ground state and a free proton. 
approximation. 


Qv 


The energy curve for the first excited state is also quite different from that for the 
ground state, as you can see in Figure 6.10. The lower curve Eg, in this figure is 
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the ground-state energy that you met in Figure 6.8. The upper curve Fi. is that 
for the excited-state eigenfunction in Equation 6.28. At large values of R, both 
curves tend to the energy of an isolated hydrogen atom in its ground state. 
However there is no minimum in the energy curve for the excited state. This 
means that the hydrogen molecule ion in its first excited state is not stable and will 
dissociate into a hydrogen atom and a free proton. 


6.3 Molecular orbitals 


The hydrogen molecule ion is the simplest molecule. In this section, we shall 
continue to use Hj as an example, but will introduce concepts and terminology 
that are appropriate for all diatomic molecules. 


In Chapter 5 you saw that atoms can be described using single-electron states 
called atomic orbitals. We shall now see that a similar description can be given for 
molecules. The single-electron states describing molecules are called molecular 
orbitals. 


In the LCAO approximation, molecular orbitals are linear combinations of atomic 
orbitals centred on different atoms. You have seen how this works for the 1s 
orbitals centred on the two protons in a hydrogen molecule ion. Many more 
molecular orbitals can be produced by combining other pairs of atomic orbitals of 
the same type, centred on different atoms: (2s, 2s), (2p, 2p), (3s, 3s) and so on. 


A molecular orbital with a minimum in its energy curve at a value that is lower 
than the energies of either of the atomic orbitals from which it is formed is called 
a bonding orbital. A molecular orbital for which the energy is always higher than 
the energies of the contributing atomic orbitals is called an antibonding orbital. 
Thus the orbital describing the ground state of Hj is a bonding orbital, while that 
describing the first excited state is an antibonding orbital. The electron probability 
density between the nuclei is enhanced for bonding orbitals but reduced for 
antibonding orbitals. Also, energy curves for bonding orbitals always have a 
minimum, while those for antibonding orbitals do not. 


Before discussing molecular orbitals in more detail, it will be helpful to introduce 
the standard notation used to label them. 


6.3.1 Spectroscopic notation for molecular orbitals 


The notation used to label molecular orbitals in diatomic molecules is loosely 
based on that used to label atomic orbitals, but there are some important 
differences. Spectroscopic notation for molecular orbitals involves a number, 

a lower-case Greek letter and sometimes a subscript g or u. For example, a 
molecular orbital might be labelled 204, or 3ó,. The meaning of the different parts 
of this notation is as follows. 


e The Greek letter refers to the value of |m| for the molecular orbital, where m is 
the magnetic (or azimuthal) quantum number. We use the Greek equivalents of 
the letters s, p, d, f, .... Orbitals with |m| = 0 are labelled with the Greek 
equivalent of s, which is c. Orbitals with |m| = 1 are labelled with the Greek 
equivalent of p, which is 7, and so on as indicated in Table 6.1. 
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Figure 6.10 Energy curves 
showing the total static energies 
of the electronic ground state 
and first excited state of Hj asa 
function of the internuclear 
distance R. 


Table 6.1 Spectroscopic 
notation for molecular orbitals. 


|m| symbol word 


0 o sigma 
1 T pi 

2 Ó delta 

3 [o phi 

4 y gamma 
5 n eta 
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Symmetric orbitals are said 

to have even parity and 
antisymmetric orbitals are said 
to have odd parity. 
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e The subscript g or u stands for gerade and ungerade, the German words for 
even and odd. Diatomic molecules with two identical nuclei, such as Ho or No, 
are called homonuclear diatomic molecules. These molecules have a centre 
of symmetry — an origin about which the operation of inversion (r — —r) 
produces no change in the Hamiltonian. It turns out that all the molecular 
orbitals in homonuclear diatomic molecules are either symmetric or 
antisymmetric under inversion. The symmetric orbitals are labelled by the 
subscript g (e.g. og) and the antisymmetric orbitals are labelled by the subscript 
u (e.g. Ou). 

e The number labelling a molecular orbital is allocated by starting with the 
lowest-energy molecular orbital of any particular type, such as oy or Tg, and 
numbering all the orbitals of that type in sequence, from 1 upwards. For 
example, successive oy orbitals are labelled Loy, 20u, 3c and so on. 


Note carefully that neither the Greek letter nor the number labelling a molecular 
orbital tell us directly about the / and n quantum numbers of the parent atomic 
orbitals in the LCAO approximation. A o molecular orbital is produced by 
combining two atomic orbitals with m = 0, but this can be done by combining 
two atomic s orbitals (l = 0,m = 0), or two atomic p, orbitals (J = 1, m = 0) for 
example. Moreover, an orbital like 30, may be derived from two atomic orbitals 
with quantum number n = 3, but this is not necessarily the case. All we can say 
for sure is that it is the third molecular orbital of type og in the energy ordering. 
The number labelling a molecular orbital is not a quantum number. 


6.3.2 Forming molecular orbitals from atomic orbitals 


Figure 6.11 shows a series of energy curves corresponding to the first few 
molecular orbitals of the hydrogen molecule ion. The lowest two curves are those 
for the ground state and the first excited state, which were shown in Figure 6.10. 
Some of the energy curves, like that for the ground state, have a minimum and 
therefore correspond to bonding orbitals. Other curves do not have a minimum, 
and these correspond to antibonding orbitals. 


The curve labelled 2c, has a distinct minimum, but its energy never falls below 
that of the ground state. This is a bonding orbital, but at large R the energy of this 
state is that of a free proton and a hydrogen atom in a state with n = 2 rather than 
n, — 1. The energy of this bonding orbital is always higher than that of a free 
proton and a hydrogen atom in its ground state, but lower for a range of R than 
that of the systems it dissociates into: a proton and a hydrogen atom with n — 2. 


In the LCAO approximation we obtain such molecular orbitals by applying the 
variational method to a trial function built from an appropriate linear combination 
of atomic orbitals. 


€ Which molecular orbitals can be approximated by a linear combination of two 
2s orbitals centred on different nuclei? 


O Atomic s orbitals have m — 0, so the resulting molecular orbitals must have 
m = 0, and therefore be c orbitals. We have already seen that the lo, and 
lo, molecular orbitals are produced by combining 1s atomic orbitals. The 2s 
orbitals are expected to produce molecular orbitals of higher energy than this, 
so it is reasonable to suppose that they will produce 20, and 2c, molecular 
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orbitals, where the 2 prefix indicates that these are the next o orbitals in the 
energy ordering after log and 1o,. 


The 2c, molecular orbital is described by the wave function C ( Alr) + $5.(r)). 
where $5. (r) and QD. (r) are 2s orbitals centred on atoms A and B, and C is a 
normalization constant. There is also an antibonding orbital 20,, described by 
the wave function D (95. (r) — $5. (r)), where D is a different normalization 


constant. 


A ot fev 


Figure 6.11 Some energy 
curves for the molecular orbitals 
of n . The energy zero is 
-L8l- | | l | | | | | > defined in this case as the energy 

0 01 02 03 04 05 06 OF 08 R/nm of two protons and an electron, 
all infinitely far apart. 


Combining s orbitals is quite straightforward, but when we combine 2p orbitals 
we need to take account of the fact that there are three atomic 2p orbitals, each 
with a different azimuthal quantum number m. We noted in Section 6.2 that 
the energy of the hydrogen molecular ion depends only on |m|, and as a 
consequence states with m = +|m| and m = —|m| are degenerate. The same 
considerations apply to molecular orbitals in all diatomic molecules and affects 
their degeneracies. 


In the LCAO approximation, we always take linear combinations of atomic 
orbitals with the same values of |m|. We can combine a 2p, orbital on one 
atom with a 2p, orbital on the other atom to produce bonding and antibonding 
o orbitals. Ignoring spin, each of these molecular orbitals is non-degenerate. 
However, when we combine 2p, and 2p_, orbitals on one atom with 2p, ; and 
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2p. 1 orbitals on another atom, we get a total of four 7-molecular 
orbitals; two degenerate bonding orbitals and two degenerate 
antibonding orbitals. 


Figure 6.12b shows the probability density for the bonding 

3c, molecular orbital that results from combining 2po orbitals on 
each proton. As for any bonding orbital, the electron probability 
density is high between the nuclei. In this case, however, the 
combination that produces this result is that with cj = —c» 

in the wave function. This is because the increased probability 
density between the nuclei can only be achieved by overlapping 
parts of atomic orbitals with the same sign. Figure 6.12a shows 
that this is achieved by combining orbitals with their positive 
lobes pointing in different directions, corresponding to a wave 


n function of the form C CO — B (n). 


(b) The m molecular orbitals produced by combining 2p, , and 

2p. 1 atomic orbitals have completely different probability 
densities from the c molecular orbitals produced by combinations 
of 2pg. These 7 orbitals have a probability density that 

vanishes along the line joining the two protons. In spite of 

this, a bonding 7 orbital like that shown in Figure 6.13a has 
sufficient electron probability density around the centre of the 
molecule to stabilize the structure. By contrast, the antibonding 
7 Orbital in Figure 6.13b has a nodal plane perpendicular to 

the axis of the molecule and this structure is not stable. 


Figure 6.12 (a) Probability densities for 

two 2po atomic orbitals on different atoms. 

Blue indicates a positive real part and red a 
negative real part, so the atomic orbital on 

the right is inverted relative to that on the 

left. (b) Probability density for the bonding ø 
molecular orbital obtained by combining the two 
2po atomic orbitals in (a). 


NY 


lru lre 


(a) (b) 


Figure 6.13 Probability densities for combinations of 2p T and o» ,. (a) A 
bonding molecular orbital, 17. (b) An antibonding orbital, 17,. The colours have 
the same meanings as in Figure 6.12. 


All of the energy curves for the molecular orbitals formed from 2p atomic orbitals 
tend to the energy of a atom in a state with n = 2 at large values of R. For higher 
excited orbitals, the energy curves tend to the energy of an isolated atom in states 
with n = 3, 4, 5, .... For each pair of atomic orbitals, one centred around 

each nucleus, with particular values of n, l, and m, we can use the LCAO 
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approximation to form a bonding and an antibonding molecular orbital. However, 
molecular orbitals formed from atomic orbitals with m = +|m| and m = —|m|, 
where m Æ 0, are doubly degenerate. 


Exercise 6.6 Enumerate the bonding and antibonding orbitals that can be 
formed by appropriate pairs of atomic orbitals with n = 3. Classify the molecular 
orbitals as being oc, 7 or ô, and state their degree of degeneracy. | 


6.4 Homonuclear diatomic molecules 


Table 6.2 gives ground-state experimental data for the spectroscopic dissociation 
energy Deg and the equilibrium separation Req of diatomic molecules Xo formed 
from atoms in the first two rows of the Periodic Table (Hj to Nez). We consider 
only homonuclear molecules — those formed from two identical atoms. Some of 
these molecules such as He» have very small dissociation energies, whereas 
others, such as N», have very large dissociation energies. In this section we shall 
discuss the ground-state electronic configurations of the molecules and show they 
help to explain some of the data in this table. As with atoms, the electronic 
configuration of a molecule is given by listing the different types of occupied 
molecular orbital and stating how many electrons are contained in each type. 


Table 6.2  Ground-state properties of homonuclear diatomic molecules: 
equilibrium internuclear separation Reg, spectroscopic dissociation energy Deg, 
and the total spin quantum number S. 


Molecule 4/10 9m  D/eV S 
He 0.74 475 0 
He 1.06 2.79 4 
He» 3.0 0.0009 0 
Hej 1.08 25 4 
Li 2.67 107 0 
Be» 2.45 010 0 
B» 1.59 31 1 
Co 1.24 63 0 
No 1.10 9.91 0 
Nj 1.12 8.85 4 
O2 1.21 52] 1 
F2 1.41 1.66 0 
Ne» 3.1 0.0036 0 


6.4.1 Molecules of hydrogen and helium 


For atoms, you have seen that the Pauli exclusion principle restricts the 
occupation of atomic orbitals, so that each atomic orbital holds a maximum of two 
electrons, one spin-up and the other spin-down. The ground-state electronic 
configuration of an atom is obtained by filling the atomic orbitals in order of 
increasing energy. Some atomic orbitals are degenerate, so a given atomic shell 
may contain more than two electrons. The electronic configuration of the atom 
specifies the number of electrons in each shell. 
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Very similar ideas apply to molecules. Each molecular orbital contains a 
maximum of two electrons, and the ground-state electronic configuration of the 
molecule is obtained by filling the molecular orbitals in order of increasing 
energy. We must take account of the fact that some molecular orbitals are 
degenerate, so some molecular energy levels can hold more than two electrons. 
The electronic configuration of a molecule specifies the number of electrons in 
each molecular energy level. 


The hydrogen molecule 


The hydrogen molecule, H», is very much like the hydrogen molecular ion, except 
that it has two electrons, one from each hydrogen atom. The lowest-energy 
molecular orbital is 1,5, and this can hold both electrons in opposite spin states. 
So the ground-state electronic configuration for H» is written as les. 


Because there are two electrons in this bonding orbital, the protons in H» are held 
together more strongly than in H7 , giving a shorter equilibrium separation and a 
higher dissociation energy, as reflected in Table 6.2. However, the dissociation 
energy is less than twice that of HŽ. This is because the two electrons in a 
hydrogen molecule repel one another, increasing the ground-state energy and 
reducing the dissociation energy. 


The next molecular orbital above lo, is loy. This is empty in the ground-state 
configuration of Hg, but the first excited configuration of Hz would have one 
electron in lo, and the other in 1o,. 


The diatomic helium molecule 


The He» molecule has four electrons, so you might think that the helium nuclei 
would be held together even more strongly than the protons in Ho. However, the 
He» molecule is unknown under normal conditions of temperature and pressure: 
at room temperature, helium gas contains only helium atoms. 


We need to consider how the electrons occupy the available molecular orbitals. As 
with Hg, the two orbitals of lowest energy are log and loy. In He», two electrons 
fill the bonding 16; orbital, and the other two fill the antibonding 1o, orbital. The 
two electrons in the antibonding orbital do not help to bind the molecule together; 
on the contrary, they practically cancel out the effect of the electrons in the 
bonding orbital. Stable molecules generally have more electrons in bonding 
orbitals than in antibonding orbitals. 


Accurate calculations indicate that there is a very shallow minimum in the 
energy curve of He» at Reg = 3 x 107? m, with a dissociation energy of 

Deg = 0.0009 eV. This very small dissociation energy is close to the energy of 
the lowest vibrational state, so detection of He; molecules requires very low 
temperatures, and has only been achieved for a beam of helium atoms cooled to 
1078 K. Because the energy curve has a very shallow minimum, the molecule 
samples a range of interatomic distances that are far from the equilibrium value. 
Because the energy curve is asymmetric, the average separation of the two nuclei 
is much greater than the equilibrium separation, and has been estimated to be 
about 50 x 1071? m. 
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6.4.2 Molecules from lithium to neon 


The 2s and 2p energy levels are degenerate in a hydrogen atom, but for heavier 
atoms the 2s level has a lower energy than the 2p levels. In the LCAO model 

for diatomic molecules formed from elements other than hydrogen, we might 
therefore expect molecular orbitals formed from 2s orbitals to be lower in energy 
than those formed from 2p orbitals. 


If the separation between the atomic 2s and 2p orbitals is large, the general 
energy-ordering of molecular orbitals is as shown in Figure 6.14a. If the 
separation between the atomic 2s and 2p orbitals is small, a slightly different 
pattern applies, as shown in Figure 6.14b. 


= 3an 
— It, EN dog 
ae — —— |7; 
= 38g — 37 
Ponce Figure 6.14 The general pattern of energy-ordering of 
=; 201 — 284 molecular orbitals for a homonuclear diatomic molecule: 
= 2ag — 20; (a) large gap between the 2s and 2p atomic orbitals and 
(b) small gap. Bonding orbitals are red and antibonding black. 
Each molecular orbital can hold a maximum of two electrons, 
= u = u so doubly-degenerate molecular energy levels (indicated by a 
i " pair of horizontal lines) can hold a maximum of four electrons. 
(a) (b) In the second period of the Periodic Table, Li to N follow 


scheme (b), while O to Ne follow scheme (a). 


The lithium molecule 


At normal temperatures and pressures, lithium is a metal, but Lio molecules have 
been observed in the vapour above the heated metal. The lithium molecule has six 
electrons, so its ground-state electronic configuration is 


24 29,2 
lo; lo, 20;. 


Since log and 2o, are bonding orbitals, and 16, is an antibonding orbital, Lig has 
four electrons in bonding orbitals and two in antibonding orbitals and is therefore 
stable with respect to dissociation to two isolated Li atoms. 


For any series of molecules that use similar orbitals for bonding, such as the series 
from Li» to Ne», a quantity called the formal bond order (or just bond order) can 
be defined. It is given by 


formal bond order — = (6.30) 


where np is the number of electrons in bonding orbitals and na the number of 
electrons in antibonding orbitals. Thus Li» has a formal bond order of 

(4 — 2)/2 — 1. A formal bond order of 1 is referred to as a single bond, a formal 
bond order of 2 is a double bond, and so on. 
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@ What are the formal bond orders of Hj and H2? 


O HI has one electron in a bonding orbital and none in antibonding orbitals. Its 
formal bond order is therefore Z. Hə has two electrons in bonding orbitals and 
none in antibonding orbitals so its formal bond order is 1. 


If you look at Table 6.2, you will see that the equilibrium separation for H» is 
shorter than that for Hj and its dissociation energy is higher than for Hj. This is 
an example of a general principle: 


When comparing diatomic molecules composed of atoms in the same row of 
the Periodic Table, a higher bond order generally implies stronger bonding, 
with a higher dissociation energy and a shorter equilibrium distance between 
the nuclei. 


@ Does the fact that Hj has a higher dissociation energy and a shorter 
internuclear distance than Li» contravene this principle? 


O No, the principle does not apply because hydrogen and lithium are in different 
rows of the Periodic Table. 


The nitrogen molecule 


A nitrogen atom has Z = 7 and In nitrogen, the ordering of molecular orbitals is that shown in Figure 6.14b. 

contains 7 electrons. When filling these orbitals, it is important to remember that 7, orbitals are 
degenerate so Tu energy levels can hold 4 electrons, and the same is true for 7g 
energy levels. Hence, the ground-state electronic configuration of nitrogen is 


24 25,295,214 49 2 
log lo, 20; 20, 1, 305. 


Referring to Figure 6.14b, we see that there are 10 electrons in bonding orbitals 
(lag, 205, 1m and 30g), and 4 in antibonding orbitals, giving a formal bond order 
of (10 — 4)/2 — 3. The nitrogen molecule therefore has a triple bond. The two 
nitrogen atoms are very strongly bound together, with a large dissociation energy 
and a small internuclear spacing. About 80% of air is composed of nitrogen 
molecules, but our bodies cannot split No molecules apart to use them to build 
nitrogen-containing molecules such as proteins (although some bacteria can). 


Table 6.2 also shows that forming a Nj ion by removing an electron from a 
bonding orbital of the No molecule leads to a small decrease in the dissociation 
energy and a small increase in the equilibrium separation, as you would expect. 


The oxygen molecule 


An oxygen atom has Z = 8and The oxygen molecule, O2, follows the pattern of Figure 6.14a. It has two more 
contains 8 electrons. electrons than Nə and we allocate these to the 17; orbital, giving the ground-state 
electron configuration 


2141729 29 23 2174172 
log loj 20; 20, 30, 1m, 17;. 
According to Figure 6.14a, the 17; orbital is an antibonding orbital so the oxygen 
molecule is bound more weakly, and has a lower dissociation energy, than a 
nitrogen molecule, 
Exercise 6.7 What is the formal bond order of O5? m 
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Now, at last, we can give an explanation for the behaviour of a stream of liquid 
oxygen in a magnetic field (Figure 6.1). Liquid oxygen is composed of oxygen 
molecules in their ground-state electronic configurations. Most of the electrons 
are in full molecular orbitals, with each spin-up electron partnered by a spin-down 
electron. However, the mg molecular energy level consists of two degenerate Tg 
molecular orbitals, and so can hold a maximum four electrons. In an oxygen 
molecule, this energy level contains only 2 electrons and is not full. 


In the first excited configuration of a helium atom (Chapter 5), you saw that 
various different energy levels can arise, associated with triplet or singlet spin 
states. The triplet spin state is symmetric and is accompanied by an antisymmetric 
spatial function in which the electrons tend to stay apart; this reduces the 
electron-electron repulsion energy and so leads to a state of low energy. 
Something very similar occurs in the oxygen molecule, but in the ground state. 
This is possible because the 17, molecular orbitals are degenerate, so one electron 
can go in each 17; orbital; we can then form an antisymmetric spatial function 
which must be accompanied by a symmetric (i.e. triplet, S = 1) spin state. This is 
the lowest energy state of the molecule. In an external magnetic field, the S = 1, 
Ms — 1 spin state develops a lower energy than the other S — 1 spin states. In 
this state, each oxygen molecule has a magnetic moment and so experiences a 
force in an inhomogeneous magnetic field, as witnessed by Figure 6.1. 


Exercise 6.8 Use the LCAO model to explain why the dissociation energy of 
O; is less than that of O2. 


Exercise 6.9 (a) Write down the ground-state electron configuration for the A carbon atom has Z — 6 
carbon molecule C» and explain the reasoning behind your answer. The ordering and contains 6 electrons. C3 
of molecular orbitals in this case is as in Figure 6.14b. (b) What is the formal molecules can be produced in 
bond order of C5? B flames. 


6.5 Beyond the LCAO approximation 


In this section we briefly look at ways of improving the LCAO solutions. 


First, consider what happens to the hydrogen molecule ion at very small 
proton-proton separations. As R — 0, we effectively have a helium ion, He*. So, 
we would expect the wave function for the electron in Hj to resemble that for the 
electron in He* in this limiting case. However, the ground-state wave function for 
He* is proportional to exp(—2r /ao), and this falls off more rapidly with distance 
than the hydrogen atom orbitals used in the LCAO approximation for ID. which 
are proportional to exp(—r/ao). 


One way ahead is to use 1s orbitals centred around each nucleus as before, 

but with an effective atomic number Z.;; so that each orbital takes the form 
exp(— Zee r/ao). We then treat Z.; as an adjustable parameter in a variational 
calculation. This method gives the optimum value of Zee as 1.24, which lies 
between 1 and 2 as expected. The corresponding values for the equilibrium 
proton-proton separation and the dissociation energy are Reg = 1.07 x 10-95 
and Deg = 2.35 eV. Comparing these results with experimental data in Table 6.2, 
you can see that they are considerable improvements on our previous estimates 
(Reg = 1.32 x 10-1? m and Deg = 1.76 eV), given in Section 6.2.3. 
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Figure 6.15 compares the electron probability density for the variational solution 
including Zee with that for the LCAO solution obtained earlier (Figure 6.6), and 
also with that for the exact solution. The probability density with Zerg = 1.24 is 
much closer to the exact solution, although there are still some discrepancies. 
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Figure 6.15 Probability density along the z-axis for the hydrogen molecule 
ion: variational solution with Zr = 1.24 (short-dashed line), LCAO solution 
(long-dashed line) and the exact solution (full line). 


Another way to improve our approximation is to include additional terms in the 
trial function. In calculations on diatomic molecules, the additional terms usually 
involve pairs of atomic orbitals, one centred on each nucleus. For the ground state 
of Hy we could add a 2s orbital centred on proton A, and a 2s orbital centred on 
proton B, to the original function giving a new trial function 


Var) = Ci [oi (r) a or)] sp C2 loal) T o5,(r)| s 


Applying the variational method will then produce two improved molecular 
orbitals, one for 1c, and one for 2o,. In general, it is possible to combine any 
atomic orbitals with the same values of |m], and it is most important to include 
orbitals that have similar energies. For example, the ordering of molecular orbitals 
in Figure 6.14b is only obtained by including both 2s and 2p; in the 2c, and 30g 
molecular orbitals. 


Lastly, it should be realized that the electron configurations we have described 
here are only a first approximation to the electronic structure of molecules. Just as 
for atoms, there are additional effects arising from the need to symmetrize the 
total wave function, electron-electron repulsion and spin-orbit interactions. 

(The magnetic properties of an oxygen molecule are one example of this.) 

These effects generally split electronic configurations into terms and levels, but 
do not completely overturn the gross structure we have described. For many 
purposes, the electronic configuration provides an adequate description. The 
methods described here, including the improvements outlined in this section, have 
been successfully applied to many molecules, not just diatomic ones, but also 
molecules like carbon dioxide, benzene, insulin and many, many more. 


Summary of Chapter 6 


Summary of Chapter 6 


Section 6.1 The Born-Oppenheimer approximation is based on the fact that 
nuclei are much heavier than electrons and therefore move much more slowly. It 
allows us to study the behaviour of the electrons in a molecule by treating the 
nuclei as being in fixed positions. The nuclear motions can then be predicted by 
assuming that the electrons adapt instantaneously to each new position of the 
nuclei. The time-independent Schródinger equation effectively splits into two 
parts, one for the electrons and the other for the nuclei, but these equations are 
coupled by the fact that the energy eigenvalues of the electronic equation depend 
on the nuclear positions, and these eigenvalues contribute to the effective potential 
energy function in which the nuclei move. 


Section 6.2 The hydrogen molecule ion Hj has a single electron. With the 
molecular axis in the z-direction, L, commutes with the electronic Hamiltonian 
and m is a good quantum number. The energy eigenvalues depend on the 
magnitude of m, but not on its sign. 


The LCAO approximation to the ground state of He is obtained by a variational 
calculation that uses a linear combination of two hydrogen-atom 1s orbitals, 
centred on the two protons, as the trial function. The optimized minimum-energy 
solution is 


1 A B ) 
r) = ————— r) + r) }, 
Wale) = og (et + oC) 
where the interatomic overlap integral S = ($$. |o). This solution corresponds 
to constructive interference, resulting in a high electron probability density in the 
region between the protons, and this helps to stabilize the molecule. 


The first excited state is orthogonal to the ground state and is proportional to 

A (r) — 9À (r). This solution corresponds to destructive interference, resulting in 
a low electron probability density in the region between the protons, so the 
molecule is unstable in this state. 


A plot of the electronic energy E as a function of the internuclear separation R 
is called an energy curve. The energy curve for a bonding molecular orbital 
has a minimum at the equilibrium nuclear separation; the energy curve for an 
antibonding orbital has no minimum. 


Section 6.3 The LCAO approximation can be applied to any diatomic molecule 
by taking linear combinations of atomic orbitals, centred on the two different 
nuclei, with the same value of |m]. This results in a series of molecular orbitals. 


In spectroscopic notation, molecular orbitals are labelled according to the value of 
|m]. Orbitals with |m| = 0 are labelled o; those with |m| = 1 are labelled 7, etc. 
The c orbitals are non-degenerate, but all other types are doubly-degenerate. 
Orbitals of homonuclear diatomic molecules have a subscript g (for even parity) 
or u (for odd parity). The Greek letter is prefaced by a number, which orders 
orbitals of the same type by increasing energy. 


Section 6.4 The electronic configurations of diatomic molecules are obtained by 
allocating electrons to molecular orbitals in order of increasing energy until all the 
electrons in the molecule are accounted for. Two electrons with opposite spin can 
occupy each molecular orbital. 
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The formal bond order is defined as (rij — na)/2, where np is the number of 
electrons in bonding orbitals and na is the number of electrons in antibonding 
orbitals. For elements in the same row of the Periodic Table, a higher formal bond 
order generally implies a greater dissociation energy and a shorter internuclear 
distance. 


Section 6.5 LCAO solutions can be improved by taking the nuclear charge to be 
an adjustable parameter or by using more atomic orbitals in the trial function. 
Additional effects such as symmetrization, electron-electron repulsion and the 
spin—orbit interaction cause electron configurations to split into terms and levels, 
but this does not undermine the gross description provided by the electronic 
configuration. 


Achievements from Chapter 6 


After studying this chapter, you should be able to: 


6.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


6.2 Write down the time-independent Schrödinger equation for a two-electron 
diatomic molecule, and explain how the Born-Oppenheimer approximation 
is used to separate this equation into one equation dependent on electron 
coordinates and another equation dependent on nuclear coordinates. 


6.3 Apply the variational method to determine the ground-state and first-excited 
state eigenfunctions and eigenvalues for the hydrogen molecule ion H. 
using a linear combination of hydrogen atom 1s orbitals as the trial function. 


6.4 Explain the meaning of the energy curves for diatomic molecules, and 
distinguish between energy curves for bonding and antibonding orbitals. 


6.5 Interpret and use spectroscopic notation for orbitals of diatomic molecules, 
and recall the degeneracy and symmetry of the orbitals. 


6.6 Explain how molecular orbitals are constructed from atomic orbitals. 


6.7 Use an energy level diagram for molecular orbitals to write down the 
configurations of homonuclear diatomic molecules formed from atoms in 
the second row of the Periodic Table. 


6.8 Determine the formal bond orders of homonuclear diatomic molecules. 


6.9 Describe ways of improving LCAO results for molecular orbitals and 
electronic energies. 
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Introduction 


Solids have an astonishing range of properties. For example, carbon, silicon 

and lead all belong to the same group in the Periodic Table. Carbon can exist 

as diamond, transparent and hard, which scarcely conducts electricity at all, 

but conducts heat so well that diamonds are cold to touch. Silicon is a brittle 
semiconducting material of great importance in electronic devices. Its electrical 
conductivity depends on the concentration and type of impurities it contains. Lead 
is a soft metal which melts at a low temperature and conducts electricity well. 


The characteristic properties of solids cannot be understood by scaling up the 
properties of individual atoms. In the solid state, new properties emerge, such as 
hardness or conductivity, which only make sense when we consider the solid as a 
whole. The subject of solid state physics seeks to explain these properties 

— and in many cases the explanations involve quantum mechanics. At the 

start of the course, we mentioned that there are strong links between quantum 
mechanics and industry. Many of these links are found in electronics and 
communication companies, where the electrical properties of solids in general, 
and of semiconductors in particular, are of paramount importance. We cannot give 
a detailed account of solid state physics here — that would take a whole course. 
Instead, we pick out two areas where quantum mechanics gives deep insight into 
the behaviour of solids: bonding and the conduction of electricity. 


The chapter is organized as follows. Section 7.1 discusses the structure and 
bonding of solids and extends the LCAO method for molecules to a line of atoms. 
This method does not take proper account of the symmetry inherent in a crystal, 
and this is remedied in Section 7.2 which states and proves a key result known as 
Bloch’s theorem. The section also introduces the tight-binding approximation 
and uses it to describe energy bands in solids. Finally, Section 7.3 gives an 
overview of electrical conduction in solids, explaining why metals, insulators and 
semiconductors behave so differently, and exploring the origins of electrical 
resistance and the special properties of semiconductors. 


7.1 Structure and bonding 


7.1.1 The arrangement of atoms in solids 


We start with a basic question, essential for an understanding of the solid state. 
How are atoms arranged in a solid? Are they arranged regularly, like soldiers on 
parade, or are they in more haphazard arrangements, like people on a beach? 


In fact, both kinds of arrangement exist. When the atoms are arranged regularly, 
the solid is said to be crystalline; when they are arranged more haphazardly, the 
solid is said to be amorphous. Diamond has a crystalline structure, while glass is 
amorphous. 


In this chapter we shall consider only crystalline solids. One reason is that they 
are simpler to discuss than amorphous solids, and more is known about them. 
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In each of these structures, 
all the atoms have similar 
environments in an infinite 
crystal. 
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Another reason is that all solid elements, and a large number of compounds, are 
crystalline in their lowest energy state. In some cases the crystals are large enough 
to see, but they can also be very small and pass unnoticed. A typical metal, for 
example, consists of crystalline grains that are about 0.1 mm across; different 
grains, oriented in different directions, butt onto one another. Ceramics are also 
crystalline, with microscopic grains fused together. 


A crystal is a solid structure in which a small group of atoms is arranged in a basic 
pattern, and this pattern is distributed repeatedly over a regular three-dimensional 
grid called a lattice. 


To avoid complications due to surfaces, we shall frequently consider crystals that 
are infinite in extent. The properties we wish to describe do not depend sensitively 
on the size of the crystal, so this is a fair simplification. Suppose we sit at a 
particular point in an infinite crystal and observe the atoms around us. The crucial 
feature of a crystalline structure is that there are many other points, extending 
throughout the crystal, with exactly similar environments. The set of all such 
points defines the lattice of the crystal, and each point in the lattice is called a 
lattice point. 


A displacement vector joining two lattice points is called a lattice vector. It turns 
out that any lattice vector can be written in the form 


R = nia + n2a» + ngas, 


where aj, a» and a3 are constant non-coplanar vectors, and n1, ng and ng 

are integers (positive, negative or zero). For example, Figure 7.1 shows the 
arrangement of atoms in crystals of copper and tungsten, with appropriate choices 
of a1, a» and as. 


Figure 7.1 The arrangements of atoms in crystals of (a) copper (Cu) and 
(b) tungsten (W). You should picture these structures as extending indefinitely in 
three dimensions. 


None of these details is vital for our purposes, but one very important 
concept must be understood: a crystal has a restricted sort of translational 
symmetry. This is not the full translational symmetry of empty space, where 
any displacement makes no difference, but in a crystal we can say that any 
displacement through a lattice vector makes no difference. This has profound 
consequences, as you will soon see. 


7.1 Structure and bonding 


7.1.2 Types of bonding 


Why do the individual atoms in a solid remain bound together in a rigid structure? 
In one way or another, the answer lies with the valence electrons — electrons that 
occupy open shells. Inner electrons in closed shells screen the valence electrons 
from the atomic nuclei, but do not participate directly in bonding. We shall regard 
an atom as a positively-charged core (the nucleus plus the filled inner shells) plus 
the valence electrons, which provide a sort of glue, binding the atomic cores 
together. There are the three main types of bonding found in solids: ionic, 
covalent and metallic. 


Ionic bonding occurs when one or more electrons transfer Cl Nat 
from one type of atom to another, and the solid is held together 
by electrostatic forces. A good example is provided by ordinary 

salt (NaCl) where each sodium atom transfers one of its electrons 

to a chlorine atom, and the resulting sodium ions (Nat) and 
chlorine ions (CI) pack together in a way that minimizes 

their total potential energy. The crystal structure depends on 
the relative sizes of the ions. For sodium chloride, the minimum 
energy is achieved by the structure shown in Figure 7.2, where 
each positive ion is surrounded by six negative ion nearest 
neighbours and vice versa. 


Ionic bonding necessarily involves two different types of atom, 
one of which has a tendency to lose electrons, while the other 
has a tendency to gain electrons. Clearly, this type of bonding 


cannot occur in elements, where all atoms are the same. Figure 7.2 The sodium chloride structure. 


Covalent bonding occurs when electrons from neighbouring atoms form bonding 
orbitals and antibonding orbitals, just like those you met for diatomic molecules. 
Bonding orbitals have a high probability density of electrons between the atoms, 
and this helps to stabilize the structure. The solid holds together because more 
electrons occupy bonding orbitals than antibonding orbitals. The great difference 
between ionic bonding and covalent bonding is illustrated in the electron 
probability density contour maps of Figure 7.3. In an ionic solid, the electrons 
are concentrated on the two ions, but in a covalently-bonded solid there is a 
significant concentration of electrons between neighbouring atoms. 


The covalent bonds joining an atom to its nearest neighbours generally have 
preferred angles relative to one another. This leads to open structures in which 
each atom has only a few nearest neighbours (four in diamond, silicon and 
germanium). Also, since covalent bonds can be very strong, the structures can be 
very rigid. 


Metallic bonding is the type of bonding found in metals. The valence electrons in 
metals have wave functions that extend far beyond the closest atoms. As a result, 
many atoms contribute to bonding, not just nearest neighbours, and the valence 
electrons have a probability density that spreads out over the whole crystal, rather 
than being concentrated along lines joining neighbouring atoms. In a metal, we 
can picture the atom cores as being bathed in a sea of electrons, which are free to 
flow throughout the metal. These electrons are responsible for many characteristic 
properties of metals, including their shiny appearance and high conductivities. 
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Na* 


(a) 


Figure 7.3 Contour maps 
showing the probability density 
of electrons in: (a) an ionic 
solid, sodium chloride, and 

(b) a covalent solid, silicon. 
Darker shades of blue indicate 
higher probability densities of 
electrons. 
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Metallic bonding is non-directional. To minimize energy, atoms in metals stack 
together in ways that fill space efficiently. This leads to structures similar to those 
you may have seen when spheres such as oranges or cannon balls are stacked 
together. In a given layer, each sphere has six neighbours and the spheres in the 
next layer fit neatly into the hollows between spheres in the first layer. This 
produces a dense structure in which each atom has twelve nearest neighbours. 
Because metallic bonding is non-directional, metals are malleable and can be 
beaten into shape in ways that would be inconceivable for diamond. 


Exercise 7.1 Explain why metals tend to be denser than covalently-bonded 
solids such as diamond. Bl 


7.1.3 An LCAO approach to bonding in solids 


To gain some insight into bonding in solids, we shall begin by treating a solid as a 
sort of giant molecule. In the preceding chapter we had some success applying the 
LCAO method to diatomic molecules; now we will try to extend this method to 
solids. 


First, we adopt the Born-Oppenheimer approximation: in order to find the 
possible states of the valence electrons, we treat the atomic cores as being frozen 
in position. This approximation relies on the valence electrons moving much 
faster than the atomic cores, and works just as well for solids as for molecules. It 
is used throughout solid state physics. 


To illustrate the LCAO method, we consider a line of six lithium atoms, labelled 
A, B, C, D, F and G. Each lithium atom has a single valence electron in a 2s 
atomic orbital, and we can construct a trial function that is a linear combination of 
six 2s atomic orbitals, one centred on each atom. This gives 


plr) = eie (r) + ogh lr) + c395,(r) +--+ + chr), (7.1) 


where the coefficients c; to cg are initially unknown parameters and ¢4., for 
example, is a 2s atomic orbital centred on atom A. 


We then apply the variational method, which asks us to use our trial function to 


calculate 


QE p) 


V) — qu) 


(7.2) 


where H is the Hamiltonian operator for the 2s electrons, including their 


interaction with the atomic cores. 


When Equation 7.1 is substituted into Equation 7.2 and the result expanded out, 
we get many different terms. If we anticipate covalent bonding, it would be 

reasonable to neglect contributions such as (99.| H |S.) or (95. leS), since these 
terms involve atomic orbitals based on non-adjacent atoms, but we would retain 
these terms if metallic bonding were suspected. 


Just as for molecules, we impose the requirement that (E) should be an extremum 


with respect to variations of the coefficients c; to cg. The only difference is that 


our trial function now leads to a 6 x 6 secular determinant, leading to six different 


solutions for (E). These are our estimates for the lowest energy levels of the 


six-atom 'molecule'. For each energy level, we get a particular set of coefficients 
cı to cg, which we can substitute back into Equation 7.1 to get the corresponding 


energy eigenfunction. 


Figure 7.4 shows the results obtained for the energy levels and the eigenfunctions. 


Each eigenfunction extends over all six atoms and would be called a molecular 
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Figure 7.4 A schematic diagram showing (a) the energy eigenfunctions and (b) 
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the eigenvalues, found by applying the LCAO approximation to a line of six 
lithium atoms, A, B, C, D, F, G, each with one valence electron. The six atomic 
states produce six molecular orbitals. The ground state has no nodes, and the 
number of nodes increases by one for each successive increase in energy. 


7.1 


Structure and bonding 
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Figure 7.5 Energy bands in a 
solid separated by band gaps. 


The cohesive energy of a solid is 
the minimum energy needed to 
split the solid into separate 
atoms. 
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orbital in the context of molecules. The three lowest energy levels are below the 
energy of the atomic orbital that gave rise to them, and the three highest energy 
levels are above it. You might think that these two effects would cancel out, 
giving no net binding. But, remember, each molecular orbital can hold two 
electrons, one with spin-up and the other with spin-down. This means that all 
the valence electrons from the six lithium atoms can go into the three lowest 
molecular orbitals, giving a net lowering of the energy of the system. The 
six-atom cluster is bound together. 


Our simple model has taken one atomic 2s orbital per atom, but we can also 
consider shells with degenerate atomic orbitals. The 3d shell, for example, has 
five degenerate atomic orbitals. In this case a similar calculation produces five 
molecular orbitals per atom, each capable of holding two electrons. Half of the 
molecular orbitals are bonding, and half are antibonding. 


As we increase the number of atoms, the energy between the highest level and the 
lowest level does not change dramatically, but the number of states is proportional 
to the number of atoms. In a macroscopic crystal, there are of order 107° atoms, 
and the energy levels practically form a continuum, but only within a restricted 
range. As shown in Figure 7.5, each energy level in an atom broadens out into an 
energy band. Because the bands derive from atomic shells, we can label them by 
the quantum numbers of the parent atomic states. For example, we talk of a 

2p band (capacity 6 electrons per atom) or a 3d band (capacity 10 electrons per 
atom). Neighbouring energy bands may overlap, but they are often separated by 
band gaps, in which there are no allowed states. The pattern of energy bands and 
band gaps will be of vital importance in understanding electrical conductivity of 
solids. 


The width of an energy band depends on the extent to which atomic orbitals 
centred on different atoms overlap. Electrons in low-lying states are closely bound 
to the nucleus of their parent atoms, so two of their atomic orbitals, centred on 
neighbouring atoms, scarcely overlap at all. That is why the lowest energy band in 
Figure 7.5 is narrow. In these low-lying states, there is little chance of an electron 
moving between atoms, so the energy levels in the solid are essentially the same 
as in an isolated atom. However, electrons in the outer shells of an atom are less 
tightly bound to their atomic cores; there may then be considerable overlap 
between atomic orbitals centred on different atoms, leading to relatively broad 
energy bands. 


Although the LCAO method gives a reasonable picture of the emergence of 
energy bands in a solid, it does not describe the energy eigenfunctions very 

well, since it takes no account of the translational symmetry. The functions in 
Figure 7.4 do not give a realistic description of electrons in crystals because they 
imply that there is a high electron probability density between some atoms, and a 
small electron probability density between others. This does not agree with the 
fundamental symmetry requirement that all the lattice points in a crystal should be 
equivalent. This problem will be addressed in the next section. 


Exercise 7.2 Figure 7.6 shows how the cohesive energy per atom varies with 
the number of d electrons per atom for transition elements in two periods of the 
Periodic Table. Given that transition elements have open d shells, identify and 
explain the main features of these data. mH 
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Figure 7.6 Cohesive 
energies per atom for 
transition elements in 
Period 5 (blue line) and 
Period 6 (red line), plotted 
against the number ng of 
d electrons per atom. 
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7.2 Bloch’s theorem and energy bands 
7.2.1 Bloch’s theorem 


We have seen that the LCAO method ignores the fundamental symmetry 
requirement that all the lattice points in a crystal should be equivalent. The true 
nature of electron states in crystals was discovered in 1928 by Felix Bloch, a 
postgraduate student working under Heisenberg’s supervision. Bloch’s discovery 
is regarded as a cornerstone of solid state physics and is known as Bloch’s 
theorem. 


It is important to remember that any displacement by a lattice vector produces no 
discernable change in an infinite crystal. By virtue of this symmetry property, the 
potential energy function of an electron in a crystal obeys the condition 


V(r +R) 2 V(r) forany lattice vector R. (1.3) 


Any function that repeats itself in this way is said to have the periodicity of the 
lattice. The fact that the potential energy function (and hence the Hamiltonian) of 
an infinite crystal has this periodicity is the key fact behind Bloch’s theorem, 
which we now state. 


Bloch’s theorem 


In an infinite crystal, the energy eigenfunctions of electrons can be written in 
the form 


par) =e" uir). (7.4) 


where k is a real constant vector and u(r) is a periodic function, which 
may depend on k, and has the periodicity of the lattice: 


ux(r +R) = ux(r) for any lattice vector R. (7.5) 
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The function e!* describes the spatial variation of a plane wave of wavelength 

A = 2n /k, propagating in the direction of k. The constant vector k is called the 
wave vector; it points in the direction of propagation of the electron wave, and its 
magnitude k is equal to 27/A. So Bloch’s theorem tells us that each energy 
eigenfunction of an electron in an infinite crystal is the product of a plane wave 
eK and a periodic function uy (r). In the language used to describe radio waves, 
we can say that each energy eigenfunction is a plane wave modulated by a periodic 
function ux (r). The resulting function is called a Bloch wave (see Figure 7.7). 


(a) Bloch wave 


Refib(ac)] 


Re[ui(r)] (c) periodic function 


RY 


Figure 7.7 An illustration of Bloch’s theorem in one dimension. The energy 
eigenfunction of an electron in an infinite crystal (real part shown in (a)) is 

the product of a plane wave (real part shown in (b)) and a function with the 
periodicity of the lattice (real part shown in (c)). The resulting eigenfunction in 
(a) is a plane wave modulated by a periodic function, and is called a Bloch wave. 


Bloch relates: ‘I found to my delight that the wave [of an electron in a crystal] 
differed from the plane wave of free electrons by only a periodic modulation. This 
was so simple that I didn’t think it could be much of a discovery, but when I 
showed it to Heisenberg he said right away "That's it!" 


Heisenberg saw immediately that Bloch’s theorem solved a puzzle that had been 
worrying physicists for some time: how can electrons move so freely along 
conducting wires when there are so many atoms blocking their way? Bloch’s 
theorem effectively removes this problem. In perfect crystals, it shows that 

the eigenfunctions of electrons extend indefinitely, so electron waves have no 
difficulty in travelling past the atoms in a crystal, just as light has no difficulty in 
passing through a diffraction grating. It turns out that the origins of electrical 
resistance lie in the imperfections that are present in real crystals, a point we shall 
return to later. 


Exercise 7.3 Use Bloch’s theorem to show that the probability density in any 
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Bloch wave has the periodicity of the lattice. That is, 
I(r + R)? = |y(r)|? for any lattice vector R. (7.6) 
[3 


Equation 7.6 shows that Bloch's theorem avoids the problem encountered with 
LCAO eigenfunctions. In any Bloch wave, if there is a given electron probability 
density between two atoms, this will be reproduced at all equivalent sites in the 
crystal. As we go to higher energy levels, the energy cost paid for failing to have 
the maximum possible electron probability density between atoms is shared 
equally between all equivalent sites in the crystal. This contrasts with the LCAO 
method which incorrectly predicts a very low electron probability density between 
some of the atoms, where a disproportionately high energy cost is paid. 


Is Bloch's theorem trivial? 


At first sight, you might think that Bloch's theorem is a trivial result, expressed in 
a needlessly complicated way. Given that the Hamiltonian operator has the 
periodicity of the lattice, you might expect that its eigenfunctions would have the 
same periodicity. In other words, you might expect that y(r) = y(r + R) for any 
lattice vector R, which is consistent with Bloch’s theorem in the special case 

k = 0. If so, you would be falling into a trap — but one that is so inviting that it 
merits a special warning: 


It is not safe to assume that the solutions of an equation have the same 
symmetry as the equation itself. 


You have seen examples of this previously in the course. For example, the 
time-independent Schródinger equation for a hydrogen atom is spherically 
symmetric, but only some of its solutions (the s states) are spherically symmetric; 
the others are not. Here is a simpler example: 


@ The equation x? = a? is unchanged by reversing the sign of a. Are its 
solutions also unchanged by reversing the sign of a? 


O Of course not! The solutions x = a and x = —a both change sign when the 
sign of a is reversed, so the solutions do not have the symmetry of the 
equation they satisfy. 


Justifying Bloch's theorem 


We now give a sketch of the proof of Bloch's theorem. Although this proof will 
not be assessed, Bloch's theorem is too important to take on trust. The first step 
will be to show that an energy eigenfunction for an electron in a crystal obeys 


y(r +R) = e R(r) (7.7) 


for any lattice vector R, where k is a real-valued constant vector, independent of 
R. We will then show that Equation 7.7 leads directly to Bloch's theorem. 


We start with a definition. For any lattice vector R, we define the lattice 
translation operator T(R.) to be an operator that has the effect 


T(R)v(r) = y(r + R) (7.8) 
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when applied to any function v(r). This just corresponds to a shift of the origin of 
coordinates by —R. There are many different lattice translation operators, 
corresponding to different lattice vectors. It is not difficult to show that all these 
operators commute with one another, and that they also commute with the 
Hamiltonian operator H, which has the periodicity of the lattice. 


As you have seen many times before, the existence of a set of mutually 
commuting operators allows us to choose the eigenfunctions of one operator to 
be simultaneous eigenfunctions of all the other operators in the set. In the 
present context, this means that we can choose the energy eigenfunctions to be 
eigenfunctions of the lattice translation operators. But what is an eigenfunction 
of T(R)? It is a function that obeys the eigenvalue equation 


T(R)v(r) = A(R) v(r), (7.9) 


where the eigenvalue A(R) is a scalar that may depend on R. Combining 
Equations 7.8 and 7.9, we see that the energy eigenfunctions obey the condition 


plr +R) = A(R) v(r) (7.10) 
for any lattice vector R. 


We now focus our attention on the form of \(R). The key idea here is that the 
combined effect of two displacements R; and R» is the same as that of a single 
displacement R; + Rə. So Equation 7.10 gives 


V(r + Ri + R2) = A(R1) A(R2) v(r) = A(Ri + R3) v(r), 
from which it follows that 
A(R) A(R2) = A(Ri + R5) (7.11) 


for all pairs of lattice vectors R; and R in the crystal. It turns out that the only 
way of satisfying this condition is for A(R.) to be an exponential function of some 
sort. The two possibilities are 


A(R)2eFR or A(R) = e™®R, 


where k is a real constant vector, independent of R. The first possibility can be 
ruled out because it becomes boundlessly large when R increases in directions 
that are roughly parallel to k. This would produce an eigenfunction that diverges 
and cannot be normalized. We therefore conclude that the second form applies, so 
Equation 7.10 can be written as 


y(r +R) = eF y(r), (Eqn 7.7) 
and this completes the first part of the proof. 


The proof is rounded off by showing that Equation 7.7 is equivalent to Bloch’s 
theorem. We do this by writing the energy eigenfunction as 


y(r) =e Tu, (r). (Eqn 7.4) 


This can always be done provided that we make no special assumptions about 
the function uy(r). However, substituting Equation 7.4 into both sides of 
Equation 7.7, we obtain 


et Ray (r +R) =e Reikty, (x), 
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and so conclude that 
ulr +R) = u(r) (Eqn 7.5) 


for any lattice vector R. This is precisely Bloch's theorem. 


Exercise 7.4 Show that any lattice translation operator T(R) commutes with a 
Hamiltonian operator H that has the periodicity of the lattice. Also show that any 
two lattice translation operators T(R4) and T(R2) commute with one another. 


Exercise 7.5 Show that Equation 7.7 is consistent with Equation 7.6. L| 


Labelling Bloch waves 


The wave vector k serves as a label for a particular Bloch wave, and we generally 
include it as a subscript on y(r) by writing 


aur) eru (r). 


It is therefore important to know what values k can have. As is often the case in 
quantum mechanics, quantization arises from the boundary conditions. 


In solid state physics it is customary to use a special set of boundary conditions 
called periodic boundary conditions. Given a macroscopic cubic sample of 
material, with sides of length L, we require the eigenfunctions vx. (r) to have 
identical values on opposite faces of the cube. Although this condition may seem 
artificial, it produces no unphysical consequences in macroscopic systems, and 
the advantage is that we can imagine stacking identical cubes together to produce 
an infinite crystal in which the eigenfunctions vary continuously. This is a 
harmless mathematical trick which allows us to ignore any surface effects, yet still 
obtain quantization conditions appropriate for a finite sample. 


To see the effect of periodic boundary conditions, let us suppose that the x-axis 
points along a line of atoms whose spacing is a. Taking L to be a large integer 
times a, we then impose periodic boundary conditions by requiring that 


Vx(r + Le,) = Vx (r). 
Using Bloch’s theorem, together with the periodicity of u(r), we then have 

eil (r- Lez) - eik-r 
which gives e!“*/ = 1. This equation is solved by taking k,L to be any integer 
multiple of 27. In a three-dimensional crystal, similar arguments apply to the 
other components of k, so we conclude that the allowed values of kz, ky and kz 
are 
2m An 

2 L 2 L PEL 

where L is the side length of our cubic sample. Hence periodic boundary 
conditions lead to a discrete set of allowed wave vectors k, and a corresponding 
discrete set of energy eigenfunctions y(r). 


(7.12) 


It turns out to be sensible to restrict the values of k further, by considering only N 
different values centred around k = 0, where N is the number of lattice sites in 
the crystal. To see the reason for this, it is helpful to recall that the wave vector k 
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Figure 7.8 A simple lattice 
with nearest-neighbour 
spacing a. You should picture 
the structure as extending 
indefinitely in three dimensions. 
In this lattice, eR. = eik“R 
for all lattice vectors R if 

k, — kl, = 2r /a, with 
similar results for the y- and 
z-components. The restriction 
imposed by Equation 7.13 
allows us to avoid this double 
labelling problem. 
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first appeared in our proof of Bloch's theorem via the factor e'*F. 


Now, it is possible to find pairs of wave vectors k and k' such that 


in Equation 7.7. 


eR — QE RS for all lattice vectors R. 

This would allow both k and k' to label the same Bloch wave. We avoid this by 
restricting the values of k to ensure that each Bloch wave is labelled by a unique 
wave vector. The precise details depend on the lattice and do not matter for our 
purposes, but a specific example may illustrate the general idea: in the simple 
lattice shown in Figure 7.8, the components of k are usually restricted to lie in the 
ranges 


T T T T T T 
=> L RARE e—— d mE m k S (7.13) 
a a a a a a 
where a is the distance between nearest neighbours. The benefit of making this 
restriction will emerge later (see Exercise 7.7 below). 


We still have some freedom to choose the functions uy(r), and there is no reason 
to suppose that a given value of k will correspond to just one function ux(r). We 
can therefore add an extra index to the Bloch wave, writing it in full as 


dade) = uir). (7.14) 


The index n allows us to label different types of energy band deriving from 
different combinations of atomic orbital (e.g. 2s or 3d). 


7.2.2 The tight-binding method 


We shall now describe the tight-binding method for finding the states of 

electrons in crystals. In some ways, this is similar to the LCAO approach, but it is 
more satisfactory because it takes full account of Bloch's theorem. For simplicity, 
we shall consider a crystal in which each lattice site is occupied by a single atom. 


The tight-binding method starts by taking a linear combination of atomic orbitals, 
just as in Equation 7.1. The sum now extends over all the atoms in the crystal, 
giving an expression with a vast number of terms, but one that is written down 
painlessly with a summation sign: 


y(r) = a ci ó(r — Rj). (7.15) 


Here, ó(r) is an atomic orbital of a given type (say a 2s orbital) centred on an 
atom at the origin, and ¢(r — R;) is a similar atomic orbital centred on an atom at 
lattice point Rj. 


Rather than determining the coefficients c; by the variational method, as in the 
LCAO method, we now insist that Equation 7.15 should be consistent with 


Bloch’s theorem. This can be achieved by choosing c; to be proportional to eR: 
and writing 
Vx(r) = Ak X el g(r — Ry), (7.16) 
i 


where Ay is a normalization constant and k is the wave vector of the Bloch wave. 
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To check that Equation 7.16 is consistent with Bloch's theorem, we can choose 
any lattice vector R; and replace r by r + R; throughout Equation 7.16 to obtain 


Vy (r + R;) = Ak Jour + R; = R;). 


This can be rewritten as 


Vx(r + Ry) =e) Ay V ^ el; R9(r — (R; — R,)). 


Now, the sum on the right-hand side of this equation is just the same as the sum 
on the right-hand side of Equation 7.16; it uses a different lattice point from which 
to start the sum, but in an infinite crystal, this choice cannot matter. We therefore 
conclude that 


Vx(r + Ry) = e" "Boy (r), 


and this agrees with Equation 7.7, which we have seen is equivalent to Bloch's 
theorem. 


To find out more about the energy levels of an electron in a crystal, we shall make 
further approximations. Using an approach similar to the central-field model in 
atoms, we assume that it makes sense to treat each electron separately, subject to a 
single-particle Hamiltonian operator 


a : | 
H--j-V DAZ (7.17) 
J 


where V;(r) is the effective potential energy contribution due to atom j, which 
includes electron-electron repulsion only in an averaged way, corresponding to 
screening of the positively-charged atomic nuclei. 


We wish to find the possible energy eigenvalues, which we denote by E(k). 
These are given by the time-independent Schródinger equation 


H hlr) = E(k) vx(r), The energy eigenvalues depend 
: on the wave vector k of the 
or equivalently by Bloch wave. 
Go] Bv) 
E(k) = “>. (7.18) 
(9 Qv) 


To simplify the notation, we shall represent the atomic orbital ó(r — R;), centred 
on site i, by the ket vector |¢;), so that Equation 7.16 appears as 


hg e eiua, (7.19) 


Then the numerator of Equation 7.18 becomes 


(ffl) = LA V (eilflló;)e E, (7.20) 
ij 


where 2 and j range over all the lattice sites. To simplify this expression we make 
a drastic, but not unreasonable, approximation. We retain matrix elements 

(ó;| H|;), where the two atomic orbitals refer to the same site, and we also 
retain matrix elements (gille), where i and j are nearest-neighbouring sites. 
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However, we ignore all other matrix elements — those involving atomic orbitals 
centred on sites that are further apart than nearest neighbours. 


Using this approximation in Equation 7.20, we obtain 


(IE) = 14x 5 [lB + SP eR) (odfilé;) | , 


j —nnofi 


where the sum over j is restricted to sites that are nearest neighbours of site ? 
(denoted by nn of 2). Because all lattice sites in an infinite crystal are equivalent, 
the sum in square brackets on the right-hand side cannot depend on 2. It produces 
N identical terms, allowing us to write 


(yill) = N|Ax|? |B + Y, e 0 R2 (o Hlo; | , 


j= nnof i 


where 7 is any lattice site whose nearest neighbours are labelled by j. A very 
similar calculation, carried out for (vx,| vx), gives 


Qux) = N|Ax {1+ 35 e ER hile) | , 


j= mn of i 


and, substituting both these results into Equation 7.18, we conclude that 


(oiH|o) + Y^ e RR) oifig) 


j= nnofí 


1+ D, eE Galds) 


j= nn of i 


E(k) = (7.21) 


If all the nearest neighbours of i are equivalent, we can introduce the notation 


(6iBlo) = Eo. (bilH|dj) = B, and (gili) = S 


where Fo, B and S are independent of the lattice site 7, and of any particular 
choice of its nearest neighbour, 7. Equation 7.21 can then be written as 


Eo + Bf (k) 


E(k) — d-«Sf(k)' (7.22) 
where 
fü)e SC gw n9 (7.23) 
j= mn of i 


Finally, we shall assume that the overlap between neighbouring atomic 
orbitals is small, so that |S| < 1. Under these circumstances, we can expand 
the denominator of Equation 7.22 by the binomial theorem, and obtain the 
approximation 
Normally, 3 > 0. E(k) = Eo — Bf(k) where 8 = Eos — B. (7.24) 
The function f(k) depends on the precise location of the nearest neighbours. To 
take a definite case, let us suppose that the atoms are arranged as in Figure 7.8, so 
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that an atom at the origin has six nearest neighbours at (+a, 0, 0), (0, +a, 0) and 
(0, 0, +a). In this case, the allowed energy levels are 


E(k) = Eo — 26| cos(kza) + cos(kya) + cos(kza)]. (7,25) 


Exercise 7.6 For the arrangement of atoms in Figure 7.8, show that 
Equation 7.25 follows from Equations 7.23 and 7.24. m 


Equation 7.25 is based on several approximations, and applies only to the crystal 
structure of Figure 7.8. Nevertheless, it incorporates many key ideas of solid state 
physics, and repays careful study. 


The first point to notice is that the energy levels cover a finite range. The 
minimum and maximum energies are at 


Emin = Eo xd 68 and Emax = Ep + 68, (7.26) 


so the energy eigenvalues are confined to a range of finite width 128. We say that 
the energy levels form an energy band of width 128, which is typically equal to 
several electronvolts for valence electrons. For a macroscopic crystal, there are 
very many different Bloch waves, all with energies within the energy band, and all 
very closely spaced. Provided that the crystal is macroscopic, the energy levels 
within a band are effectively indistinguishable from a continuum. 


The width of the energy band depends on the quantity 8 in Equation 7.25. This is 
expected to increase as the overlap of orbitals centred on neighbouring atoms 
increases. Electrons in atomic orbitals close to the nucleus scarcely overlap, so are 
expected to have very narrow energy bands. However, electrons in outer orbitals 
will overlap more and produce much broader energy bands. 


Consider how the energy bands change when we bring the atoms in a solid closer 
together. If we start with the atoms far apart, there will be almost no overlap of 
atomic orbitals based on different atoms, and the pattern of energy levels will be 
essentially the same as for isolated atoms. As the spacing between the atoms 
decreases, the overlap of atomic orbitals increases, and the energy bands broaden 
out and may overlap (Figure 7.9). The precise pattern of bands and gaps varies 
from material to material. 


2p 


28 


electron energy E 


Figure 7.9 Energy bands 
o Is in a solid as a function of 
interatomic separation. If the 
- > atoms are close enough, 
ro interatomic ince : 
separation r bands deriving from different 
atomic states may overlap. 
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m is the standard symbol used 
in solid state physics for the 
effective mass of an electron. 
The star does not imply complex 
conjugation! 
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Exercise 7.7 The energy E(k) in Equation 7.25 is a periodic function of kz, 
ky and kz, returning to the same value when any of these components changes 
by 27 /a. What is the interpretation of this mathematical fact? E 


We can also investigate the behaviour of electrons near the bottom of the energy 
band, where kr, ky and kz are small. In this case, we can approximate the cosine 
terms in Equation 7.25 by cos(k;a) ~ 1 — $ (kxa)?, etc. This leads to 


E(k) ~ constant + Ga?k?, for k? = k? + s +k? « 1/a?. 


Bearing in mind that the kinetic energy of a free particle in empty space is 
h?k? /2m, we can rewrite this equation in the form 
212 h2 
E(k) œ constant + where m; = ——. 
E 2mt' e 28a? 


e 
The quantity 1; is called the effective mass for electrons near the bottom of the 
energy band. This quantity characterizes the way an electron near the bottom of 
the band will respond to forces, such as those due to an applied electric field. If 
the effective mass is high, for example, the electron will respond sluggishly. There 
is no reason to suppose that mz will be the same as the mass of a free electron. 


(7.27) 


Exercise 7.8 Would you expect the effective mass of an electron at the bottom 
of a band to be larger in narrow bands or in wide bands? E 


7.2.3 Band structures in practice 


The tight-binding model which we have just described is only a crude 
approximation. It tells us that a single atomic orbital in an isolated atom broadens 
out into an energy band in a solid. In practice, there are many different types of 
atomic orbital. Orbitals in the same shell (i.e. with the same n and / values) are 
degenerate, or at least have very closely spaced energies. So when the atoms 

are brought together in a solid, we can get energy bands that can hold several 
electrons per atom. For example, the d bands can hold up to 10 electrons per 
atom. The energy bands associated with different atomic shells may overlap. It is 
also possible for orbitals from different atomic shells to combine together in the 
same Bloch wave. 


Detailed calculations take us far from the tight-binding model, and require 
considerable computing power. Nevertheless, it is possible to use the 
time-independent Schródinger equation to find the dependence of energy on k in 
real solids. Figure 7.10 gives examples of this so-called band structure for 
copper and germanium. 


In the case of copper, the 3d bands occupy a narrow range of energies, mainly 
between about —2 eV and —4 eV. The other energy bands shown for copper are 
4s bands; these occupy a wider range of energies because the 4s atomic orbitals 
are more extended than the 3d atomic orbitals, and overlap more. The vertical 
arrow on the diagram indicates one of the dominant transitions that occur when 
copper absorbs visible light. This accounts for the reddish-brown colour of 
copper. 


In the case of germanium, all of the energy bands shown are mixtures of 4s and 4p 
atomic orbitals. The interesting feature of this band structure is the fact that no 
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energy levels are found in the narrow strip marked by dashed lines; this is a gap 
between two energy bands. You will see that it has a crucial role in determining 
the electrical properties of germanium. 


a cnergy/eV acnergy/eV 
2L 


wave vector wave vector 
(a) copper (b) germanium 


Figure 7.10 Band structure diagrams showing how the energies of 

electron states vary with wave vector k for (a) copper and (b) germanium. 
Because the wave vector is a vector, we can only show sample behaviour as 

k varies continuously in various directions; each grey vertical line marks a 
change in the direction of k. For copper, energy eigenvalues obtained from 

the time-independent Schródinger equation (continuous curves) are in good 
agreement with experimental results obtained by ejecting electrons with photons 
(dots). 


The next question is: how are the energy bands occupied by electrons? At 
absolute zero, the electrons occupy the states of lowest energy subject to the Pauli 
exclusion principle, which tells us that each Bloch wave can accommodate a 
maximum of two electrons — one with spin-up and the other with spin-down. In 
any given material, all the states below a characteristic energy Fr, called the 
Fermi energy, are occupied, and all the states above the Fermi energy are empty. 
In both parts of Figure 7.10, the energy zero has been placed at the Fermi energy, 
and the occupied states are shown in red while the unoccupied states are shown in 
blue. 


Above absolute zero, we would expect electrons to be excited into states of higher 
energy. A typical thermal energy is of order kT, where k is Boltzmann's constant 
and T is the absolute temperature. At room temperature, kT ~ 0.025 eV, so we 
would expect some electrons to gain a fraction of an electronvolt compared to 
their energies at absolute zero. In quantum mechanics, they do this by moving 
into higher energy levels. However, the Pauli exclusion principle continues to 
exert a powerful influence. Figure 7.11 compares the way electrons occupy 
available states at absolute zero and at 300 K. Only a few states around the Fermi 
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Aaverage number energy have their occupations changed. Nevertheless, these small changes have 
of clectrons dramatic consequences, as you will see in the next section. 
per state 
1 


7.3 Conduction of electricity in solids 


7.3.1 Metals, insulators and semiconductors 


Different materials have vastly differing abilities to conduct electricity. For 
. example, the electrical conductivity of silver is about 10! times greater than that 
enersY — of pure diamond. This section will use the concept of an energy band to give a 
qualitative interpretation of electrical conduction in solids. In particular, we will 
explain the differences between insulators, metals and semiconductors. The 
following fact will be crucial: 


Figure 7.11 The average 
number of electrons of a given 
spin in a single quantum state at 
absolute zero (solid line) and at 
room temperature (dashed line). 
The Fermi energy is marked 

as Ep. 


The electrons in a completely full band cannot carry an electric current, even 
if there is an electric field present. 


The underlying reason is that the electron states in a band are arranged 
symmetrically, so for each state with wave vector k, there is another state with 
wave vector —k. The wave vector is proportional to a momentum, so there is no 
tendency for the electrons in a full band to flow in one direction rather than in the 
opposite direction: there is no current. In the absence of an electric field, this is 
not surprising, but the important point is that an electric field makes no difference. 
This is because the Pauli exclusion principle blocks any transfer of electrons into 
states that are already full. Moreover, the electrons cannot gain enough energy 
from an applied electric field to cross the gap between energy bands, so a full 
band remains full and is unable to contribute to an electric current even in the 
presence of an electric field. 


By contrast, electrons in a partly-full band can produce electric currents. The 
energy levels within a band are extremely closely spaced, practically forming a 
continuum, so there is no difficulty in an electron moving from an occupied state 
to an unoccupied state within the same band. Electrons are negatively-charged, 
so they tend to move in the opposite direction to an applied electric field. In 
quantum-mechanical terms, an electric field pointing in the z-direction has the 
effect of causing more electrons to occupy states with k, < 0 than states with 

kz > 0, and it is this asymmetry of occupied states that constitutes an electric 
current. 


We can now understand the major difference between a conductor and an 
insulator. First, let us consider the situation at absolute zero. If the highest 
occupied band is not completely full (Figure 7.12a), the material can conduct 
electricity with ease, and it is classified as a conductor. If all the electrons are in 
full bands (Figure 7.12b), the material is unable to conduct electricity, and is 
classified as an insulator. 


The distinction between an insulator and a conductor is less clear-cut at non-zero 
temperatures. If even a small fraction of the electrons in the highest full band are 
thermally excited into the lowest empty band, then neither of these bands will be 
completely full or empty, and the material will be able to conduct electricity. In 
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practice, the number of electrons transferred between bands is negligible if 
the band gap is greater than about 80kT, where k is Boltzmann's constant 

and T' is the absolute temperature. However, if the band gap is smaller than 
80kT, significant conduction can take place, and the material is classified as a 
semiconductor. At room temperature, semiconductors have band gaps that are 
smaller than about 2 eV (Figure 7.12c). 


Aenergy 


ju 
dd] 


(a) (b) (c) 


lüeV - a eV 


Figure 7.12 (a) A conductor has a partly-full energy band; (b) an insulator 
has a large band gap between a band that is completely full and a band that is 
completely empty; (c) a semiconductor has a band gap that is small enough for 
electrons to be thermally excited across it. 


In some cases it is easy to predict that a material will be a conductor. For example, 
sodium atoms have the ground-state configuration 1s? 2s? 2p 3s, with a single 

3s electron in their valence shell. When sodium atoms come together to form a 
solid, this 3s shell broadens out to form a band that is capable of holding two 
electrons per atom (the factor of two arises because electrons can be spin-up or 
spin-down). Hence the 3s band in sodium is half full, and is able to conduct 
electricity. Since most atoms have valence electrons in partly-full atomic shells, it 
is not surprising that most elements in the Periodic Table are conductors. 


Sometimes it is harder to make predictions. Magnesium atoms have the 
ground-state configuration 1s? 2s? 2p 3s?, so one might suppose that the 3s band 
in the solid would be completely full, and that magnesium would be an insulator. 
In practice, the 3s band in magnesium overlaps with the 3p band, giving a 
combined 3s—3p band that can accommodate 8 electrons; this band is only partly 
full, so magnesium is a conductor. 


The case of diamond is particularly tricky to predict. Carbon atoms have the 
ground-state configuration 1s? 2s? 2p?, but 2s and 2p states mix together in 
diamond, producing two separate s-p bands, each capable of holding four 
electrons per atom at the equilibrium interatomic separation, ro (Figure 7.13). In 
diamond, the lower of these bands is completely full, and is separated from 

an empty band by a band gap of 5.5 eV, so diamond is an insulator at room 
temperature. Similar results apply to silicon and germanium but with much 
smaller band gaps, making these materials semiconductors at room temperature 
(they are the only semiconducting elements). 


In Figure 7.12 (only) energy 
levels that are empty at T = 0 
are left unshaded 


electron energy 


ro interatomic 
separation 


Figure 7.13 A schematic 
diagram showing how the 
energy bands in diamond, silicon 
and germanium split when the 
atoms are brought together. 

The equilibrium interatomic 
separation, ro, is marked. Two 
s—p bands (called the valence 
band and the conduction band) 
are produced, each capable of 
holding four electrons per atom. 
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The electrical conductivity o is 
a measure of the ease with 
which a material conducts 
electricity: a wire of length / and 
cross-sectional area A has 
electrical resistance R = |/Ao. 
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Electrical conductivity in metals 


The broad division of materials into conductors, insulators and semiconductors 
does not explain why some metals such as silver and copper are better conductors 
than others such as titanium or steel. We will now give a very brief survey of the 
factors that affect electrical conductivity in metals. 


Long before quantum mechanics, Paul Drude developed a classical model of 
conduction based on the idea that some electrons in a metal become detached 
from their parent atoms and are free to flow. According to Drude, the free 
electrons are driven onwards by an applied electric field, but their progress is 
impeded by collisions with the positive ions in the metal. This led to the following 
formula for electrical conductivity: 


o= ; (7.28) 


Me 


where n is the number density of free electrons (the number per unit volume), 
e/Me is the magnitude of the charge-to-mass ratio of an electron, and 7 is a 
characteristic relaxation time (the average time an electron spends between 
collisions). 


Remarkably enough, quantum mechanics leads to a similar formula, but with 
some significant differences in interpretation. The electrons whose number 
density is counted are those in a partly-full band, and the mass me is replaced 

by an effective mass m; (which may not be the same as me, as you saw in 
Equation 7.27). However, the main point we wish to emphasize here is the nature 
of the collisions that impede the flow of electrons and give rise to the relaxation 
time T. 


In a perfect crystal, there is no reason for a particular Bloch wave, or a wave 
packet made up of different Bloch waves, to be scattered. This was understood by 
Heisenberg as soon as he learned about Bloch's theorem. What scatters electrons 
in a crystal is any deviation from a perfect periodic lattice. A crystal may contain 
defects of various kinds — empty lattice sites, foreign atoms or boundaries 
between different crystalline grains, for example. Also, the atomic cores vibrate 
around their equilibrium sites, so an electron passing through the crystal does not 
see a perfectly periodic potential energy function. These vibrations become 
increasingly vigorous at higher temperatures, so the conductivity falls with 
increasing temperature. For example, the conductivity of copper drops by a factor 
of 0.2 as the temperature increases from 100 K to 300 K. 


7.3.2 Semiconductors 


A semiconductor is a material with an electrical conductivity that is intermediate 
between metals and insulators; its electrical conductivity generally increases with 
temperature and is extremely sensitive to the presence of impurities. 


Semiconducting behaviour was observed by Faraday in 1833, and early radio 
sets used natural semiconducting crystals as rectifiers, but the sensitivity of 
semiconductors to impurities plagued experimental investigations, and Pauli 
counselled against studying them at all! It was not until the 1940s that techniques 
of crystal growth and purification became good enough to allow semiconductors 
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to be properly characterized. The semiconductor age dawned on 23 December 
1947, when the first semiconducting transistor was constructed. 


Pure semiconductors Table 7.1 Band gaps A Es; 
and A Eg. of silicon and 

We begin by considering semiconductors that are so pure that the effects of germanium at 0 K and 300 K. 

impurities can be neglected. The essential feature of a pure semiconductor is that 

at absolute zero it has an energy band that is full, separated by a small gap from an T AEs; A Ege 


energy band that is empty. The full band is called the valence band, and the 
empty band above it is called the conduction band. Although there are many 
other bands, the band gap of the material invariably refers to the gap between the 
valence and conduction bands (Table 7.1). 


OK l.l17meV 0.75meV 
300K 1.12meV 0.67meV 


Exercise 7.9 Table 7.1 shows that the band gaps of silicon and germanium 
decrease with temperature. Can you suggest why? L| 


Above absolute zero, some electrons from the valence band are thermally excited 
into the conduction band, and electrical conduction takes place in both bands. At 
room temperature, the number density of electrons in the conduction bands of 
pure silicon and pure germanium are 1.5 x 10!6 m^? and 2.4 x 101? m~’, 
respectively, well below typical values for metals (which are around 107? m-?). 
Referring to Equation 7.28, we can say that the main reason for the relatively low 
conductivity of semiconductors is that they have low number densities of charge 
carriers. However, these number densities increase rapidly with temperature, as 
more electrons are thermally excited across the band gap, and this is why the 
electrical conductivity of a pure semiconductor increases with temperature, in 
spite of the increasingly disruptive effect of vibrating atomic cores. 


In a pure semiconductor, both the conduction band and the valence band 
contribute to the conduction of electricity. The flow of current can be conveniently 
measured by the current density, which is a vector quantity J pointing in 

the direction of current flow, with a magnitude equal to the current per unit 
cross-sectional area perpendicular to the current flow. A classical argument 
(whose details are not needed here) shows that the current density is given by 


=€ 
qu 3 Vi, (7.29) 


where v; is the velocity of the ith electron, and the sum is over electrons in a 
volume V. The minus sign appears because electrons have charge — c. 


Now let us suppose that the valence band is completely full, except for electron j, 
which has been thermally excited into the conduction band. Then the remaining 
electrons in the valence band contribute a current 


—e —e e 
izj all 4 
However, the first term on the right-hand side is the current density due to a full 
band, which we have already seen is equal to zero. We therefore conclude that: 


An otherwise full band in which one electron is missing, behaves just like an 
empty band containing a particle of charge +e; this ‘particle’ is called a 
hole. 
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This may seem an odd way of looking at things, but it is very convenient to 
replace a description involving a large number of electrons in the valence band by 
one that involves a small number of holes. Electrical conduction in a pure 
semiconductor is due to a combination of positively-charged holes in the valence 
band, flowing in the direction of an applied electric field, and negatively-charged 
electrons in the conduction band, flowing in the opposite direction. 


Exercise 7.10 In pure germanium at 300 K, the number density of electrons in 
the conduction band is 2.4 x 101? m-?. What is the number density of holes in 
the valence band? BH 


Taking the energy zero to be in the middle of the band gap, as in Figure 7.14, we 
define the energy Ey of a hole in the valence band to be the magnitude of the 
conduction energy difference between this energy zero and the vacated electron state. The 
band energy Ee of an electron in the conduction band is the magnitude of the energy 
difference between the energy level occupied by the electron and the energy zero. 
Thus, the total energy required to promote the electron shown in Figure 7.14 from 
"ENT the valence band to the conduction band is £j + Ee. Note that hole states that are 
band deeper down in the valence band have higher energies than those at the top of the 
band. This may look strange on diagrams, but makes good sense because it costs 
more energy to remove an electron from a state deep within the valence band than 
Figure 7.14 The energies E, from the top. 
and Ej of electron and hole 
states relative to an energy zero 
in the middle of the band gap. 


It is possible for an electron in the conduction band to drop back into an empty 
state in the valence band with the emission of light. When this happens, the 
energy of the emitted photon is the sum of the energies of the electron and the 
hole. Also, just as an electron and a positron can form positronium, so an electron 
and a hole in a semiconductor can form a bound hydrogen-like system called an 
exciton. For reasons that will emerge shortly, excitons are very weakly bound, 
and they are observed only at low temperatures. 


Doped semiconductors 


The number density of electrons in the conduction band of pure silicon is too 
small for practical semiconductor devices. Fortunately, it is possible to add 
impurities to silicon that have the effect of increasing the number of electrons in 
the conduction band or increasing the number of holes in the valence band. This 
process is called doping. Because germanium has a smaller band gap than silicon, 
it has a greater density of thermally-excited conduction electrons and can be used 
in essentially pure form. Nevertheless, it is common to dope germanium as well, 
as this gives greater control over its electrical properties. 


To understand how doping works, it is important to note that semiconductors such 
as silicon or germanium are in Group 14 of the Periodic Table, and this means that 
they have four valence electrons which completely fill the valence band. What 
happens if we add an impurity such as arsenic, which has five valence electrons, 
to a silicon crystal? The arsenic atom substitutes for one of the silicon atoms, but 
it has an extra electron which goes into the conduction band of the crystal. 

Thus, by adding arsenic atoms, we can boost the number of electrons in the 
conduction band. With sufficient arsenic impurities, the electrical behaviour of 
the doped silicon is dominated by the electrons in the conduction band; the 
thermally-excited holes in the valence band play a negligible role. Because 
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its charge carriers are negatively-charged, the material is then said to be an 
n-type semiconductor. Atoms, such as arsenic, which donate an electron to the 
conduction band are called donor atoms. 


By contrast, an impurity atom (such as boron) with three valence electrons has a 
missing electron that can be drawn from the valence band of the silicon crystal, 
leaving a hole behind. Atoms, such as boron, which accept an electron from the 
valence band are called acceptor atoms. With a sufficient density of acceptor 
atoms, the electrical behaviour of the doped silicon is dominated by holes in the 


Even diamond can be 

a semiconductor if it 
contains enough impurities. 
Naturally-occurring 

blue diamonds are p-type 


valence band, and the material is called a p-type semiconductor. semiconductors because they 


For a more quantitative understanding, we can picture a donor atom as a single contain boron. 


outer electron attracted to an atomic core. Because of shielding by inner electrons, 
the outer electron sees an effective nuclear charge that is close to +e, so the 
system can be modelled as a hydrogen-like atom. The escape of the outer electron 
into the conduction band of the semiconductor can then be regarded as a process 
of ionization. 


Ignoring small effects associated with reduced mass, the energy levels of an 
isolated hydrogen atom are given by 


NEN Es ? m, 1 —— 13.6eV 
"^ M4n2g9) 2h? n? n? ` 


Two adjustments are needed to obtain the energy levels for a donor atom in a 
semiconductor. Firstly, we must replace the free electron mass m, by the effective 
mass m% of conduction electrons in the semiconductor. Secondly, we must 

also allow for the fact that the Coulomb attraction felt by charges immersed in 

a medium is smaller than it would be in free space; this is accounted for by 
replacing £o by &&o, where € is a constant known as the relative permittivity of the 
medium, and has a value greater than 1. For germanium, mz = 0.12m, and 

€ — 15.8, so the energy levels for a donor atom in germanium are 


Ge 0.12 13.6eV z 6.5 meV 


We ignore the small difference 
between the reduced mass u and 
the electron mass ne. 


158 "7 oe n? 

In this context, ionization corresponds to the release of an electron into the 
conduction band, so donor energy levels lie just below the bottom of the 
conduction band (Figure 7.15a). A similar description applies to acceptor atoms. 
An acceptor atomic core, surrounded by the same number of electrons as in 
silicon, but with one less proton, is negatively charged and can weakly bind with a 
hole in the valence band. Because they refer to the energies of holes, acceptor 
energy levels lie just above the top of the valence band (Figure 7.15b). 


E, 


n 


conduction conduction 
band band 
a NC Figure 7.15 (a) Donor atoms 
donor energy levels acceptor energy levels produce electron energy levels 
— ee pem just below the bottom of the 
valence valence conduction band. (b) Acceptor 
band band 


atoms produce hole energy 
levels just above the top of the 
valence band. 


(a) (b) 
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aabsorption Because the ionization energies of donors and acceptors are so small, thermal 
energy causes nearly all of them to release their electrons and holes at room 
temperature. As the temperature is reduced, however, the electrons and holes start 
to be recaptured, and the conductivity of a doped semiconductor starts to fall. At 
sufficiently low temperatures, it is possible to get spectroscopic evidence for the 
different energy levels of electrons or holes captured by donors or acceptors 
(Figure 7.16). 


Exercise 7.! | Calculate the scaled Bohr radius for an electron bound to a 
donor impurity in germanium. 


Exercise 7.12 Assuming that a hole in the valence band of germanium has the 
same effective mass as an electron in the conduction band, 0.127n,, calculate the 
binding energy of an exciton (see page 190) in germanium. a 


> 
photon energy/meV 
Doped semiconducting materials play a central role in the electronics and 


Figure 7.16 A communications industries. Nowadays, it is possible to deposit atoms layer by 
low-temperature absorption layer, so that a solid is built up according to a predetermined recipe. This means 
spectrum of germanium doped that we can prepare new materials, which do not occur naturally, but which are 
with antimony donor atoms. tailored to have specific properties. 


Peaks correspond to transitions 
between bound states associated 
with the donor atoms. 


In a quantum dot, for example, a material with a narrow band gap is surrounded 
by a material with a wider band gap. In Book 1, Chapter 3, we described quantum 
dots in terms of their confining effect on electrons. A more complete picture is 
shown in Figure 7.17. Because of the very small size of the dot, there are discrete 
electron states above the band gap, and discrete hole states below the band gap. 
Electrons and holes in these states are confined to the region of the quantum dot 
because no states are available to them in the wide band gap of the surrounding 
material. And, because the quantum dot is tiny, the energy levels are clearly 
separated. Light is emitted when electrons above the band gap make radiative 
transitions into hole states below the band gap. 


; : material A material B material A 
The discrete energy levels in a 5 3 


single quantum dot may broaden -------- 
into energy bands if a material 

contains a high density of 

quantum dots, and the energy 

eigenfunctions in one quantum 

dot overlap with those from 

neighbouring quantum dots. 


Figure 7.17 An energy-level diagram of a quantum dot. The dashed red lines 
show the positions of the top of the valence band and the bottom of the conduction 
band in the bulk materials. 


Exercise 7.13 Some materials, including graphite and tin, are classified as 
semimetals. Such materials have valence and conduction bands that overlap very 


slightly, giving a tiny number of electrons in the conduction band, and leading to 
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conductivities intermediate between good conductors and insulators. How would 
you expect semimetals to differ from semiconductors? a 


Summary of Chapter 7 


Section 7.1 A crystal is a solid structure in which a particular arrangement of 
atoms is repeated over a regular lattice. In ionic bonding, one type of atom loses 
electrons and another type of atom gains them; the resulting positive and negative 
ions bind together through electrostatic forces. In covalent bonding, valence 
electrons occupy bonding orbitals between nearest neighbours, with a high 
electron probability density between atoms. In metallic bonding, atoms beyond 
nearest neighbours contribute to bonding and the valence electrons spread out 
over the whole crystal. 


The LCAO method correctly predicts that electron states are organized in energy 
bands, but ignores the requirement that the properties of a crystal should remain 
unchanged by any translation through a lattice vector. 


Section 7.2 Bloch's theorem states that the energy eigenfunctions of electrons in 
an infinite crystal take the Bloch wave form 


w(t) = kT u(r), 


where k is the wave vector of the Bloch wave, and u(r) is a function with the 
periodicity of the lattice (i.e. ux(r + R) = ux(r) for any lattice vector R). The 
values of k are restricted to a discrete set by periodic boundary conditions, and are 
further restricted to ensure that each Bloch wave has a unique wave vector. 


The tight-binding method takes the electron energy eigenfunctions to be 


Vx (r) = Ay Se Pi g(r — R;), 


where ó(r — R;) is an atomic orbital of a given type, centred on lattice site R;, 
and the sum is over all the lattice sites in the crystal. These eigenfunctions are 
consistent with Bloch's theorem. Interactions between valence electrons are 
ignored, and terms like (ó;| H |ó;) are dropped, where i and j refer to different, 
non-adjacent sites. The method predicts that the energy levels are practically 
continuous within finite energy bands, and that these bands are separated by band 
gaps. The width of an energy band increases as atoms are brought closer together, 
so some energy bands may overlap. At absolute zero, all the energy levels up to 
the Fermi energy are occupied, while higher energy levels are empty. At room 
temperature, only a few states around the Fermi energy have their occupations 
modified from those at absolute zero. 


Section 7.3 A completely full energy band cannot conduct electricity. At 
absolute zero, a material with a partly-full band is a conductor, while a material 
whose bands are all completely full or completely empty is an insulator. The 
electrical conductivity of a metal is proportional to the number density of 
electrons in the partly-full band. It is reduced by imperfections in the crystal 
associated with vacant lattice sites, foreign atoms or boundaries between 
crystalline grains; it is also reduced by vibrations of the atomic cores about their 
equilibrium sites, and therefore decreases with increasing temperature. 


193 


Chapter 7 Solid state physics 


194 


At a non-zero temperature T', a pure material with a band gap that is less than 
80kT is classified as a semiconductor; conduction occurs because electrons in the 
valence band are thermally excited into the conduction band. Each excited 
electron leaves behind a positive hole, and conduction takes place through 

flows of electrons in the conduction band and holes in the valence band. The 
electrical conductivity increases with temperature as the number of charge carriers 
increases. 


Semiconductors are often doped with specific impurity atoms. Donor atoms such 
as arsenic have an extra valence electron which can be donated to the conduction 
band. Acceptor atoms such as boron lack a valence electron which can be drawn 
from the valence band, leaving a hole behind. With sufficient concentrations of 
donor or acceptor atoms, it is possible to produce an n-type semiconductor in 
which conduction is dominated by electrons, or a p-type semiconductor in which 
conduction is dominated by holes. 


Achievements from Chapter 7 


After studying this chapter, you should be able to: 

7.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 

7.2 Characterize the type of translational symmetry found in crystalline solids. 

7.3 Distinguish between ionic, covalent and metallic bonding. 


7.4 Describe how the LCAO method is extended to crystalline solids, and 
explain why this method does not give a correct description of the energy 
eigenfunctions of electrons. 


7.5 State Bloch's theorem and apply it in simple cases. 


7.6 Describe the principles of the tight-binding method, and show that it is 
consistent with Bloch's theorem. 


7.7 Describe how the width of an energy band varies with interatomic spacing. 


7.8 Relate the differences between conductors, insulators and semiconductors to 
band structures and the way electrons fill energy levels. 


7.9 Describe the principal causes of electrical resistance in metals. 


7.10 Describe how both pure and doped semiconductors conduct electricity, and 
calculate binding energies and scaled Bohr radii for excitons and electrons 
or holes bound to donor or acceptor atoms. 


aaa: 
Chapter 8 Light and matter 


Introduction 


To complete this book, and the whole course, we shall consider how matter 

interacts with light. The simple idea that atoms exist in discrete energy levels, and In this chapter, light is taken to 
that they can jump between these levels by absorbing or emitting photons, has mean electromagnetic radiation 
been with us since the beginning of Book 1. Absorption and emission spectra of any wavelength. 

carry ‘fingerprint’ signatures that identify individual atoms and molecules even in 

the depths of space. Indeed, the bulk of our knowledge of the Universe, beyond 

our own planet, has been obtained by analyzing the spectra of radiation collected 

by telescopes of one kind or another. 


The idea of atoms emitting light when making transitions between discrete energy 

levels was deeply mysterious when Niels Bohr first proposed it, and the full 

explanation had to await a deeper understanding of the way light interacts with 

matter. This understanding, once achieved, explained many things, such as the 

fact that some spectral lines are brighter than others, and the fact that transitions 

between some pairs of energy levels appear to be forbidden. It also led to the 

invention of the laser, now ubiquitous wherever CDs and DVDs are to be found. The letters of *laser' stand for 
light amplification by the 


A complete account of the interaction of matter with light is based on a quantum à D. T 
stimulated emission of radiation. 


theory of the electromagnetic field. Dirac initiated this theory in 1927, about a 
year and a half after Heisenberg's invention of quantum mechanics. Many people 
contributed to it over the next 20 years, until it was completed by Feynman, 
Schwinger and others. This theory is called quantum electrodynamics (QED) and 
is well beyond the scope of this course. Fortunately, very accurate predictions can 
be made by treating atoms according to quantum physics, and the electromagnetic 
field mainly according to classical physics, and that is what we shall do here. 


When an atom is exposed to light, its Hamiltonian operator is no longer that for 
an isolated atom, but includes terms that describe the energy of interaction 
between the atom and the electric and magnetic fields in the light, which we 
treat classically. Because the electric and magnetic fields oscillate as the light 
propagates, the new interaction terms are time-dependent. Therefore, for the first 
time in this course, we shall consider a Hamiltonian operator that depends on 
time. In general, the interaction term coupling the atom to the light is small and 
can be treated as a perturbation — albeit one that depends on time. In order to 
cope with this situation, we shall develop a useful approximation method called 
time-dependent perturbation theory. 


The chapter is organized as follows. Section 8.1 introduces the three different 
processes that arise in the interaction between electromagnetic radiation and 
matter; absorption, stimulated emission and spontaneous emission. It then 
introduces the electric dipole approximation, which provides a good description 
of the interaction between matter and radiation in many situations. Section 8.2 
introduces time-dependent perturbation theory, which is the key tool needed to 
analyze the interaction between light and matter. This allows us to estimate the 
probability that an atom, initially in state v»; at t = 0, will absorb light of a 
given frequency and be found in some other state y at time t > 0. Section 8.3 
discusses cases where the probability of making such a radiative transition is 
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estimated to be zero. This leads to selection rules, which indicate which pairs of 
quantum states produce spectral lines that are readily observed. Section 8.4 
discusses the absorption and stimulated emission of light by atoms, both for light 
of a single frequency and for the more usual situation where atoms are illuminated 
by light covering a range of different frequencies. Finally, Section 8.5 revisits the 
spontaneous emission of light by excited atoms. The full quantum electrodynamic 
theory is side-stepped using a beautiful argument due to Einstein; this allows us to 
relate the rate of spontaneous emission of light to the rate of absorption calculated 
in Section 8.4. 


8.1 The interaction of light with matter 


Electromagnetic radiation interacts with matter in its many different forms — 
solids, plasmas, molecules, atomic nuclei, and so on. In this chapter, we focus on 
the interaction of light with the electrons in atoms; however, the methods we use, 
and the conclusions we shall reach, apply far more generally. We shall sometimes 
indicate this by referring to other systems, such as vibrating or rotating molecules. 


8.l.| Three types of radiative transition 


In previous chapters you studied the hydrogen atom, and other atoms, and have 
seen how the time-independent Schródinger equation leads to quantized energy 
levels for the bound electrons. Left to itself, an atom will eventually settle down in 
the state of lowest energy — the ground state. However, atoms can interact with 
external electromagnetic fields, and become excited from an initial state, often the 
ground state, to states of higher energy. In quantum-mechanical terms, we say that 
an atom absorbs a photon. The photon then ceases to exist, but its energy is 
transferred to the atom as it jumps to a state of higher energy. 


If the initial state of the atom had energy F4, the final state will have energy 

E> = E, + hf, where f is the frequency associated with the photon. If hf is 
large enough, the atom will become ionized and have an energy that forms part of 
a continuum, but at low energies the atom jumps into one of a series of discrete 
bound states. We only consider bound states here. This process of the absorption 
of light by an atom is illustrated in Figure 8.1a. 


hf 
" SES " 
hf WDD hf hf 
Ei Ei Ei 


(a) (b) (c) 


Figure 8.1 Three types of transition in an atom between energy levels Ej 
and E5, with E» > EF}, involving a photon of energy hf = E> — E: 
(a) absorption; (b) stimulated emission; (c) spontaneous emission. 
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An atom in an excited state can jump to a state of lower energy by emitting a 
photon. The energy hf of the emitted photon is equal to the energy difference 
between the initial and final states of the atom, respecting the law of conservation 
of energy. It is a remarkable fact that the emission of a photon by an excited atom 
can be encouraged by shining light on the atom. An atom initially in a state of 
energy E^» can be stimulated to descend to a state of lower energy Ei by light 
whose photons have energy hf — E» — E4. When it jumps to the lower energy 
level, the atom emits a photon of energy E» — Ej. The emitted photon shares 

all the characteristics of the incident photon; it has the same energy, state of 
polarization and direction of propagation, and the emitted light has the same 
wavelength and phase as the incident light (it is said to be coherent with it). In 
effect, the photons in the incident beam encourage the atom to emit a similar 
photon that comes to join them. This process is called stimulated emission, and 
is at the heart of the operation of lasers; it is illustrated in Figure 8.1b. 


Finally, an isolated atom in an excited state can spontaneously emit a photon, 
making a transition to a state of lower energy even when there is no external 
light. Exactly the same process occurs when an excited atomic nucleus emits 

a gamma-ray photon. This process is called spontaneous emission, and is 
illustrated in Figure 8.1c. Spontaneous emission produces the emission spectrum 
of a gas that has been heated in a flame. This is the process that so perplexed Bohr 
and his contemporaries: given an isolated atom in an excited stationary state, how 
and why does it jump to the state of lower energy? The measurable properties of a 
stationary state do not depend on time, so why should the atom, free from external 
influences, suddenly decide to change from one stationary state to another? 


The key to answering this question is found by examining the phrase ‘free from 

external influences'. Quantum electrodynamics (QED) tells us that an isolated 

atom in a vacuum is never truly free from external influences. The vacuum is not 

empty but is a seething soup of ‘virtual particles’, which appear from nowhere and 

then disappear again over very short timescales. These fleeting virtual particles, 

in effect, shake atoms out of excited stationary states. We have no need to 

consider the details here because of a discovery made by Einstein in 1916, 

before the development of quantum mechanics. He showed that the rate of 

spontaneous emission of light can be related to the rate of absorption, or to the 

rate of stimulated emission, in the presence of an external light beam. We can 

therefore use the rates of the processes illustrated in Figures 8.1a or 8.1b to 

predict the rate of the process in Figure 8.1c. Moreover, the absorption and 

stimulated emission rates can be predicted by treating the external light as a Most of this chapter concerns 
classical time-dependent field, neglecting the quantum fluctuations in the light. absorption and stimulated 
emission; we will come back 
to stimulated emission in 
Section 8.5. 


The three processes in Figure 8.1 are known as radiative transitions because 
they involve the absorption or emission of electromagnetic radiation. There 

are also non-radiative processes that can cause atoms to make energy jumps, 

for example collisions between atoms or molecules in a gas. The details of 
non-radiative processes are not the subject of this chapter, but they do provide a 
source of atoms in excited states that subsequently undergo radiative transitions. 
For example, passing an electric current through a partially-ionized gas produces 
excited atoms that spontaneously emit electromagnetic radiation; this is the 
principle behind fluorescent lighting tubes. 
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When an electric current is passed through hydrogen gas in the laboratory, some 
free hydrogen atoms will be produced in excited states, and they produce a 
characteristic spontaneous emission spectrum — a fingerprint for the hydrogen 
atom. The part of this spectrum that lies in the visible range is shown in 

Figure 8.2. Quantum mechanics is the same everywhere, so hydrogen atoms 

in distant galaxies have precisely the same spectrum, a fact with profound 
implications for the study of cosmology. By the time the light reaches us from 
distant galaxies, the spectrum is bodily shifted towards the red, a signal that the 


Figure 8.2 Spectral lines 
emitted by hydrogen atoms in 
the visible part of the 
electromagnetic spectrum. 


red 


| 


Figure 8.3 The absorption 
spectrum for the transmission of 
infrared radiation through HCI 
gas. Note that only certain 
radiative transitions are allowed. 
Here, the quantum number / 
refers to the orbital angular 
momentum of the whole 
molecule. This serves as a 
reminder that radiative processes 
are not restricted to electronic 
states; they also occur between 
rotational states and vibrational 
states in molecules. 
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Universe is expanding. 


blue green blue violet 


| | | 


It is not just the positions of spectral lines that we need to explain. Some lines are 
much stronger than others; for example, the red line in Figure 8.2 is stronger than 
the violet. Indeed, there are many pairs of energy levels that do not correspond to 
spectral lines at all. A case in point is the absorption spectrum from the rotational 
states of HCI, as discussed in Chapter 2 of Book 2 and shown in Figure 8.3. 
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Notice the absent lines: why, for example, is there no line corresponding to 
absorption from the state marked / = 1 to the state marked | = 3? A similar 
situation arose in Chapter 5 of Book 1, which restricted radiative transitions 
between the vibrational states of HCl to those between states adjacent to one 
another in the energy ordering. In order to understand the origin of such selection 
rules, we need to consider more closely how light interacts with matter. 


8.1.2 The electric dipole approximation 


To take a definite case, we consider an atom that is exposed to a light wave 
propagating in the y-direction. We shall suppose that the light wave is 
monochromatic, with frequency f (and angular frequency w = 27 f). 


From a classical perspective, light is a transverse electromagnetic wave, with 

its electric and magnetic fields oscillating perpendicular to the direction of 
propagation of the wave. We assume that the wave is plane-polarized, 

so that its electric field vector oscillates in a fixed direction, taken to be the 
z-direction (Figure 8.4). The magnetic field then oscillates along the x-direction, 
perpendicular to both the electric field and the direction of propagation. The 
electric and magnetic fields oscillate in phase with one another. 


E 


direction of 
propagation 


Figure 8.4 A linearly polarized electromagnetic wave propagating in the 
y-direction. The electric field oscillates in the z-direction. 


Electromagnetic radiation is classified into various types according to its 
frequency f and wavelength A. In a vacuum, these are related by 


c= fà, 


where c = 3.00 x 108 m s^! is the speed of light in a vacuum. The entire 
spectrum, ranging from gamma rays to radio waves, is shown in Figure 8.5. For 
our purposes, the most important parts are the ultraviolet and visible regions 
(associated with electronic transitions in atoms and molecules), the infrared 
region (associated with vibrations in molecules) and the microwave region 
(associated with rotations in molecules). 
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Figure 8.5 The electromagnetic spectrum, from gamma rays to radio waves. 


We assume that the electromagnetic wave can be treated classically, as a source of 
time-dependent electric and magnetic fields that interact with the atom. This is 
valid provided that the light wave is made up of a vast number of photons. 


Exercise 8.1 A light source emits 100 W of electromagnetic radiation at a 
wavelength of 5.0 x 1077 m. How many photons does it emit per second? E 


How does an atom interact with an electromagnetic wave? We are treating the 
electric and magnetic fields of the wave classically, but the states of the atom must 
be treated quantum-mechanically. To do this, we begin with a classical picture of 
the interaction, and then translate it into quantum-mechanical terms. This follows 
the well-trodden path of obtaining a Hamiltonian operator by first writing down 
the corresponding classical Hamiltonian function. 


There are many different effects to consider. Both the electrons and the nucleus in 
an atom are charged particles, which also behave as tiny magnetic dipoles. So 
both the electrons and the nucleus respond to the oscillating electric and magnetic 
field in an electromagnetic wave. However, we shall make some reasonable 
approximations. 


1. We neglect the response of the nucleus. This is reasonable because nuclei 
have much smaller charge-to-mass ratios than electrons. Their magnetic 
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dipole moments are also about 1000 times smaller than those of electrons. 
We shall therefore treat the nucleus of an atom as being fixed and 
undisturbed by the electromagnetic wave. 


2. We ignore the interactions between the electrons and the magnetic field part 
of the wave. This is reasonable because the magnetic interactions are much 
weaker than the interactions with the electric field. In a typical case, the rate 
of transitions caused by the magnetic field is about 10* times smaller than 
the rate of transitions caused by the electric field. 


3. We assume that the wavelength of the electromagnetic wave is much larger 
than the size of an atom. This is a good assumption for the types of radiation 
we shall consider; visible light, for example, has a wavelength that is about 
10^ times greater than the Bohr radius. 


With these assumptions, we need only consider the energy of interaction between 
the electrons in an atom and the oscillating electric field of the electromagnetic 
radiation. According to Point 3, this field is effectively uniform in the vicinity of 
the atom at each instant. 


In a uniform electric field £, an electron of charge —e experiences a force 

F = —e E. This force is minus the gradient of a potential energy function. If the 
electron has zero potential energy when placed at the origin, it has potential 
energy 


F:r-—e£&-:r 


at position r. So the total potential energy of all the electrons in an atom due to 
their interaction with the electric field in an electromagnetic wave is 


V(t) =e) ,£(t ra (8.1) 


where E(t) is the common electric field experienced by all the electrons in the 
atom due to the electromagnetic wave, r; is the position of the ith electron, and 
the sum is over all the electrons. We can now state our key approximation, called 
the electric dipole approximation: we assume that the time-dependent potential 
energy of interaction between the atom and the electromagnetic wave is given by 
Equation 8.1. With the origin fixed at the nucleus, we call —e» 7; r; the electric 
dipole moment of the atom and V (t) is the electric dipole potential energy. 


You might wonder whether the slight distortion of the electron cloud caused by 
the applied electric field will modify the kinetic energies and electron-nuclear 
potential energies within the atom. However, such effects turn out to be negligible, 
giving a very simple result: the total Hamiltonian operator of the atom in the 
presence of an electromagnetic wave takes the form 


fi) = BU 1 vo, (8.2) 


where go is the Hamiltonian operator in the absence of external fields, and V (t) 


is the electric dipole potential energy of the electrons, given by Equation 8.1. 


This is the first time in the course that you have seen a time-dependent 
Hamiltonian operator. Just as in the time-independent case, we can write down 
Schródinger's equation 
OV «x 
ih — = H(t) Y 8.3 
ih-- = HOY, (8.3) 
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so the Hamiltonian operator determines the time-development of the wave 
function. In the time-dependent case, we cannot separate Schródinger's equation 
into position-dependent and time-dependent parts, and so we cannot write down a 
time-independent Schródinger equation. However, this will not prevent us from 
using Schródinger's equation directly to estimate the probability that a light wave 
induces a radiative transition between two given states. 


Equation 8.3 is, of course, harder to solve that the corresponding equation for an 
isolated atom. We therefore need to make further approximations. We shall 
assume that the second term in Equation 8.2 is small compared to the first, so that 


(0) 


~(0 TAM 
we can treat H`” as our zeroth-order approximation, and V(t) as a perturbation. 
We are therefore led to consider the use of perturbation theory. 


8.2 Time-dependent perturbation theory 


Chapter 3 introduced perturbation theory in the context of the time-independent 
Schródinger equation, telling us how much a time-independent perturbation shifts 
the energy eigenvalues. This was time-independent perturbation theory. 


We now introduce time-dependent perturbation theory, which applies to 
Schródinger's (time-dependent!) equation and determines how a time-dependent 
perturbation influences the wave function of a system. This approximation 
scheme was devised by Paul Dirac in 1926. 


The following subsection presents first-order time-dependent perturbation 
theory, and hence provides the tools needed to analyze the effect of a light 
wave on an atom. The key results are given on page 205 in the box that 
includes Equation 8.20. You should read the argument that leads up to this 
result, as this will help you understand its meaning and significance, but you 
will not be asked to reproduce steps in the derivation. 


8.2.1 Solving Schrodinger’s equation 


We consider a system described by a Hamiltonian operator like that in 
Equation 8.2: 


(0) 


H(t) =H + V(2), 


where m" is the unperturbed Hamiltonian, and V(t) = V(t) is a time-dependent 
perturbation. Note that the unperturbed Hamiltonian is independent of time, 
while the perturbation is time-dependent. Following the convention adopted for 
time-independent perturbation theory in Chapter 3, quantities that do not depend 
on the perturbation are indicated by a (0) superscript. 


The exact form of Schródinger's equation is 
QV (x, t) 
Ot 
where, for simplicity, we have written the wave function as depending on only one 


spatial coordinate, x. It will be straightforward to extend our results to more 
complicated cases later. 


ih = H(t) W(z, t), (8.4) 


8.2 Time-dependent perturbation theory 


If the perturbation were absent, Schródinger's equation would reduce to 


(0) 5 
i = we = 1 vO (e,t), 


which is simpler because the Hamiltonian operator does not depend on time. The 
stationary-state solutions of this unperturbed Schrödinger equation are 


Vi (z,t) = vale) eB", (8.6) 
where Æp is an energy eigenvalue and y(x) is the corresponding energy 
eigenfunction, a solution of the time-independent Schrödinger equation 

a (0) 

H "vx(z) = Ex vix). (8.7) 


We assume that the energy eigenfunctions (x) form a complete orthonormal 
set, so that any function can be expressed as a linear combination of them. In 
particular, the exact wave function of the system can be written as 


t) = So ce(t) exo) 
k 


where the coefficients c;,(t) are functions of time. In fact, it will turn out to be 
convenient to write these coefficients as 


ex(£) = ax(t) e 19/9. 


so that the exact wave function is expressed as 


t)= `> ax(£) by (x) e A, (8.8) 
k 


(8.5) 


€ How does this wave function differ from all those presented in the course 
so far? 


O The coefficients a; (4) depend on time. 


At each instant t, the wave function V(z, t) in Equation 8.8 is a linear 
combination of the unperturbed stationary-state wave functions, with coefficients 
aj, (t). If there were no time-dependent perturbation, these coefficients would be 
independent of time; their time-dependence arises because the perturbation 
depends on time. Assuming that the unperturbed energy eigenfunctions and 
eigenvalues are known, the coefficients a;(t) provide the missing information 
about how the state of the system evolves in time; they are the functions we need 
to find. 


To obtain an equation for the a(t) functions, we substitute Equation 8.8 into both 
sides of the exact Schródinger equation (Equation 8.4). The left-hand side of 
Schródinger's equation ji 


OW (x, t) 


ih a : he xe ax(£) dex e HExt/h 
= -alY C _ ike 2) iy (x) e Ee 
= p ds —iEpt/ħ 
us (nis a Ex ay(t ) Vx(z)e Re”. (8.9) 
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Similarly, substituting Equation 8.8 into the right-hand side of Schrédinger’s 
equation gives 


H w(z,t) =H Y ^ ag(t) vx (z) e P: 


k 
=P (H(A + V(t) us (o) e iet 
k 
= Yat) (Ex + P(A) us (a) eh, (8.10) 
k 


where the last step follows because v; (x) is an eigenfunction of the unperturbed 
Hamiltonian (Equation 8.7). 


Now we can equate the two sides of Schródinger's equation. The final expressions 
in both Equations 8.9 and 8.10 involve identical sums involving £j a;(t) which 
cancel out, so we are left with 


d f = : 
x (0 9 at z) e iErt/h — y^ a(t) V(t) pela) eFt. (8.11) 
k 
The unperturbed energy eigenfunctions are orthonormal: 
[8 vala) da = bu, 


so multiplying both sides of Equation 8.11 by v7; (a) and integrating over all x 
gives 


,, dax (t) ~iByt/h — +, Dan (E) | ign 
>in fme =h 


sjane h] “a O T 
k —oo 
Using the notation 
Vatt qu VO uc T EO (8.12) 


and defining wng = (En — E;)/h, our final result can be expressed as 


I 


: ox Vax(£) as (t), (8.13) 


where V,,;,(t) is called the nk-matrix element of the perturbation. 


Now, let us suppose that the perturbation is introduced at time t = 0 and that at 
earlier times the system is in the ¿th unperturbed stationary state of energy E;. 
Then the initial wave function, just as the perturbation is switched on, is 


V(z,0) = vi(x) e iEit/h. (8.14) 
@ Express Equation 8.14 in words. 


O The system at time t = 0, just as the perturbation is turned on, is in the ith 
stationary state of the unperturbed system. 


8.2 Time-dependent perturbation theory 


Comparing with Equation 8.8, we obtain the initial condition 
aj, (0) = Ong. (8.15) 


Solving Equation 8.13 subject to this initial condition would give us an exact 
solution of the full Schródinger equation, but would be a difficult task. In 
perturbation theory, we are looking for approximate solutions starting from 
the assumption that the perturbation is small. With this in mind, we write the 
coefficients as 

ay(f) = dpi tay (f) +, (8.16) 
where at? (t) is a first-order correction, and the dots signify the small higher-order 
corrections that could be included in principle. The first term, ó;, represents the 
coefficient before the perturbation is switched on (Equation 8.15). 


Substituting Equation 8.16 into Equation 8.13, we obtain 


pion | E ad V e ) Ski J P2 V (t us 4) 4 t)+ TOME (8.17) 


The second sum on the right-hand side involves one small quantity, Vj. (1), 
multiplied by another, a (t): small x small = very small. To obtain a consistent 
‘first-order’ approximation, we drop this sum. Noting that the delta function kills 


off all terms in the remaining sum except for the term with k = i, we obtain 


des (0. oia 
i = em Vat), d 
i—f 05 Vat) (8.18) 
which can be integrated to give 
NE LANI. 
a(t) = — Í enit V. i(1^) At. (8.19) 
ih Jo 


Here, we have put a prime on the dummy variable of integration to distinguish it 
from the time ¢ at which we want to evaluate the coefficients, which appears in the 
upper limit of integration. The lower limit of integration is the time when the 
perturbation is switched on. We can now collect everything together. 


First-order approximation for the wave function 


If the system is initially in the ?th unperturbed stationary state, and a small 
perturbation V (t) is switched on at time t = 0, then the wave function of the 
system at a later time 1 is 


DES as(£) vk (x) e PU, (Eqn 8.8) 
k 
where, in our first-order approximation, 


amu. D fuse the index i of th 
alt) c ó *x] el^&i* y, (t due 8.20 o not confuse the index 2 of the 
aci 0 le) fe niin state withi = VT. 


with Vgi(t’) = Ghi V(t^)|;). This approximation is valid so long as the 
first-order corrections Oe (t) all remain small (that is, < 1). 
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Exercise 8.2 Suppose that V;,;(t) 4 0 in general, but V;;(t) = 0 for a specific 
matrix element with j Æ i. Will aC? (t) become non-zero according to first-order 


perturbation theory? E 


8.2.2 The probability of making a transition 


Time-dependent perturbation theory tells us how the wave function of a system 
responds to a time-dependent perturbation. Using this theory, we can estimate the 
probability that an atom exposed to a light wave will make a radiative transition to 
a state of higher energy (absorption) or to a state of lower energy (stimulated 
emission). 


Strictly speaking, the presence of a time-dependent perturbation prevents us from 
defining precise energy levels for an atom. The mathematical reason is that the 
perturbation renders the Schrödinger equation non-separable, so we are unable to 
derive a time-independent Schrödinger equation. In more physical terms, the 
perturbation makes it impossible to distinguish the energy of the atom from the 
energy of the light wave that it interacts with. If the perturbation is very small, we 
may approximate the possible energies of the atom by the eigenvalues of the 
unperturbed Hamiltonian. More generally, we will suppose that the light source is 
switched off at time t, and that the energy of the atom is measured immediately 
afterwards. Although the atom is then unperturbed, its history of being exposed to 
light in the time interval between 0 and ¢ has caused its wave function to evolve 
into the linear combination of stationary states given by Equations 8.8 and 8.20. 


We use the symbol P; , p(t) to denote the probability that an atom, initially in 
state i at t = 0, will be found to be in the state f at time t, immediately after the 
perturbation has been switched off. This probability is given by the general 
overlap rule of quantum mechanics. Applying this rule to the wave function 

V (z, t) obtained from first-order time-dependent perturbation theory, we see that 


Prop (t) = Kor)? = lag. (8.21) 
Combining this with Equation 8.20, we reach the following conclusion: 


First-order probability of a transition 

If a system is initially in state 2 at time t = 0, the probability that it will be 
found to be in state f Z i at time t is 

2 


RN eee, 
Pos) = / gf Verts (8.22) 


E 
where V (t) is the time-dependent perturbation that drives the transition, 
Vr(t) = Gg] V (t^) |i) and W fi — (Er = Ej) /h. 


Exercise 8.3 A system is initially in the state 7. A perturbation is switched on 
at t = 0 and has the constant matrix element Vj;(t) = U until time t, when it is 
switched off. Show that the probability of the system being in state f at time t is 


O V? ELE 


P,. z(t) m h2 (wf: /2) 
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8.2 Time-dependent perturbation theory 


Hint: You may assume that P; , ; < 1. It will be useful in this exercise, and also 
later in the chapter, to note that 


et] = ee(eny2 — gnum = 9ieiet/? sin(at/2). (8.23) 


for any a. a 


8.2.3 Transitions induced by monochromatic light 


We now turn to the case of major interest: transitions between atomic states 
that are driven by an electromagnetic wave. In this case, the time-dependent 
perturbation is given by the electric dipole approximation of Section 8.1.2: 


Vite s- E) ens (Eqn 8.1) 


For simplicity, we consider a case where only one electron matters. This may be 
because the atom has only one electron, as in hydrogen or He*, or because it has a 
single valence electron, as in sodium or potassium. The perturbation then becomes 


Vit) &e£(t)-r, (8.24) 
where r is the position vector of the electron. 


The electric field E(t) depends on the nature of the light encountered by the atom. 
The simplest case is monochromatic linearly polarized light, which corresponds to 
an electric field vector oscillating sinusoidally at a single frequency in a fixed 
direction. Taking the direction of polarization to be the z-direction, we then have 


V(t) = e E cos(wt) z. (8.25) 


In this expression, £o and w are the amplitude and angular frequency of the 
light, and z is the z-component of the electron's position relative to an origin at 
the nucleus. Since V (t) is a quantum-mechanical operator (it is part of the 
Hamiltonian operator), we can also write 


V(t) = e Ep cos(wt) Z. (8.26) 


The operator Z just tells us to multiply by z, so the hat could be omitted. However, 
including it makes it clear that V (t) is just some numerical factors times the 
simple quantum-mechanical operator Z. 


Now, let us see what effect this perturbation has on an atom initially in the state 7. 
Combining Equations 8.22 and 8.26, we see that the transition probability from 
state i to state f is 


2) 


t 
P;— s(t) = | plz be) |? f efi cos(wt!) dt| . (8.27) 


gu 
nm» 
We shall now consider separately the consequences of two important terms in 
this equation. First, there is the matrix element (1/7|Z | vj), which affects the 
magnitude of the transition probability, but is independent of angular frequency or 
time. Second, there is the integral, which contains the time t in its upper limit, and 
therefore tells us how the probability of the atom being in state f depends upon 
time. We shall consider the matrix element first and then come back to consider 
the time-dependence. 
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Essential skill 

Determining whether a 
transition between two states is 
allowed by the electric dipole 
approximation and first-order 
perturbation theory 


The factor 1/4/47 in vi, and Wos 
is the Yoo spherical harmonic. 
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8.3 Selection rules for radiative transitions 


When we examine the spectra of quantum systems, whether they be atoms, 
molecules or nuclei, we generally see a complex pattern of spectral lines. 
Although the number of spectral lines can sometimes be vast, the number of lines 
observed is much smaller than the number we would expect if transitions between 
all energy levels were possible. In general, there are many pairs of energy levels 
for which there are no discernible spectral lines. This is because selection rules 
exist, which restrict radiative transitions to special pairs of quantum states. We 
can now understand the origin of these rules. Looking back to Equation 8.27, we 
see that: 


The first-order probability for a transition between states ? and f will vanish 
if the matrix element (vy|Z |v;) is equal to zero. This is true for both 
absorption and stimulated emission, driven by monochromatic light, linearly 
polarized in the z-direction. 


The following worked example illustrates how this principle works for a transition 
between two particular states in a hydrogen atom. 


Worked Example 8.1 


Show that weak, linearly polarized light cannot excite a hydrogen atom in its 
Us ground state to a Ys state. 


Solution 


With no loss of generality, we can take the light to be polarized in the 
z-direction, and we then need to calculate the matrix element (v»,|Z |q1s). 
The hydrogen atom wave functions are given in Tables 1.1 and 2.1 as 


D e 1 
= = 2 — mado — 
Vis W1,0,0 (=) e x Jar’ 


jode r ic 1 
= =p j| Sa eem ug ee 
Ws W2,0,0 ( 2a ) ( 2a ) Jar 


Using spherical coordinates to write z = r cos 0, the required matrix element 


1S 
3/2 
(Vos | Z | Vis) = - ( : ) I 


2 
2a 


where 


27 T le) 
Is | f | (1 = x.) e-7/2*0 cos 9 e-7/ r? sin 6 dr dO dọ. 
o0 Jo Jo 2ao 


Separating the integrals over different variables, we get 


a T 2n 
Ds l ue (: a =) e™"/2a0 o—r/ao ar f cos ô sin 0 dé dọ. 
0 2ao 0 0 


8.3 Selection rules for radiative transitions 


If any one of these integrals is zero, the transition will not be allowed. Let's 
look at the integral over 0. Using a trigonometric identity, we have 


1 


Ts 4 T . 1 T 
[ cos ø sin 0 d0 = zd sin(20) d9 = — |cos(20) = 


Remember: 
sin(20) = 2sin 0 cos 0. 


It therefore follows that the matrix element (Wəs| Z |v1,) = 0. This means 
that the transition will not take place, at least within the approximations 
assumed here (the electric dipole approximation and first-order perturbation 
theory). 


Often, when integrals vanish, there are shortcuts that involve the use of symmetry 
arguments. This is the case here. The 1s and 2s hydrogen atom eigenfunctions 
depend only on r = 4/z? + y? + z?, so are unchanged by the operation z — —z, 
which reverses the sign of z. However, the perturbation is proportional to z and 
does change sign under this operation. The integral over all space of three 
functions, two of which do not change sign when z — —z and one of which 

(z itself) does change sign, must be zero and hence (v»,|Z |V1,) = 0. 


The above calculation was made using an approximation that includes only the 
effects that are normally dominant. We found that a particular transition does not 
take place within this framework. This means that the transition is either totally 
forbidden, or is very weak, driven by effects we have neglected. For example, it is 
possible for transitions to occur via the magnetic field in light or via higher-order 
effects in perturbation theory. When this happens, the associated spectral lines 
are generally very weak (perhaps 10 000 times weaker than normal lines) and 
may pass unnoticed. To avoid distracting caveats, we shall say that a radiative 
transition is forbidden if it is not allowed by the electric dipole approximation 
and first-order perturbation theory. This does not imply that it is completely 
impossible. 


The calculation in Worked Example 8.1 can be generalized to deal with radiative 
transitions between any pair of energy states in a one-electron atom. We know 
that the general form of such a state is 


Vilbel fs 0, o) E Rar) Yim(0, Q). 


So, for a transition from an initial state 


Vi s nct 0, Q) 


to a final state 


Vr zm Vn pl p mg (r, 0, $), 


the appropriate matrix element of z = r cos @ is 
oo 
(yl 21s) = | Rau Rar) rh dr 


2m pm 
<f T Yi m, 9) cos 0 Yi, m; (0, 9) sin 0 dé do. 
o Jo 
(8.28) 
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Remember: 
el? — cos $ + isin $. 
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Just as in the worked example, the selection rules arise from the angular integral. 
Now, it can be shown (though we shall not do so) that spherical harmonics Yim 
have the following property: 


cos 0 Yi (0, $) = CimYi+1,m(0, Q) E Dim Yi-i;m (0, $), (8.29) 


where Cim and Dım depend on the indices l and m, but are not functions of 0 
and ¢. Substituting this relationship into the angular integral in Equation 8.28, we 
get two integrals of the form 


27 T 
Le f f Y? m, (0,6) Vitis (0, 6) sin 8 d9 dó 
0 0 
and 


2T T 
Dim, 1 f Yë m, (0,6) Yi 10 (0,6) sin 0 d9 do. 
0 0 


However, we know that different spherical harmonics are orthogonal to one 
another, so it follows that the angular integral in Equation 8.28 will vanish unless 
the following conditions are met: 


lg =U, 41 and Mf = Mi. (8.30) 


These are the selection rules for light that is linearly polarized in the z-direction 
(and propagates perpendicular to the z-direction). It turns out that the rule 

lg = li £ 1 is completely general, and applies for all directions of polarization, but 
the rule mf = m; applies specifically to linear polarization in the z-direction. 


Exercise 8.4 Derive the selection rule for the magnetic quantum number m in 
Equation 8.30 without using Equation 8.29, but using the fact that Yim (0, 9) is a 
function of 0 times e 1o, 


What happens if the light is linearly polarized in some other direction? To take a 
definite case, let us suppose it is linearly polarized in the x-direction. In this case, 
the relevant matrix element is 


QrIx|v;) = (r|rsin8 cos ó|v;) 


= ; [(vylrsin Oe lay) + (vy|r sin 0e 9y;)]. (8.31) 


A detailed calculation, similar to that given for linear polarization in the 
z-direction, then leads to the selection rules: 


lp —ü +1 and Mp = mi € 1, (8.32) 


and of course, the same results apply for linear polarization along the y-direction. 


Exercise 8.5 Use Equation 8.31 to prove the selection rule for the magnetic 
quantum number m for light that is linearly polarized in the x-direction. | 


You may recall from Chapter 6 of Book 2 that circularly polarized photons can be 
regarded as being in a superposition of two linearly polarized states with a relative 
phase factor of 7/2. From a classical perspective, circularly polarized light 
propagating in the z-direction is a superposition of waves that are linearly 
polarized in the x and y-directions. It therefore obeys the selection rules of 
Equation 8.32, rather than Equation 8.30. 


8.4 Absorption and stimulated emission 


We can understand this result as follows. A circularly polarized photon 
propagating in the z-direction carries a z-component of spin angular momentum 
that is equal to +A for left-handed circular polarization, and is equal to —A for 
right-handed circular polarization. Hence, when an atom absorbs a circularly 
polarized photon travelling along the z-axis, the law of conservation of angular 
momentum requires the z-component of the angular momentum of the atom to 
change by +f. This is achieved by an electronic transition in which m changes by 
+1. The magnetic quantum number m may increase or decrease, depending on 
the handedness of photon, and whether it propagates in the positive or negative 
z-direction. 


We can now summarize the selection rules that apply to one-electron atoms for 
light of any polarization or direction of propagation. These selection rules assume 
that the electric dipole approximation and first-order perturbation theory are both 


valid. 
Selection rules for a one-electron atom Our discussion has centred so 
lp =l41 and mp=m;—1,m;orm +1. (8.33) far on absorption and stimulated 
emission, but we shall see 
The ‘or’ is inclusive; for example circularly polarized light propagating in that these rules also apply to 
the x-direction produces all three of the possible changes in m. spontaneous emission spectra. 


Exercise 8.6 (a) Would you expect linearly polarized light to excite a helium 
atom from a singlet state to a triplet state? 


(b) Given your answer to part (a), how might triplet states be produced (starting 
from a helium atom in its ground state)? a 


In connection with Exercise 8.6 we note that: 


1. It is a striking experimental fact that the spectrum of helium appears to 
contains two apparently independent sets of spectral lines: one associated 
with transitions between singlet states, and another associated with 
transitions between triplet states. There are no spectral lines corresponding 
to transitions between singlet states and triplet states. This fact provided 
many important clues about the existence of spin and the properties of 
identical particles in the early days of quantum mechanics. 


2. The helium spectrum normally seen in a laboratory experiment arises from 
the spontaneous emission of photons from helium atoms that have been 
excited by an electrical discharge; the selection rules for spontaneous 
emission are the same as for absorption and stimulated emission. 


8.4 Absorption and stimulated emission 


Let's return to our expression for the probability of a transition from state i to 
state f in the presence of monochromatic light of angular frequency w, linearly 
polarized in the z-direction: 


2 


202 t 
a CATAN f gerit cos(ut^) dt | . (Eqn 8.27) 
0 


h2 


P(t) = 
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Ey final 

Ej initial 
(a) wg > 0 

Ej initial 

E $ —_—u—“e — final 
(b) wy, < 0 


Figure 8.6 Transitions 
from an initial state 2 to a 
final state f: (a) absorption 
(Ey > Ei); (b) stimulated 
emission (Ey < E;). 
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This expression is based on the electric dipole approximation and first-order 
time-dependent perturbation theory. So far, we have looked at the matrix element 
(Vr|Z |v;) and have seen that this can vanish, leading to selection rules. Now we 
shall look more closely at the rest of the expression, especially the integral, which 
will tell us how the transition probability depends on angular frequency and on 
time. 


We can evaluate the integral by noting that 
eit |. =) ei(a+8)t 4 gi(o—8)t 


eiat cos(Gt) = el^t ( 


2 2 
Hence 
DERE UM aes Fd i 
/ el pit cos(wt’) dť = 2 (eterno TS eléeri-o)t ) dt 
1 el(wpitw)t! elwpi—w)t! i 
2i Wr tw 3 wfi-w |. 
7 1 el(writw)t =j eie ri-w)t —1 
^ 1280 wfi tw Wf, — w 


Writing zr; = (Y| Z |v;), we conclude that the transition probability is 


e?&2|zg|? ei(esert i elna : 


(8.34) 


W fi tw Q pi — W 


This formula shows that the transition probability is a function of the angular 
frequency w of the light, and of the time ¢. This is not surprising: we know that 
we have to choose the frequency of the light very carefully to induce a particular 
transition, and we would expect the probability of finding an atom or molecule in 
a given final state to depend on how long it has been exposed to the light. 


Let us fix the time t and see how the transition probability depends on the angular 
frequency w of the light (which we take to be a positive quantity: w > 0). Large 
effects may be observed when one of the denominators inside the modulus in 
Equation 8.34 becomes very small. There are two cases to consider, illustrated in 
Figure 8.6. 


1. Absorption  Ifthe energy of the final state is greater than that of the initial 
state, we have Ey > E; and vr; > 0 (Figure 8.62). In this case, the second 
denominator in Equation 8.34 becomes small when wp; — w ~ 0. The 
second term inside the modulus sign is then much greater than the first, 
which can be ignored. Since the energy of the atom is increased, this process 
corresponds to the absorption of light. 


2. Stimulated emission If the energy of the final state is less than that of the 
initial state, we have E; < E; and vy; < 0 (Figure 8.6b). In this case, the 
first denominator in Equation 8.34 becomes small when cy; + w ~ 0. The 
first term inside the modulus sign is then much greater than the second, 
which can be ignored. Since the energy of the atom is decreased, this 
process corresponds to stimulated emission of light. 


We shall focus on the case of absorption in the regime where w ~ wy;. Under 
these circumstances, the atom is said to be in resonance with the electromagnetic 


8.4 Absorption and stimulated emission 


wave, and the first term inside the modulus sign of Equation 8.34 can be 
neglected. Multiplying both the denominator and numerator by £2, P; , f(t) then 


becomes 
2 
essa el(wpi—w)t =] 
P(t) = 2 8.35 
iat) Ah? (wy; — w)t (8-33) 
This can be tidied up a bit using Equation 8.23: 
Jei — il = ie sin(at/2)|° 
= 4|ei**? ? | sin(at/2)|? = 4sin?(at/2). 
Hence 
2621, 1272 [si ole role 


4h? (wg; — w)t/2 


The resulting transition probability is plotted against w in Figure 8.7a, and 
Figure 8.7b shows how this function narrows and becomes more peaked around 
w = WF; as time progresses. Notice the following: 


e The transition probability has a maximum at w = wy;. The peak value of the 
transition probability increases with time, being proportional to 2. 


SU 


EY 


(a) 


1 Pipit) 


EY 


(b) 


Figure 8.7 (a) The first-order transition probability close to resonant absorption 
plotted against the angular frequency w of the radiation. (b) Comparison of F_, f 
at two different times, t = tı and t = 214. 
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e [tis not essential for the photon energy fw to match the energy difference 
between the levels hw; exactly. The frequency range of the radiation that 
contributes significantly to absorption is of order 47 /t, where t is the time 
since the perturbation has been switched on. This range is inversely 
proportional to the time. 


Exercise 8.7 A two-level system is perturbed by interaction with 
electromagnetic waves. What range of angular frequencies can drive a transition 
between the two levels if the wave is switched on for (a) t = 3 x 10714 and 
(b) t= 3 x 1078s? " 


Let us fix the angular frequency w and see how the transition probability depends 
on time. First, consider the peak value, which occurs when w is exactly equal 
Pit) to wpi. At this angular frequency, the function inside the large square brackets of 
Equation 8.36 takes the limiting value of 1, so the transition probability is 
proportional to t?. However, this behaviour is exceptional. More typically, w 
is close to, but not quite equal to cy;. In this case, the transition probability 
will be zero whenever sin|(wy; — w)t/2] = 0, i.e. when (wy; — w)t/2 isa 


T-Y 


on/(upi —w) multiple of 7. As a result, P;— ¢(t) oscillates as shown in Figure 8.8. It reaches its 
maximum value at t = 1/|w ; — w|, and then starts to decrease, reaching zero at 
Figure 8.8 The first-order t = 2n/|wgi — wl]. 
transition probability close to 
resonant absorption plotted Exercise 8.8 A two-level system with w21 = 2.0 x 101? s^ interacts with a 
"kie icli — 104-1 : 

against time at a fixed angular monochromatic light wave of angular frequency w = 1.9 x 10s ^. What is the 
frequency close to, but not equal Minimum interaction time needed to maximize the transition from the ground 
to, ufi. state to the excited state? e 


No doubt this behaviour seems rather strange, but effects like these are actually 
observed when monochromatic light from a laser source is used. More usually, 
the light source is not monochromatic, but has a range of different frequencies and 
something rather different is seen. Ordinary light, such as that emitted by an 
electric light bulb, covers a range of different wavelengths. To find the transition 
probability induced by such light, we must sum the expression in Equation 8.36 
over all relevant angular frequencies, w, while keeping wp; fixed. However, any 
light source will be more intense at some angular frequencies than others, and this 
must be taken into account. The details are rather intricate, and are not assessable, 
but are sketched below for completeness. 


1. In classical electromagnetic theory, monochromatic light with an electric 
Energy density is energy per field of amplitude € has a time-averaged energy density U = see). so £d 
unit volume. in Equation 8.36 can be expressed as 2U /£ọ. 


2. To describe non-monochromatic light, we introduce the spectral energy 
density function, u(w). This is defined in such a way that u(w) dw is the 
contribution to the energy density from a small range of angular frequencies, 
centred on w, of width dw. 


3. Using Equation 8.36, and bearing Points 1 and 2 in mind, the transition 
probability induced by light with a range of different angular frequencies is 
written as 


— 3e|zg|? [9 [sin (wri — w)t/2] pu " 
/ | (uy duo. 


Pi5r(t) E eohi2 Ufi =i 
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4. As t becomes large, the part of the integrand that does not involve u(w) 
becomes very strongly-peaked around w = cy; In this limit, u(w) can be 
replaced by the constant value u(wr;) and taken outside the integral sign. 
The remaining integral is not easy, but turns out to be well-approximated by 
71/2, so we have 


ne?|zgi[? 


Psy (t) = E0 h2 


uļwpi) t. 

5. Finally, we note that the calculation so far assumes that the light is linearly 
polarized in the z-direction. Most ordinary light sources emit unpolarized 
light. Taking the atoms to be bathed in isotropic, unpolarized light, it is 
appropriate to make the replacement |zr;|? — (Jæ pil? + |yril? + |25;|?)/3. 
Hence we conclude that 


ne? 


3egfi2 


Pi5g(t) = (rele E S I (8.37) 
This is the result we have been seeking for the transition probability between 
two given states ? and f, driven by electromagnetic radiation covering a 
continuous range of frequencies. The most important point is that the 
transition probability is proportional to time. This is just what we would 
expect intuitively, since it implies a constant probability per unit time for the 
transition. As always in quantum mechanics, we cannot say when the 
transition will occur for an individual atom, but we can talk about its 
probability per unit time. 


Because we started from Equation 8.36, our calculation applies specifically to 
absorption, but a parallel calculation, carried out for stimulated emission gives 
exactly the same formula. And, because |r;5|? = |y, ]|?, etc., the transition 
probabilities per unit time for absorption and stimulated emission between any 
pair of states are identical. The reason that light tends to be absorbed rather than 
emitted, when it is shone on a sample of matter, is simply that most atoms are 
initially in their ground states, and are unable to jump to states of lower energy. 
This situation is reversed inside a laser, where materials temporarily have an 
excess of atoms in excited states (a so-called population inversion); stimulated 
emission then becomes the dominant process and produces intense, coherent laser 
light. 


8.5 Spontaneous emission and the Einstein coefficients 


So far we have concentrated on two processes that take place in the presence of 
external radiation: absorption and stimulated emission. We have said very 

little about the third type of radiative process, spontaneous emission, apart 
from mentioning some of the difficulties in dealing with it. But it is, after all, a 
critically important phenomenon, being the process whereby excited atoms 
emit photons to yield their familiar emission spectra, such as the Balmer series 
of hydrogen, or the yellow sodium lines. It is also the process by which an 
atomic nucleus de-excites by emitting a gamma-ray photon. But in the quantum 
mechanics of the course so far, a stationary state of an isolated atom is just that: 
stationary. So what prompts a hydrogen atom in a 3d stationary state to emit a 
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The minus sign appears because 
absorption causes the number of 
atoms in state 1 to decrease. 


Bı and Bo, are called Einstein 
B-coefficients and A»; is called 
the Einstein A-coefficient. 
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photon of red light as it drops to the 2p stationary state? The key point is that no 
atom in the universe is truly isolated, because the vacuum itself is active. We had 
some hints of its activity in Chapter 4 where we saw how, according to quantum 
electrodynamics (QED), quantum fluctuations of the vacuum induce the Lamb 
shift in the hydrogen spectrum and slightly modify the electron magnetic dipole 
moment. The same fluctuations are responsible for prompting an atom in an 
excited stationary state to emit a photon. 


We cannot give here an account of quantum electrodynamics but we can give a 
general argument, due to Einstein in 1916, that relates the rate of spontaneous 
emission to the rates of stimulated emission and absorption. 


We start by considering, for simplicity, a collection of many atoms, each with two 
states, 1 and 2, of energies E, and Æ», with E» > E. Suppose that N; atoms are 
in state 1, and Np are in state 2. We also suppose that external radiation is present, 
and that it is characterized by a spectral energy density function u(w). This 
radiation will be absorbed by atoms and also stimulate them to emit radiation, but 
Einstein realized that spontaneous emission would be involved too. For the system 
to come to equilibrium, as it must, spontaneous emission must be related to the 
other two processes. In considering how this equilibrium comes about, Einstein 
discovered the link that allows us to calculate the probability for spontaneous 
emission in terms of the probabilities for absorption and stimulated emission. 


Einstein's first step was to write down plausible equations describing the rates of 
the three types of radiative process. He assumed that: 


1. Absorption The rate of transitions from state 1 to state 2 due to absorption 
is proportional to the number N; in state 1, and is also proportional to the 
spectral energy density of the radiation at the appropriate angular frequency: 


dN 
(2) = — Bia Ni (uw), (8.38) 
abs 


where B12 is some unknown coefficient and w21 = (E» — E4)/Rh. 


2. Stimulated emission The rate at which atoms leave state 2 due to 
stimulated emission is proportional to the number No in that state and 
to u(wo): 


dN. 
(S) = — Ba Nz u(wa1), (8.39) 
stim 


where Bo is another unknown coefficient. 


3. Spontaneous emission The rate of spontaneous emission is proportional 
to the number of atoms in the excited state, but is independent of the 
intensity of the external radiation (this is what it means to say that the 
process is spontaneous): 


dN: 

(=) = -Az No, (8.40) 
dt spon 

where A»; is a third unknown coefficient. 


Einstein’s argument relating the three coefficients B12, B21 and Ag to one 
another goes as follows. Let us suppose that the atoms are all in a box whose walls 
are at temperature T. The box also contains radiation which is in equilibrium with 
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the atoms and with the walls of the box. The radiation will induce absorption 
from atoms in the lower state and stimulated emission from atoms in the upper 
state. There will also be spontaneous emission from the upper state. However, 
eventually an equilibrium will be reached in which the numbers of atoms in the 
two states will remain constant. In this state of equilibrium, the absorption from 
state 1 must be balanced by the two types of emission from state 2. So we have 


avi) (aM X (av. 
dt abs i dt stim dt spon 


or, using Equations 8.38—8.40, 
Bio u(wa1) Ny = Boy u(wz1) No + A21 No. (8.41) 


The rest of the argument requires two pieces of knowledge from thermal physics 
that may not be familiar to you. We shall just quote the results that are needed. 
First, Ludwig Boltzmann showed in 1877 that, in thermal equilibrium at absolute 
temperature T', the average numbers of atoms in states 1 and 2 are related by 
—Ea/kT 
N2 = e- Ex/ — e~ (E2—E1)/kT LS hu /kT (8.42) 
Ny e-EUKT , 
where we have written E» — E, = hwo. This is the Boltzmann distribution 
law, and the constant k is Boltzmann’s constant. 


Secondly, Max Planck in 1900 showed that the spectral energy density of 
radiation that is in equilibrium with matter at temperature T' is given by 
ha? 1 
ulw) = 53 Suk LT (8.43) 


This is the famous Planck distribution law — the first equation in physics to 
involve Planck’s constant. 


Now let’s put all these results together. We rearrange Equation 8.41 to get an 
expression for u(w21), and use Equation 8.42 to get 


A21 
Bis en /kT — Boy 


u(w21) = (8.44) 


We can set w = w21 in Equation 8.43 and set the two expressions for u(w21) equal 
to each other: 


3 
m2e3 ehwoi/kT _ { Bis ehwn/kT _ Ba 


In order for this equation to be true at all temperatures, we must have 


huj 
Boy = Biz and Aoi = 72,3 Pu (8.45) 


The fact that Bj; = Dj» agrees with our previous finding that the transition 
probabilities for absorption and stimulated emission are the same. However, 

the second relationship, between *Einstein's A-coefficient’ and ‘Einstein’s 
B-coefficient’ is new, and is what makes Einstein's deduction so important. This 
relation tells us how to calculate the rate of spontaneous emission if we know the 
rate of absorption. 
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Comparing Equations 8.38 and 8.37, we see that the Einstein B-coefficient is 


given by 
ne 2 2 2 
By= Bega? ial + [vi]? + z121"), (8.46) 
and it follows from Equation 8.45 that the A-coefficient is 
ewh 2 2 2 
A21 = ang rl + |y1a|* + z121"). (8.47) 


The physical significance of the Einstein A-coefficient is that, if spontaneous 
emission from state 2 to state 1 is the only mechanism removing atoms from this 

This is just like the discussion of excited state, then Equation 8.40 gives 

radioactive decay in Chapter 1 

oBokl Nalt) = Na(0) emt 
so Ag; is a decay constant for spontaneous decay, inversely proportional to the 
average lifetime of an excited state. Equation 8.47 then shows that a state that is 
separated by only a very small energy from states with lower energy will be 
relatively long-lived. This is a very general result, and applies equally to the 
emission of light by excited states of atoms and the emission of gamma-ray 
photons by nuclei. 


Exercise 8.9 If the energy difference between two states of a nucleus were to 
be increased by a factor of ten, with everything else the same, by how much 
would the average lifetime of the state be changed? 


Exercise 8.10 Do the same selection rules apply for spontaneous emission as 
for stimulated emission? E 


Final remarks: Einstein, lasers, God playing dice, and all that 


We cannot omit mention of the fact that the 1916 paper by Einstein, in which he 
introduced the A- and B-coefficients that we have just discussed, had a richness 
and profundity that we cannot do justice to here. It also introduced the concept 
of stimulated emission for the first time; Einstein saw it as essential for the 
establishment of an equilibrium between matter and radiation. The consequences 
are with you every time you play a CD or DVD, since stimulated emission is the 
underlying principle of the laser. This paper was also the first to make probability 
an important part of our understanding of the quantum world; this was ironical 
from the man commonly identified as the one who could not stand the idea of 
*God playing dice’. 


At the end of the quantum journey 


We shall not cease from exploration 
And the end of all our exploring 
Will be to arrive where we started 
And know the place for the first time. 
T. S. Hliot, Little Gidding 
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This course began with spectra, the fingerprints of atoms that allow us to find 

the composition of the most distant visible galaxies. Spectra have again been 
centre-stage in this last chapter. Over the span of the three books, we have, step by 
step, filled in the gaps to provide explanations for these remarkable patterns of 
emission and absorption by quantum systems. 


The first step of the journey, taken in Book 1, was to show how discrete energy 
levels arise from the time-independent Schródinger equation. We concentrated 
mainly on one-dimensional situations and, in the context of a harmonic oscillator, 
you saw the first example of a selection rule. Book 1 also distinguished between 
stationary states and wave packets, and showed how the overlap rule allows us to 
predict the probabilities of possible experimental outcomes, a key ingredient used 
to calculate transition probabilities in this last chapter. 


Book 2 started by introducing a new language for quantum mechanics, replacing 
wave functions by vectors in an abstract vector space. The compact notation 
(~|@) has saved a lot of clutter ever since. Book 2 went on to introduce several 
key concepts needed in applications of quantum mechanics. Orbital angular 
momentum is needed to describe three-dimensional systems such as atoms, which 
have spherically-symmetric Hamiltonians. Both the magnitude and the individual 
components of orbital angular momentum are quantized but it is impossible to 
find states with well-defined non-zero values of two different components of 
angular momentum. In general, our ability to label energy eigenfunctions with the 
values of a given set of observables depends on whether the Hamiltonian of the 
system and the quantum-mechanical operators representing the observables form 
a mutually commuting set. 


We also saw that particles such as electrons have spin angular momentum, which 
behaves in many respects like orbital angular momentum, but is described using 
Dirac notation or matrices rather than wave functions. Identical particles have a 
special status in quantum mechanics, and a collection of electrons must be 
described by an antisymmetric total wave function. This led to the Pauli exclusion 
principle, which has profound implications for the electronic structure of atoms 
and molecules. 


Book 3 has demonstrated how quantum mechanics is used to model real systems, 
from the hydrogen atom to many-electron atoms, diatomic molecules and solids. 
It is possible to find exact energy eigenfunctions and eigenvalues for the Coulomb 
model of the hydrogen atom, but additional small effects, not included in the 
Coulomb model, place exact solutions for the hydrogen atom beyond our grasp. In 
more complicated systems, it is never possible to obtain exact solutions, and this 
is why approximation methods are so important. Time-independent perturbation 
theory gives the approximate energy levels of a system in the presence of a small 
time-independent perturbation. We concentrated on the first-order estimate of the 
energy levels, but perturbation theory can also provide a series of higher-order 
corrections that systematically improve our estimates. Alternatively, we can 

use the variational method; this is especially valuable for ground states, but it 

is also used for excited states, with less guarantee of success. The ability of 
quantum mechanics to provide good approximations in complex situations is 
well-illustrated by the band-structure diagram of copper (Figure 7.10) — here, 
there is excellent agreement between theoretical predictions and experimental 
data, in spite of the fearsome complications of electron-electron interactions. 


219 


Chapter8 Light and matter 


Finally, arriving at this last chapter, we have taken it for granted that an atom will 
have a series of quantum states whose approximate energies are known. We then 
let the atom interact with electromagnetic radiation. To deal with this situation, a 
new approximation method was introduced — time-dependent perturbation 
theory. Using this method, together with the electric dipole approximation, we 
predicted the transition probabilities associated with the absorption and stimulated 
emission of light. In particular, we derived some selection rules that govern these 
processes. The remaining puzzle was the process of spontaneous emission. While 
this process is ultimately explained by quantum electrodynamics, a consistency 
argument due to Einstein connects spontaneous emission to absorption and 
stimulated emission, and allows us to predict the rate of a given spontaneous 
transition. In particular, the selection rules for spontaneous emission are the same 
as those for absorption or stimulated emission, allowing us to explain the overall 
pattern of spectral lines emitted by excited atoms. 


Of course, the story of spectra is only one facet of quantum mechanics. You have 
also seen how scattering is described in quantum mechanics, how tunnelling 
explains the working of the scanning tunnelling microscope, how atoms form 
Bose-Einstein condensates and how silicon conducts electricity. Not least are 
the new developments described at the end of Book 2; developments such as 
quantum cryptography, quantum teleportation and quantum computing, which 
deeply challenge our intuitions, but seem likely to be of increasing technological 
importance in the quantum world. 


Summary of Chapter 8 


Section 8.1 There are three types of radiative process: absorption of light, 
stimulated emission of light, and spontaneous emission of light. The first two of 
these can be analyzed in terms of the interaction between an atom (treated 
quantum-mechanically) and external radiation (treated classically). This is done 
in the electric dipole approximation, which represents the atom-light interaction 
by a time-dependent potential energy term 


V(t) = e DEW) ri, 


where E(t) is the electric field at the position of the atom and r; is the position of 
the ith electron. 


Section 8.2 If the electric dipole interaction is small, its effect can be 

found using time-dependent perturbation theory. This allows us to obtain an 
approximation for the wave function in a system that has been exposed to a 
small time-dependent perturbation. The overlap rule allows us to calculate the 
transition probability from an initial state to a final state. For monochromatic 
light, polarized in the z-direction and switched on at time 0, and off at time t, the 
probability of a transition from state ? of energy E; to state f of energy Ey is 


ees " 3 t — f , 2 
Pipl) = 559 ol) j eni aiad , 


where £ is the electric field amplitude and wp; = (Ey — E;)/h. 
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Section 8.3 If (/7[Z|v;) = 0, light polarized in the z-direction does not induce 
first-order radiative transitions between states 7 and f, and the transition is said to 
be forbidden. The general rules restricting transitions between quantum states are 
called selection rules. For a one-electron atom, the selection rules are: ly = l; + 1 
and my = mi — 1, mj or mj + 1. For some directions of polarization, the changes 
in m may be further restricted. 


Section 8.4 The probability that monochromatic radiation induces a radiative 
transition (either absorption or stimulated emission) depends on the angular 
frequency of the radiation, and on time. For monochromatic radiation, first-order 
perturbation theory predicts a transition probability that oscillates in time, but 
ordinary (non-monochromatic) light produces a transition probability that is 
proportional to time. 


Section 8.5 The rates of radiative processes can be expressed in terms of 
various coefficients: B-coefficients for absorption and stimulated emission, and 
A-coefficients for spontaneous emission. Assuming a state of equilibrium, 

and using the Boltzmann and Planck distribution laws, Einstein related 

these coefficients to each other. This provides a way of calculating the rate 

of spontaneous emission in terms of the rate of absorption (or of stimulated 
emission). 


Achievements from Chapter 8 


After studying this chapter, you should be able to: 


8.1 Explain the meanings of the newly defined (emboldened) terms and 
symbols, and use them appropriately. 


8.2 Describe the three processes that occur when light interacts with matter. 
Recall the difference between radiation produced by spontaneous emission 
and stimulated emission. 


8.3 Give an account of the electric dipole approximation and the assumptions 
underlying it. 
8.4 Give a qualitative description of time-dependent perturbation theory. 


8.5 Apply time-dependent perturbation theory to simple problems in which the 
effects of monochromatic light are treated as a perturbation. 


8.6 Explain how the electric dipole approximation leads to selection rules for 
linearly and circularly polarized light. 


8.7 Apply selection rules to determine whether specific transitions are allowed 
or forbidden. 


8.8 Give an account of the transition between states for stimulated emission and 
absorption for both monochromatic radiation and radiation covering a range 
of frequencies. 


8.9 Give an account of the Einstein coefficients. Explain the basis for the 
relation between these coefficients that makes it possible to calculate the rate 
of spontaneous emission. 
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Solutions to exercises 


Ex l.l (a) If you turn to Equation 1.20, the 
right-hand side is unity, dimensionless, expressing the 
fact that the total probability of finding the particle 
somewhere or other is 1. In the integral, |x|? is 
multiplied by a volume element with dimensions of 
(length)?, so |y|? must have dimensions of (length) ?. 
It follows that w(r, 0, $) (or, indeed, w(x, y, z)) must 
have dimensions of (length) ?/ ? 


(b) The Laplacian is a second derivative with respect to 
length, and must have dimensions of (length) ?. 
Equation 1.17 tells us that X must have the same 
dimensions. 


Ex 1.2 The operator L involves differentiation with 
respect to @. It commutes with any operator that does 
not include a function of ¢ (derivatives with respect to à 
are harmless). Thus, 


LAN NA En PE 9? 
89 | sing 00 V ^ 88) ^ sin2809? 
= E inĝ 2 + Le 9 
~ [sin800 V — 80) T sin26 O82 | ag’ 
and so Lr = UL. 


With a spherically-symmetric potential energy function, 
the Hamiltonian operator H involves only terms in r and 


a2 
L . All of these terms are unaffected by differentiation 
with respect to à, so L, also commutes with H. 


: 22 : nf : 
Finally, L involves differentiation with respect to 0 and 
@. It therefore commutes with all r-dependent terms 
and (like any operator) it also commutes with itself. 


Thus, L commutes with H. 


Ex 1.3 Since 20h? corresponds to l = 4, we have, 
writing combinations as (l, m): 


(0,0), (1, —1), (1,0). (1,1), (2, -2). (2, 1). (2,0), 
(2.05 2,25 (8,53).(3,2)« (8,1), (350). (8,1). 
(3,2), (3,3), (4, —4), (4, —3), (4, —2), (4, —1), (4,0), 
(4, 1), (4, 2), (4,3), (4,4). 


Ex|.4 Substituting cos 0 for O(0) in Equation 1.34, 
differentiating and multiplying through by sin? 0, we 
get 


2sin? 0 cos 0 + m? cos 0 = I(l + 1) cos 0 sin? 0. 
This can be true for all 0 if and only if m = 0 and | = 1, 
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so, apart from a normalizing factor, cos 0 is ©; o, the 
solution of Equation 1.34 for | = 1 and m = 0. 


Ex1.5 (a) / takes the values 0, 1, 2,3, and in each 
case m takes the values of the positive and negative 
integers, including zero, with |m| < l. 


(b) In order of appearance in the text, Yo o, Y1.. 1 
and Y; , and, in Exercise 1.4, Y; o. 


(c) This has | = 2 and m = —1 and so is 
Yo. 4(0, 9) = J/ Æ cosb sin6e 9. 


Ex l.6 
[Yoo]? is 


2T 7 | 1 20 T 
/ f isnod = = f a f sin 0 d0 
0 0 Ar An 0 0 


1 
=— x27 x2=1, 
At 


(a) Yoo = 1/ v 47, so the required integral of 


where we have used 
27 


do —2- and | sin 0 d0 = 2. 
0 0 


To verify the normalization for | = 1, m = 1, note 
from a£ 1.1 that Y 1 = —4/ Š sin 0 etİ®, so 


Yi 1|? = Š sin? 0, which is LM of ó. Asa 
result, the normalization integral can be written as a 
product of a trivial ¢ integral and a less trivial 0 integral: 


2n T T 
ES asx | sin 0d8— = x2nx | sin? 0 dé. 
8m 0 0 am 0 

From the list of integrals given inside the back cover, 


we have 


| sin? z dz = d 
0 3 


So, putting the factors together, the normalization 


integral becomes 
3 4 


— xamx--—l, 
8T 3 


verifying that Y; ı is normalized. 


(b) To show that Yo,o and Y; ı are orthogonal, we must 
show that 


2m T 
1 f YooYià sin 0 dà do = 0. 
0 0 


The 0 integral cannot be zero since the sin 0 factor from 
Y; ı implies that the integrand is a constant times sin? 0, 
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which is always positive. We therefore consider the 9 
integral: 


Qn — 1 f 
J e* d$ = =[e" — e°] = [1 
0 1 


1 


This shows that Yoo and Yi ; are orthogonal. 
Ex 1.7 We have 

cos(x — 0) = — cos 0 

sin(z — 0) = sin 0 


eildtn) _ _ gid 


e2ildtm) — eit. 


Referring to Table 1.1, we see that, for m = 0, +2, the 
ġ-dependent term does not change sign under the 
transformation $ — $+ 7, and neither does the 
0-dependent term under 0 — a — 0. For m = +1, the 
$-term does change sign under the transformation 

$ — $ + 7, and the 0 term changes sign under the 
transformation 0 — m — 0. Hence, for all | = 2 
spherical harmonics, the overall sign is unchanged 
under the parity transformation. 


Ex1.8 All spherical harmonics Y;m (0, 9) have a 
factor e/"?, The other factor is independent of ¢. The 
complex conjugate Y", therefore has a factor eime, 
and the product Y,*, Y,,,, has a factor e 16 etm? — 1, 
so |Yim|* is independent of ¢ for all J and m. 


Ex 1.9 


(b) They have a common factor of sin 0, which is zero 
for 0 — 0 or 7, so are zero at the poles. Since sin 0 is 
greatest where 6 = 7/2, these spherical harmonics have 
their largest magnitudes in the equatorial plane. 


(a) The z-axis (see Exercise 1.8). 


(c) From Table 1.1, all of these have a factor of sin! 6, 
and so all are zero for 0 = 0 or 0 = m, i.e. ‘at the poles’. 


Ex|.I0 Yes, because J, (Y2o| T) + Yo1| )) isa 
number times (Ya | 1) + Y2,1| |)), as seen from 
Equation 1.46. The eigenvalue is Ih. 
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Ex l.11 
33,7 343. = (Le (o, + 8y) 
li (Ly + S, (Ls T $,) 
=£,, Got -8,8, 
+ ÎS, Sb 


The two zeros appear because orbital and spin operators 
commute with each other, so S;L, — L.S; = 0, for 
example. 


Ex 1.12 There are two ways of answering this 
question. The direct way is to write 


Ee ei reo 
and then use the commutation relations for orbital 


angular momentum (Equation 1.5) and the analogous 
relations for spin. This gives 


[j. £-8) = 


The alternative method uses Equation 1.49 to write 


~ a 4/42 22 gz 
L-S=3(J -L -S ). 
~ 423 
From Equation 1.48, J, commutes with J . To show 
s ^92 ^ ^ ^ 
that J, commutes with L , we note that J, = L; + S, 
^ A A2 
and both L; and S; commute with L . A similar 


argument shows that J, = =L, + S. commutes with S’, 
so we conclude that J, commutes with L - S. 


Either way, since J z involves no differentiation with 
respect to r, it commutes with all the r-dependent terms 
in Hi, as well as with L - S, and so commutes with Hy 
itself. 


Ex 1.13 The possible values of j are 5/2 and 7/2. 
For j = 7/2, there are 8 possible values of mj: 

7/2,5/2,3/2, 1/2, —1/2, —3/2, —5/2 and — 7/2. 
For j — 5/2, there are 6 possible values of m;: 


5/9.3/9.1/2,—1/9. 3/9 and — 5/2. 


So there are 14 possible states in all. 


Ex 1.14 Taking (1, 5 1, 1) from Equation 1.51 and 
using = — L. + Bs we have 


Jel) Se Bliss) 


= @ « $9(/ 310 - V 2Yu1 1) 


= i£ 91n-V26:3)b 
+ /1 Yı o (82l p 


But Ls = mhY; m and Ss. T= in| T), etc., so 
we obtain 


J, |1, 4 35 3) 


= afo- fato Pd D + Pad o 


= pina n- irato] 
= shill, 5 2: 1), 


as required. 


Ex 1.15 To show that |1, 5, 5) in HOD 1.51 is 
normalized we must verify that (1, 4 25 21,4 Di i) = 1, 
and the key ingredients are the orthonormality of the 


spinors: (f | |) = 0, (1| 1) = (111) = 1, and of the 
spherical harmonics (Equation 1.39). We then proceed 
term by term, noting that a factor i can conveniently be 
taken out as a common factor: 


(1 157511, 3,5) 


2n (m 
= 3/011) f YřoYiosin0 dô dé 
0 0 


2m 


- V2(f | pf YoY, sin 0 dé dọ 
0 0 


2m rm 
- V24| nf Yr; Yi o sin 0 dd dø 
0 0 


2m pt 
0 0 


= 3[1-0-042|=1, 
as required. 


The two zero terms are in fact zero twice over: 
(i) because (1 | |) = (1 | 1) = 0, and (ii) because Yj o 
and Y; ı are orthogonal. 


/ oa (S: | 1) 


Solutions to exercises 


To show that |1, 4, 2) is orinoganal to |1, $, — 3), we 
must verify that ü ; 5; $|1, 5 23 -i- = 0. 
Using the shorthand notation |l, m) for Yim(0, 9) and 
taking results from Table 1.2, we have 
(1,5, 311, 3,3) = 8[V2(T | 1) (1,011, -1) 

— 410 (1, 01, 0) 

m 2(| | T) (1, T -1) 

+ V2 | 1) (1, 111,0)] 

— 0, 


because each of the four terms in the sum vanishes 
either because the spherical harmonics are orthogonal 
or because the spinors are orthogonal. 


Ex2.| In the Bohr model, the magnitude of the 
orbital angular momentum is quantized. An electron 
has mass m = me, so in the orbit with quantum number 
n, we have 


Menin = MeVnn ag = nh, 


so 
h 


NMeAQ 


Un = 


For the n = 1 orbit, this gives 


1.06 x 10-34 J s 
9.11 x 10-3! kg x 5.29 x 10-1! m 


v1 = 


= 2.2 x 10m s7! 


This is less than 1% of the speed of light, c. The effects 
of special relativity are generally of order v? /c?, so the 
fractional error in using classical physics will be of 
order 1074. 


Ex2.2 Substituting u(p) = o" into Equation 2.17, we 
obtain 
d^p*  1(I--1 
Pa (+1) of 
dp? p 
= —k(k — 1)p*- 
= 0, 
which is satisfied provided that k(k — 1) = I(l + 1). 


This quadratic equation has two solutions, which are 
easily seen to be k = —l and k = l + 1. 


Ex2.3 Wehave 
d 
dp 7 = (L+ 1)ple P? — Bye PP. 


2 + I(l +4 1)p*-? 


= (t = BoM Je”. 
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Solutions to exercises 


l = 
T tie-8p 


= [10+ 1p! — BL + Vole” 
A + Lo! — Bp e ^" 


- & 23(1 +1) eg) geo, 
p? p 


So, substituting u(p) = Cp'*te—%? into Equation 2.15 
and rearranging gives 


es 28(1-- 1) +6) Cf igo 
p p 
+ CS oe ; + e) Cp Te PP = 0. 


The /(I + 1)/p? terms cancel, and so do the terms 

in 82. We therefore see that the trial solution satisfies 
Equation 2.15 provided that 28(l + 1) = 2. Hence 
B — (l4 1). 


Ex2.4 We require that 


oo |B|? oo 
i J |R(r)|? r? dr = a T rAe [0 dr, 
0 ao Jo 
Using a standard integral from inside the back cover, we 
obtain 
B 2 
l= BI ata’ = 24a3|B)?. 
a 


Choosing B to be real and positive then gives 
B - M/(V24a?), 


Ex2.5 The numbers of nodes are given in Table S2.1. 
(Remember that zeros at r = O are not counted as 
nodes.) 


Table $2.1 Nodes for various radial functions. 
n Ll Number of nodes 

1 0 0 

2 1 0 

2 0 1 

3 2 0 

3 1 1 

3 0 2 


The table verifies that the number of nodes is given by 
n-—i-— 1. 
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Ex2.6 According to Table 1.1, the spherical harmonic 
Y2,1(6, $) is proportional to cos 0 sin 0. It will therefore 
vanish where cos 0 — 0, that is, where 0 — 90? (the 
equatorial plane), and where sin 0 — 0, that is, where 

0 = 0 or 180? (the north and south poles). The 3d, 
radial function has n — l — 1 = 3 — 2 — 1 = 0 nodes, so 
there are no spherical nodal surfaces. 


Ex2.7 The radial function for a 3d state is Ra »(r) so 


(r)z I 7? R$ (r) dr. 


Substituting for R3 »(r) from Table 2.1, we have 


(r) = l r? : d e 27/320 qr 
0 (300)? x 27° x 5) \ag l 


Using a standard integral from inside the back cover, 
Jo re ?r/320 dr = 7! (3a9/2)8. So 


TR 8 1\ 7 (3a9)® _ 21lao 
(Bag)? x 272 x5) ias 2 ee 


Ex 2.8 The Coulomb potential energy is given 
by Ecou = —€?/(An&or). In the ground state of a 
hydrogen atom, this has the expectation value 


e? 1 
E = ——— (-— 
(Ecou) 4T€0 ( r ) 


2 


€ [aR (r) 24 
—-— = r)T* dr. 
ATED 0 h0 


r 
Substituting Rj o(r) = (2/a2/?) e-"/^0 from Table 2.1, 
we obtain 
e? 4 [> 
E =-—— X- ~2r/20 dr, 
(Ecoul) pus x a | re r 


Using a standard integral from inside the back cover, 


oo 2 
f re ?r/ao dr = 1! (2) . 
0 2 


Hence, 
e? 4 a e? 


x = 
AT Eg aj 4 


E = : 
( Coul) 47€9a0 


However, Equations 2.3 and 2.4 give 


h? 1 e?ag e? 


En = 2ua2  2aj4meg  S8mEgao! 

so we conclude that (Ecou) = —2Eg in the ground 
state. Since the ground-state energy is — Em, this 
negative potential energy must be partially offset by a 
positive kinetic energy of expectation value Fr. 


Ex2.9 (a) The volume element should be centred on 
the point where the probability density is largest. In the 
ground state of a hydrogen atom, the probability density 
at a point r is 


voor) = Ii o(r)/71%0(8,8)/? = IRo). 


Referring to Figure 2.7, we see that this has its 
maximum value at r — 0, so the volume element 
should be located at the origin, corresponding to zero 
electron-proton separation. 


(b) The most likely electron-proton distance is given 
by the position of the maximum radial probability 
density. Referring to Figure 2.11 and the discussion in 
the paragraphs below it, we see that the most likely 
electron-proton separation is ag. This differs from the 
answer to part (a) because the radial probability density 
includes a factor r? which takes account of the fact that 
all points on the surface of a sphere are the same 
distance from the origin. 


(c) Worked Example 2.3 showed that the expectation 
value of the electron-proton distance is jap. This 
differs from the answer to part (b) because the radial 
probability density is not symmetrical about its 
maximum value. 


Ex2.10 The energy levels are given by — Eg /n?. For 
n = 100, E199 = —13.6eV/100? = —1.36 meV. The 
energy required to ionize the atom from this state is 
1.36 meV. The energy required to excite the atom to 
this state is (13.6 — 13.6 x 1071) eV © 13.6 eV. 


Ex3.! To evaluate Equation 3.6, we simply evaluate 
the numerator and denominator separately, and then 
recombine the results. For the numerator, 

sz dz 


L/2 n P hg I? 
Lar mae) (9 
L/2 2 2 
fa E 
—L/2 4 m 


7 n 5 I. R23 


m 


Solutions to exercises 


For the denominator, 
L/2 / 72 2 
1 (= — p) dg 
—L/2 4 


LP (pA pio, 
-f s- 2 17 Ja 


-z L223 = L’ 


16 6 8], à 30 
Substituting the numerator and denominator back into 
the expression for E; « gives 


RIL JIS 5R 
6m / 30 mL?’ 


1t = 


as required. 


Ex3.2 An estimate for the ground-state energy is 
found in exactly the same way as in Worked 

Example 3.1, using the potential energy function 5Dx* 
in place of lCz?, but using the same trial function as 
before. 


We can immediately write down the expression for the 
expectation value of the energy: 


T X E - + $Dz* e v dg 
Ls 2m dz? 


pS 2,2 
/ e 2 © dz 
—oo 


The Kinetic energy term will be identical to that in 
Worked Example 3.1, which contributed h?b?/2m to 
the energy associated with the trial function. 


Eoi = 


The potential energy term requires the evaluation of an 
integral with an z^ term in place of the x? term, and this 
term is 


99 2,.9 
Dj gre 7 t da 
— OO 


e 2,2 
f e72 z dr 
—oo 


To evaluate the integral in the numerator, we make the 
substitution z = y/(/2b), so 


-p dy 


oo oo 4 
4. —2b222 y 
da = ——— —— 
J> j i iz (VÀ V3 


E un 

=o | rnm 
1 3/m- 

4’ 


[n 


(v/2b)5 
227 


Solutions to exercises 


where we have used the standard integral 
I ytet dy = 37/4 from inside the back cover. 
So the numerator in the potential energy term becomes 


i. d 3yr 3D "E 

^ (V25 4  3205Yy2 
The integral in the denominator is equal to /7/(/2b), 
as shown in Worked Example 3.1. Combining the 
results for the numerator and denominator, the potential 
energy term is 3D/32b4 when V = IDs, compared 


with C/8b? when V = $Cz?. We therefore conclude 
that 


For = ia + = 
2m . 32b4 
To minimize this, we differentiate with respect to b and 
set the result to zero: 
dEot — h?b 3D = 
db m 80 f 


which gives 


3mD\® 
b= ; 
Cr) 
Substituting this back into the expression for Eo we 
have 


a P (3mDV? sp (sm a 
057 2m V 8% 32 \3mD 
1 (3D un 1 ( 3hÁDNV? 
~ 4 m2 8 \ m? 


3 /3htD\ 9 
mE (=>) i 


Ex3.3 (a) We have 
oo for z « —L/2 and x » L/2, 
h^ g 
=l -m a2 +v(x) for |x — zo| < w/2, 
Beg 
"am ae elsewhere. 
m dz 


(b) The solutions for the eigenvalues and 
eigenfunctions of an infinite square well without a 
crater were discussed in Book 1, Chapter 3. So a 
suitable choice of unperturbed Hamiltonian is 


NO oo for z « —L/2 and x » L/2, 
H “a= h2 d 


2m da? 


for -L/2 < x < L/2. 
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(c) The perturbation in this case is 
óH = v(x) for |x — zo| < w/2. 


In Section 3.2.3 you will see how a first-order 
correction for the energy levels can be calculated from 
ôH and the eigenfunctions for the unperturbed well. 


Ex3.4 The Hamiltonian operator for the oscillator is 


Ty h? q? 1,2 1p44 
He-.—- 4960-4204. 
2m dz?  ? ? 
This is the same as the Hamiltonian operator for a 
harmonic oscillator, except for the additional potential 


energy term IDz^. We take 


H = -— — +5 
2m dz? taer: 
and 
ôH = 1Dz* 


We are given Da? /C « 1, so ¿Dat « 1Ca?; since a 


is a typical value of x, we can regard the perturbation 


6H = ID; as being small compared to go 


The zeroth-order approximation is the energy 
eigenvalue of the first excited state of the unperturbed 
oscillator: 


i 3 / N2 


The first-order correction is found by substituting the 
energy eigenfunction for the first excited state of the 
unperturbed oscillator, and the perturbation of the 
Hamiltonian, into Equation 3.22 to obtain: 


EO ~ (y | 6H |) 


2 
O ew 4 1 1/2 2x -x2 /202 
=f ps o) a e 


1 4D f 


~ 2ra a? 2 Jo. 


We can evaluate the integral by making the substitution 
y = x/a, so that 


P e 2 /a? a {> 6.9 
f xe!" dr=a f ye" dy 
—oo —oo 


15/7 
8 E 


aya 
geet /* dg. 


— a! x 


where we have used a standard integral from inside the 
back cover. Hence 


or, substituting a = !/?/(mC)!/4, 
15524 D 
BM) = 
8mC 
Adding the zeroth-order approximation and the 
first-order correction we conclude that 


E, e EQ) 4. BO 


3 C 1/2 
=2 9 i 


1542 D 
&mC ` 


Ex3.5 (a) The Hamiltonian operator is 
ex h2 2 
H=-—V V 


where the potential energy term V (r) has the form 
given in the question. 


In Chapter 2 we discussed the solutions for the 
Coulomb model of the hydrogen atom, for which the 
Hamiltonian is 
2 2 
A i h v2 € 
2u 4mEQT 


and this is a good choice for the unperturbed 
Hamiltonian. The perturbation is the difference between 
the perturbed and unperturbed Hamiltonians, namely 


2 2 
€ 3 T 1 
E fi < 
SH = 4 Ane £e 2R? 3 SET S th 
0 forr > R. 


(b) The first-order approximation for the ground-state 
energy when this perturbation is included can be 
determined using Equation 3.23. The unperturbed 


ground-state energy is given by Eo = — Eg, where 
Eg is the Rydberg energy. The first-order correction is 
given by 
1 0 a (0 
DELE EDU 
with 


WO or) = Rio(r)Yoo(6. 4), 


Solutions to exercises 


(see Tables 2.1 and 1.1). 


Now, the perturbation oH is independent of 0 and 
$, and the spherical harmonics are normalized, so 


carrying out the sandwich integral for B® in spherical 
coordinates gives 


E” = I Ri o(r) 8E Ri o(r)r?dr 


=> 3 


= e? [ 3r? ri p | 727/20 dr 
mega Jo \2R 2R3 l 


as required. 


0 2R | 2R3 


(c) Approximating e~?"/“° by 1 inside the integral, we 
obtain 


EO E [ sit = r | dr 
d TEoag Jo \ 2R 2R 


R 
e? | r3 rö 7 


K 


Tegai | 2R 10R3 2], 


 2/R 2 e 

E 5 ao 4n E040 : 
This is the first-order energy shift of the ground state. It 
is positive because, for r < R, the electron feels a 


smaller attraction towards the centre of the proton than 
it would for a point-like proton. 


Comment: In hydrogen, the energy shift is tiny (about 
2 x 10-19 Eg), but for heavier atoms, such as mercury, 
the effect is much larger, and provides a useful way of 
comparing the sizes of different nuclei. 


Ex 4.1 The radial functions for the deuterium atom 
differ from those for hydrogen because the reduced 
masses of the systems are different. Denoting by ap the 
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Solutions to exercises 


value of the scaled Bohr radius in deuterium, we have 
from Equation 4.4, 


HH 1 


(rp ap . u 
up — 1.000272 


7 = 0.999 728. 
r)H ao 


Ex 4.2 To the level of approximation of Worked 
Example 4.1, we can ignore the change in reduced mass 
and simply use Z = 3 to get 


1 122.4 
E, = —9 x 13.6eV == 7 
n n 


eV. 


The energies for n = 1,2,3 are therefore —122.4 eV, 
—30.6 eV and —13.6 eV, respectively. 


Similarly, the values of (r) for the three states are 
approximately one-third of the corresponding values 
in a hydrogen atom. Using data given in Worked 
Example 4.1, this gives a9/2, 5a9/3 and 7ao/2, 

for the 1s, 2p and 3d states respectively, where 

ag = 5.29 x 10 1! m. 


Ex4.3 (a) This is an application of Equations 4.1 
and 4.2, with the reduced mass a factor of 186 

larger than for the hydrogen atom. For muonic 
hydrogen, therefore, the energy of the nth state is 

En = —186 x 13.6eV/n? = —2.53 keV /n?. For a 
transition from n — 2 to n — 1, the emitted photon has 
energy 


1 1 
(s — z) x 2.53 keV = 1.90 keV. 


(b) To calculate (r) for the ground state, we apply 
Equation 4.7 with j4,/jg = 186. Noting that (r) for 
the hydrogen ground state is 3a0, for the ground state of 
muonic hydrogen we have 


(r) = 8 x (5.29 x 107"! m/186) 
= 427 x 10-8 m. 


Ex4.4 The reduced mass of a muon in an orbit about 
a nucleus containing A nucleons is 

| 1840Am, x 207m. 

—. 1840Am. + 207m. 

1840A 

.. 1840A + 207 
For A = 1, u = 186m, as we found before for muonic 
hydrogen, but as A becomes larger, around 120 for tin, 
the second term in the denominator becomes negligible 
compared to the first, and u closely approaches 2071;.. 
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H 


x 207Me. 


With this in mind, Equation 4.7 implies that (r) in 
muonic tin will be some 207 times smaller than in 
ordinary tin (rather than 186 times smaller, as in muonic 
hydrogen). 


Ex4.5 An antiproton, like a proton, has a mass of 
about 1840me compared to the muon's mass of 207me. 
Since the mass of a heavy nucleus is many times larger 
than the mass of either a muon or an antiproton, the 
ratio of the reduced masses can be taken to be the ratio 
of the masses of the antiproton and muon. From 
Equation 4.7 we deduce that measures of radial extent 
such as (r) will all be smaller for antiprotons than for 
muons by a factor of 207/1840 — 0.113. 


Ex4.6 We have c = fA and 
Ephoton = hf, so À = he] Ephoton; where 


Ephoton = 2 x (Z — 1)? x 13.6 eV. The wavelength of 


the Ka copper line is 


ya — 663 x 1074 J s x 3.00 x 10^ nra" x 4 
Cu — 3x28 x 13.6 x 1.60 x 10-29] 


— 1.55 x 10719 m. 


For tungsten, we have 


Nyy — 0:63 x 10-* Js x 3.00 x 10° nig * x 4 
W 38x 732 x 13.6 x 1.60 x 10-19J 


= 2.29 x 10^! m. 


The tungsten Ka line has a much shorter wavelength 
than the copper Ka line because tungsten has a higher 
atomic number Z than copper, and therefore a higher 
(Z — 1)? factor in the expression for the photon energy. 


Ex4.7 We need to evaluate 
2[GG +1) - E 2) = $]? 
for j =1— 4 and for j = l+ 5. For j = l — 5, we find 


h2 
+1) — 
(41) 5, 


s((@—a)(U+5)-V?-1-3]V = 
and for j = l + 4, we find 

1 1 3 2 3742 n? 

5 [04 200 8) l l i]h x 


For the case / = 0, the orbital angular momentum 
is Zero, so there can be no spin-orbit interaction. 
In this case we have j = | + i = 5 only, so that 

1 


[j(j +1) — UL +1) — $]h? = 0 as expected. 
Ex 4.8 (a) The ground state has n = 1 and j = 5, so 
the second term multiplying — En / n? is o?(1 — 3), 


which is positive. So the negative energy is sightly 
increased in magnitude, i.e. the energy is lowered. 


(b) There is a factor o? /n in the perturbation correction 
in Equation 4.27, so the level splitting scales roughly 
as 1/n. 


(c) For n — 3, j can be 1 ET - or 3 >. For these three cases, 
the term in parentheses in Equation 4.27 is, respectively, 
3, i i. The difference between the first two terms is 
three times larger than the difference between the 
second and last terms, which shows that the splitting 
between the j = 5 and j = - levels is greater than the 


splitting between the 7 = 3 and j = 3 levels. 


(d) The perturbation is very small because of the a? 
term (we are considering ‘fine structure’ after all), and 
would be invisible without being magnified by a large 
factor. A factor of 1/a? ~ 137? is a natural factor to 
use. 


(e) There is no / in Equation 4.27. 


Ex4.9 According to Equations 4.1 and 4.2, the 
energy of the ground state (n = 1) is proportional to the 
reduced mass of the system. In this case u = Ime, 
half of the reduced mass of a hydrogen atom (to one 
part in 1840), so the energy of the ground state is 
—13.6eV/2 = —6.8eV. Therefore at least 6.8eV must 
be supplied in order for positronium in its ground state 
to be split into a free electron and a positron. 


Ex 5.1 
4 4 


` ` Aij = (A12 + Ais + A14) 


i—l j»i + (A23 + Aga) + A34, 


so each pair of distinct indices appears just once. 


We have 


Ex5.2 We have 
(hi + hy) $, (r1) bs(r2) 
= [hy br(t1)]ds(r2) + br(r1) [he ós(r2)] 
= [Br 6«(1)]ós(2) + 6s () [Bs 6s(72)] 
= (E, + Es) ġr (r1) ós(r2). 


Similarly, 


(hs + hy) s(r1) br(r2) 
= [hi ós(11)] 6s (2) + ós(r1) [ho ó.(r2)] 
) + ós(r1) [Ex 6, (12)] 


r\t2 
$s(ri) br (r2). 


Solutions to exercises 


Adding these equations and multiplying by 1//2 
establishes the result. 


Ex5.3 The ground state of helium is described by a 
spatial wave function in which both electrons occupy 
the same orbital. This is symmetric under exchange of 
electron labels, so the spin ket must be antisymmetric in 
order to produce an antisymmetric total wave function. 
The spin ket is therefore the singlet state |0,0). 


Comment: Historically, this worked the other way 
around: the experimental fact that the ground state of 
helium is a singlet, rather than a triplet, provided 

the primary evidence that led Pauli to his exclusion 
principle. 


Ex 5.4 We know that s shells can hold at most 

2 electrons, p shells can hold at most 6 electrons, and 
d shells can hold at most 10 electrons. Using the 
ordering of Figure 5.4, the required ground-state 
configurations are as follows. 

O: ‘Is? 2s? 9p" 

Ne: 1s? 2s? 2p® 

Na: 1s? 2s? 2p® 3s 

Ar: 1s?928?2p? 357 3p® 

Fe: 1s? 2s? 2p 3s? 3p® 4s? 3d® 

The last configuration arises because iron follows the 
general rule that the 4s shell is lower in energy than the 
3d shell (see Figure 5.4). 


Ex5.5 The maximum number of electrons with 
quantum number n is 


3 (21 4-1) EOM 


= Sa —1)+ is = 2n?. 


Ex5.6 (a) Sulphur will have the larger first 
ionization energy. Sulphur and magnesium belong to 
the same period. Sulphur has the higher Z, and more 
electrons in the valence shell. But electrons in the same 
shell are not very effective at screening the nuclear 
charge, so the valence electrons in sulphur will be more 
tightly bound. 


(b) Barium will have the larger atomic radius. 
Magnesium and barium belong to the same group, with 
the same number of valence electrons, but the quantum 
number n is higher for barium, so its valence electrons 
are less tightly bound, leading to a larger radius. 
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Solutions to exercises 


Ex5.7 The 1s shell is closed, so we only need to 
consider the electron in the 2s shell. For this electron, 
l; = 0 and s; = å. So L = 0 and S = 4. 


Ex5.8 1s? and 2s? are closed shells, so we only need 
to consider the electrons in the 2p and 3p orbitals. We 
have lı = lə = 1, so the minimum and maximum values 
of L are 


Lmin = Ln — l;| = |1 = 1| = 0, 
Lmax = l +l =14+1=2. 
The values of L increase in steps of 1, so the possible 


values are L = 0, L = 1 and L = 2. The corresponding 
values of Mz are 


for L=0: Mr =0, 
for L=1: Mgr = —1,0,1, 
for L=2: My, = —2,—1,0,1,2. 


For spin, s1 = sg = 1, so the minimum and maximum 
values of S are 


Smin = |51 — 82| = |$ — 3| = 0, 
Smax = 81+ 82=35+45=1. 


The values of S increase in steps of 1, so the possible 
values are S = 0 and S = 1. When S = 0, Ms is 0. 
When S = 1, Ms is equal to —1, O or 1. 


Ex5.9 The 1s 2s configuration gives L = 0 and 

S = 0 or S = 1, so the possible atomic terms are tS 
and ?S. For fixed L and S, the degeneracy of a term is 
(2L + 1)(2S + 1), so the degeneracies of these terms 
are 1 x 1 = 1 and 1 x 3 = 3, respectively. 


The 1s 2p configuration gives L = 1 and S = 0 or 
S = 1, so the possible atomic terms are 1P and ?P. 
The degeneracies of these terms are 3 x 1 — 3 and 
3 x 3 — 9, respectively. 


All of these terms are marked in Figure 5.2. 


Ex5.10 (a) For L = S = 0, we can only have J = 0 
and hence Myj = 0. 


(b) For L = 2, S = 0, the minimum value of J is 
Jmin = |2 — 0| = 2, and the maximum value of J is 
Jmax = 2 + 0 = 2, so J = 2 and M; = —2,—1,0,1,2. 
(c) For L = 1, $ = 1, we have Jmin = |1 — 1| = 0 and 
Jmax = 1 + 1 = 2, so the possible values of J are 0, 1 
or 2. The corresponding values of My are: for J = 0, 
M; = 0; for J = 1, M; = —1,0,1; and for J = 2, 
M; = —2, —1,0,1,2. 
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Ex5.11 (a) The term °P has L = 1, S = 1, so J 
takes the values 0, 1,2. Hence the levels are: ?Po, ?P4 
and ?P5. The degeneracy of a level is (2J + 1), so these 
three levels have degeneracies (2 x 0 4- 1) — 1, 
(2x1+1) =3and (2 x 2-4 1) — 5. 


(b) The term !F has L = 3, S = 0, so we have only 
J = 3 and only one level: ! F3, which has degeneracy 
(2x3+1) =7. 


(c) The term °D has L = 2, S = i. so J takes the 
values 3, 3. The levels are: "D3 and ?Ds 5, and these 
have degeneracies (2 x 2 +1) = 4 and (2x 2 +1) = 6. 
Ex5.12 Hund's first rule shows that the quartets ^P 
and ^F are lower in energy than doublets 2P, 2D, ?p, 2G 
and ?H. Hund's second rule tells us that, among the 
quartets, F (L — 3) is lower in energy than P (L — 1). 
Among the doublets, H (L — 5) is lower in energy 

than G (L — 4), which is lower in energy than D 

(L = 2), which is lower in energy than P (L = 1). So 
the required energy order is 


"p < IP < ?H < ?G < ?F < Dp < =P. 


Ex6.l Yes because each electronic state is associated 
with a different electronic energy Ej (Rp), and 
therefore provides a different effective potential energy 
function for the nuclei. 


Ex6.2 (a) When R tends to zero, the two atomic 
orbitals become centred on the same point. We then 
have 


S = (PRIIT) > (isis) = 1. 


(b) When R tends to infinity, the overlap between the 
two atomic orbitals becomes vanishingly small, so 
$0. 


Ex6.3 Substituting (E) = (Haa + Hag)/(14- S) 
into Equation 6.19 gives 


Haa + H, Haa + H 
ĉi (Hiss = A AS ao (tim S ES $a 


=Q; 
Multiplying through by 1 + S and rearranging, we 
obtain 

cı (SHaa — Hag) + co (Hap — SHaa) = 0, 


which gives cı = co. We get the same result by starting 
with Equation 6.20, because of symmetry between cj 
and cs. 


Ex6.4 Substituting (E) = 
into Equation 6.19 gives 


Haa- H Haa- HH 
ej (mts es JI (mts S A s=) 


(Haa — Hag)/(1 — S) 


Multiplying through by 1 — S and rearranging, we 
obtain 


cı (—S Haa + Hag) + c (Hap — SHaa ) = 0, 


which gives cy = 
atomic orbitals is of the form ci (95 (r) — 


— C3, SO the linear combination of 


op (r )). 


Ex6.5 With 
1 
Vexc(r) = 2(1 E S) (ok je bi (r ) 
we have 
(schien) = sr gs KARIR) + (Ho) 
m ( OE) m ( BIOR) 
“gig tt E 
SO Wexe(r) is normalized. 
Since 
< 1 A (y 
Yale) = Te (site) + oh) 
we have 
(excl an) = Sa (61 (ARD (68) + AR) 
ES E tslPis) — (bislPis) 
ded Ioh) un ( P ts) | 
= ig 14-5—58]- 0, 


SO V/exc(r) is orthogonal to v. (r). 


Ex6.6 For n = 3, the allowed values of / are 0, 1 or 
2, corresponding to 3s, 3p and 3d atomic orbitals. 


For | = 0, m can only take the value 0. The 
corresponding 3s atomic orbitals produce bonding and 
antibonding o molecular orbitals, each of which is 
non-degenerate. 


Solutions to exercises 


For | = 1, m can take the values 0 and +1, 
corresponding to 3pp, 3p,, and 3p. , atomic orbitals. 
The 3p, atomic orbitals produce bonding and 
antibonding o molecular orbitals, each of which is 
non-degenerate. The 3p,, and 3p. , orbitals produce 
bonding and antibonding 7 molecular orbitals, and each 
is doubly-degenerate. 


For l = 2, m can take the values 0, +1 and +2, 
corresponding to 3do, 3d 1, 3d_1, 3d+2 and 3d.» 
atomic orbitals. The 3do atomic orbitals produce 
bonding and antibonding c molecular orbitals, each of 
which is non-degenerate. The 3d, and 3d. , orbitals 
produce bonding and antibonding m molecular orbitals, 
and each is doubly-degenerate. The 3d2 and 3d_2 
orbitals produce bonding and antibonding 6 molecular 
orbitals, and each is doubly-degenerate. 


In total, there are 1 + (1+ 2) + (12- 2 - 2) = 9 bonding 
orbitals, and the same number of antibonding orbitals. 
Three of the bonding orbitals are non-degenerate, and 
the other six are in three doubly-degenerate pairs. The 
same is true for the antibonding orbitals. 


Ex6.7 There are 10 electrons in bonding orbitals 
(log, 20g, 30g and 17,), and 6 in antibonding orbitals, 
so the formal bond order of O» is (10 — 6)/2 = 2. 


Ex 6.8 O; has the electronic configuration 
21-29729729 2174173 
lo; lo 20; 20, 905 Yn, 175. 


It therefore has 10 electrons in bonding orbitals and 7 in 
antibonding orbitals giving a formal bond order of 1.5. 
This is less than the formal bond order for O2, which is 
2. Since O, and O» belong to the same row of the 
Periodic Table, the dissociation energy of O; is less 
than that for Oo. 


Ex 6.9 (a) The ground-state electron configuration is 


24 29 29,2174 
log lo, 20g 20, 1,. 


The Cə molecule contains 12 electrons and in the 
ground state, these electrons occupy the 12 states with 
lowest energies. The c orbitals corresponding to the 
lowest four energy levels in Figure 6.14b can each 
accommodate two electrons and the degenerate 17, 
orbitals can accommodate the other four electrons. 


(b) The c, and Tu orbitals are bonding, and the oy 
orbitals are antibonding. So for C», there are 8 electrons 
in bonding orbitals and 4 electrons in antibonding 
orbitals, and the formal bond order is (8 — 4)/2 — 2. 
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Solutions to exercises 


Ex7.|  Non-directional metallic bonding encourages 
atoms to pack closely together, leading to dense 
structures with twelve nearest neighbours. This does not 
happen in covalently-bonded solids because covalent 
bonds generally have preferred angles relative to one 
another. This leads to open structures in which each 
atom has only a few nearest neighbours. 


Ex7.2 In each period, the cohesive energy per atom is 
large when the d band (capacity 10 electrons per atom) 
is roughly half full. Let us assume that all the atoms in a 
given period have similar d bands in the solid. Then, 
elements with around 5 d-electrons per atom are 
strongly bound because all their electrons occupy 
bonding orbitals with energies below the d level in an 
isolated atom. Elements with a small number of 

d electrons are less strongly bound because some of 
their bonding orbitals are unoccupied, while elements 
with nearly 10 electrons have electrons in antibonding 
orbitals, cancelling to some extent the bonding effect of 
other electrons. 


Comment: It is also noticeable that transition 
elements from Period 6 tend to be more strongly bound 
than transition elements from Period 5. This can be 
explained by the fact that the 5d atomic orbitals in 
Period 6 are more extended than the 4d atomic orbitals 
in Period 5. This leads to a greater overlap of wave 
functions, and hence a greater band width, in Period 6. 


Ex7.3 Ina Bloch wave, y(r) = e'"uy (r), so the 
electron probability density is given by 


Wr)? = v*(r) vr) 
= erui) x feu. (r)| 
= |ux(r)]. 


The required result follows because Bloch’s theorem 
guarantees that uy (r) has the periodicity of the lattice. 


Ex 7.4 For any function f(r) we have 
T(R)[Hf(r)] = f(x + R) = H[T(R) f@)] 


because H is not affected by translations through lattice 
vectors. Since this equation is true for any f(r), we 
can write T(R)H = HT(R) and say that the lattice 
translation operator commutes with the Hamiltonian. 


We also have 
T(R1)T(R2) f(r) = f(r + Ra + Ra) 
= T(Ro)T(Ri) f(r). 
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Since this is true for any f(r), we can write 
T(R1)T(R2) = T(R2)T(R1) and say that the lattice 
translation operators commute with one another. 


Ex 7.5 Taking the square of the modulus of both sides 
of Equation 7.7 gives 


|v(r + R)|? = [e Bur)? = |v(r) 


as required. 


2 
, 


Ex7.6 For nearest neighbours 7 and j in the 
arrangement of atoms shown in Figure 7.8, the possible 
values of R; — R; are tae,, tae, and tae,, and the 
corresponding values of k - (R; — Rj) are —-k,a, +kya 
and +k,a. So 


f(k) = p» e ik: (Ri-R;) 


j= mn of i 


- e ikea + eikna + e iva 4 eikya 
T e a 4 eikza 
= 2cos(kza) + 2cos(kya) + 2 cos(k;a), 


where we have used the fact that cos 0 = (ei? + e718) /2. 
Hence 


E(k) = Eo — Bf(k) 
= Eo — 28 | cos(k;a) + cos(kya) + cos(kza)], 
as required. 


Ex 7.7 As mentioned in Subsection 7.2.1, different 
values of k can label the same state. According to 
Equation 7.13, the values of k,, ky and E; should all be 
in the range between —7 /a and 4-7 /a. Any change by 
27. /a will take us outside this range, and will only lead 
to another way of labelling the same state. 


Ex7.8 As ( decreases, the width of the energy band 
decreases, and the effective mass increases, so the 

effective mass is expected to be larger near the bottom 
of a narrow band than near the bottom of a wide band. 


Ex7.9 Because of thermal expansion, the average 
distance between neighbouring atoms increases with 
temperature. According to Figure 7.13, a larger 
interatomic separation implies a smaller band gap for 
silicon and germanium. 


Ex7.10 The number density of holes in the valence 
band is the same as the number density of electrons 

in the conduction band, 2.4 x 10!? m-?, This is 
because each electron in the conduction band of a pure 


semiconductor arises from the thermal excitation of an 
electron in the valence band, and leaves a hole behind. 
For future reference, note that this applies only to a pure 
semiconductor (one that contains no impurities). 


Ex7.!! Ignoring small effects associated with 
reduced mass, the Bohr radius is 


Anegh? 
ag = 


z = 5.29 x 107" m. 

Mee 

The corresponding scaled Bohr radius for an electron 
bound to a donor impurity in germanium is found by 
replacing me by mz = 0.12m;., and replacing £o by 
€&€9, Where £ = 15.8. We therefore find a scaled Bohr 
radius of 


(15.8/0.12) x 5.29 x 1071! m = 6.97 x 1079 m. 


Comment: The large value of the scaled Bohr radius 
justifies our implicit assumption that germanium 

can be treated as a continuous background medium, 
characterized by a relative permittivity €. 


Ex7.12 The calculation is exactly the same as for the 
ionization energy of a donor atom in germanium, except 
that we must use the reduced mass u of an exciton, 
which is a bound state of an electron and a hole. Since 
both particles in this system are assumed to have the 
same effective mass, m, we have 

* * 
p= ee = 0.5m,. 
me + me 
The binding energy is therefore estimated to be 
0.5 x 6.5 meV = 3.3 meV. 


Ex7.13 There is no band gap between the valence 
band and the conduction band of a semimetal. Unlike 
à semiconductor, the electrical conductivity of a 
semimetal would be expected to fall with temperature 
and be fairly insensitive to small concentrations of any 
impurity. 


Ex 8.1 Each photon has wavelength A, frequency 
f = c/A and energy 
Ephoton = ne 
_ 6.63 x 107°4J s x 3x 108 ms! 
i 5.0 x 1077 m 
= 4.0 x d 39 I, 


The power of the transmitter is the number of photons 
emitted per second times the energy of each photon. 


Solutions to exercises 


The number of photons emitted per second is therefore 
dN — 100W 
dt — 40x 10719J 
This vast rate of photon production would be even 
higher if the source were more powerful or if it operated 
at longer wavelengths. 


= 2.5 x 1070 s-1. 


Ex8.2 No. In first-order time-dependent perturbation 
theory, Equation 8.20 shows that a\ (t) = 0 for all t if 
Vji(t) = 0 and j Æ i. 

Comment: This result is only true in first-order 
perturbation theory. Referring back to the exact result in 
Equation 8.13, we see that a; can depend on time (and 
hence become non-zero) even if Vj; = 0. This is 
possible because, once some of the other coefficients 

aj, on the right-hand side of Equation 8.13 become 
non-zero, there are contributions to a;(t) from terms 
like e “skt Vjiaj, with k A i. These contributions are 
usually very small because they are the product of 

two small terms; they are neglected in first-order 
perturbation theory, and in the remainder of this chapter. 


Ex8.3 From Equation 8.22, the required probability 


1S 
a / 
f efit dt! 
0 


The integral inside the modulus signs is just 


i t 
t iw rt 
"T, evr 
| el?rit dt’ = | - | 
lU fj 
0 fi Jo 


2 2 


U 


2 I wst = 1] 
Iw fi 
9 iw rit/2 
= Em sin(wr;t/2), 
i 


where we have used Equation 8.23 in the last step. 
Hence the probability of finding the system in state f is 


vem] 


Ex8.4 Since Y, (0, à) is proportional to e^""9, the 
integral over ¢ in Equation 8.28 is 


27 27 
n [e£] * eimió dó = 1 elms eimió dó 
0 0 


2m 
= | eimi-m;)ó dó 
0 


— 2TÓm | mi; 
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Solutions to exercises 


so the dipole matrix element in Equation 8.28 will 
vanish unless my = mi. 


Ex8.5 The dipole matrix elements in Equation 8.31 
include the following integral over 9: 


2m 
| [est] * eti? emib do 
0 
2m 
= f e ims eti¢ emio do 
0 


27 
= f el mi-m;1)ó dó, 
0 


which is equal to zero unless m; — ms + 1 = 0. Hence 
the transition is forbidden unless m = m; + 1. 


Ex8.6 (a) According to our theory, no transitions 
should take place between singlet and triplet states 
because the dipole matrix element connecting singlet 
and triplet states is equal to zero. For example, suppose 
that the two electrons are initially in a singlet state 
described by the total wave function 


V; = Vi(ri,r2) |S = 0, Ms = 0) 
and are finally in a triplet state described by 
Vr = Vr(r1,r2) [S = 1, Ms = 0). 


We shall see that the nature of y;(r1, r2) or Ys(r1, r2) 
doesn't enter the discussion. The relevant matrix 
element for this transition is (V | V |V;), where 


ES 


V = e E(t) - (r1 + r2) is the electric dipole interaction. 


Nn 


The operator V depends only on the positions of the 
particles and is independent of their spin, so we have 


(v 7|  [w;) i 


and this is equal to zero because the singlet and triplet 
spin vectors are orthogonal. 
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(b) Excited triplet states can be produced in a number 
of ways. The electric dipole interaction is not the only 
interaction between light and matter; the magnetic 

field also contributes, and this can convert singlet 

states into triplet states and vice versa. Moreover, 
transitions need not be radiative (i.e. associated with the 
emission of photons). Atoms in a gas can bump into one 
another, exchanging energy as they do so. Non-radiative 
transitions are not limited by selection rules. 


Ex8.7 (a) The range of angular frequencies is 


AT u AT 
t 3x10-M4s 


dw = = 4.2 x 10!f s71. 


(b) For the longer interaction time, the range of angular 
frequencies is smaller: 
Am 4n 


= = 432 x 10? s71. 
t  3x1053s ird 


dw = 


Ex 8.8 The minimum time duration that maximizes 
the transition probability is 


T S T 
|wo4 — w| B 1 x 109s-1 


= 3ns. 


Ex 8.9 ‘Everything else the same’ implies that 

B3 does not change, but the w3,-dependence in 
Equation 8.47 shows that A», increases by a factor of a 
thousand. That in turn means that, since the average 
lifetime is inversely proportional to the probability of 
emitting a photon, it will be reduced by a factor of a 
thousand. 


Ex 8.10 Yes, because the spontaneous emission rate is 
directly proportional to the stimulated emission rate. 
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degeneracy 46-7, 51-2 infrared light 145-6, 198 
effective potential energy function 41,47 insulator 186 
energy eigenfunctions 51-8, 90, integrals in three dimensions, limits of 14 
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interatomic overlap integral 149 
interference 152, 156 

inversion 22, 158 

ionic bonding 171 

ionization energy 37, 191 


jj-coupling scheme 138 
Kusch, Polycarp 111 


Lamb shift 111, 216 
Lamb, Wills 111 
Laplacian operator 13 
in Cartesian coordinates 13 
in spherical coordinates 13-4 
lasers 195, 197, 215, 218 
lattice 170 
lattice point 170 
lattice translation operator 177-8 
lattice vector 170, 175, 177-80 
LCAO approximation 148 
and tight binding 180 
for molecules 148-65 
for solids 172-4, 175, 177 
improvements on in molecules 165-6 
problems in crystals 174, 177 
lead 169 
levels see atomic levels or molecular levels 
linear combination of atomic orbitals see LCAO 
lithium atom 115-6, 128 
lithium molecule 163-4 
LS coupling scheme 137 
Lyman series 38 


magnesium as conductor 187 
magnetic dipole moment 
ofelectron 105, 107, 109, 111, 216 
of nucleus 200-1 
of proton 107 
magnetic properties of oxygen molecule 141, 165 
magnetic quantum number 10, 18, 20 
in hydrogen atom 51 
in hydrogen molecule ion 148 
in molecular orbitals 157 
mass number 95 
matrix elements 
in LCAO method 150 
in tight-binding method 181-2 
in time-dependent perturbation theory 204, 208 
in time-independent perturbation theory 87 


mean radius of nucleus 97 

Mendeleev, Dmitri 128 

metallic bonding 171-2, 173 

microwaves 145-6, 199—200 

modulated plane wave 176 

molecular levels 166 

molecular orbitals 148, 157-61 
degeneracy 159-60, 163 
energy ordering 163 
spectroscopic notation 157-8 

molecular terms 166 

molybdenum 100 

momentum amplitude 63 

momentum probability density in hydrogen 61-3 

monochromatic light 199 

Moseley, Henry 101 

multiple integrals, limits of 14 

multiplicity of terms 136 

muon 93-6 

muonic atom 93, 94, 95-8 

mutually-commuting operators 17, 25, 27-8, 51, 147, 
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neutron mass 92 
neutron distribution in nuclei 99 
Newton, Isaac 76 
nitrogen molecule 141, 164 
noble gases 129 
nodal surfaces of hydrogen atom energy eigenfunctions 
57-8 
nodeless radial functions for hydrogen atom 43-4 
non-equivalent electrons 136 
non-radiative transitions 197 
non-separable equation 13, 206 
normalization 
in perturbation theory 82 
in spherical coordinates 14 
of hydrogen atom radial functions 48 
of molecular orbital 152 
of spherical harmonics 22 
nth-order approximation 80 
n-type semiconductor 191 
nuclear eigenfunctions 145 
nuclear time-independent Schródinger equation 145 
nucleus 
charge density 97, 99 
charge-to-mass ratio 200 
distribution of neutrons 99 
magnetic dipole moment 200-1 
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mean radius 97 

size 89, 95-9 

skin thickness 97 

spin-orbit interaction in 32-3 
number density 

of electrons in 189 

of holes 190 


odd parity 22, 158 

open shell 127, 134-5, 171 

Oppenheimer, Robert 143 

orbital angular momentum 
classical 10 
commutation relations for 10 
components in spherical coordinates 
eigenvalues 10, 17, 40 
eigenvectors see spherical harmonics 
in Bohr model 37 
in hydrogen molecule 
in hydrogen molecule ion 
operators 10, 15, 16 
square of magnitude of 10, 16 

orbital angular momentum quantum number 

20, 40, 46, 124, 198 

orbital see atomic orbital or molecular orbital 

order of approximation 79 

orthonormality 
of hydrogen atom radial functions 48 
of spherical harmonics 22 


10, 15 


39-4] 
147-48 


10, 17, 


overlap of atomic orbitals 174, 183 
overlap rule 206 
oxygen molecule 141, 164—5 


pair production 110 
parametric dependence 144 


parity 
even 22,158 
odd 22, 158 


of molecular orbitals 158 

of spherical harmonics 22-3 
partly full band, ability to conduct electricity 
Paschen series 38 


186-7 


Pauli exclusion principle 95, 100, 109, 114, 127, 136, 


185, 186 
Pauli, Wolfgang 30, 188 
period in Periodic Table 128 
periodic boundary conditions 179 
Periodic Table 30-1, 101, 114, 128-31 
periodicity of the lattice 175, 177, 179 
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permittivity of free space 11, 36 
perturbation 77-8 
for helium atom 120 
for hydrogen atom 77, 86, 103-6 
perturbation theory, time-dependent 
first-order transition probability 206, 207 
first-order wave function 205 
higher-order effects 209 
initial conditions 204-5 
matrix elements of perturbation 204 
perturbation theory, time-independent 75-87, 
105, 106, 202 
and anharmonic oscillator 78 
and finite size of proton 86 
and helium atom 120-3 
and hydrogen atom 77, 86, 103-6 
and one-dimensional infinite square well 
84—5 
and spin-orbit interaction 77 
compared with variational method 83 
first-order correction 82 
first-order energy eigenvalue 83 
notation 76-7 
second-order approximation 87 
second-order energy eigenvalue 87 
zeroth-order approximation 82 
perturbed Hamiltonian 76 
PET 110 
Pfund series 38 
Pickering, Edward 93 
pion 99 
pionic-atoms 99 
Planck distribution law 217 
Planck, Max 217 
Planck’s constant 36, 217 
plane wave, modulated 176 
plane-polarized light 199 
plasma 61 
Poisson'slaw 106 
polar angle 12 
polar diagram 23-4 
population inversion 215 
positron 109-10, 190 
positron emission tomography 110 
positronium 110, 190 
principal quantum number 
probability density 
in m molecular orbital 160 
in ø molecular orbital 160 


46, 90, 95 


195, 202-7 


89, 96, 


79; 


incrystals 172, 176—7 
in hydrogen atom 53-5, 57 
in hydrogen molecule ion 152-3, 156, 166 
proton mass 92 
proton magnetic dipole moment 107 
p-type semiconductor 191 
Purcell, Edward 108 


QED 111, 195, 216 

quantum chemistry 141 

quantum dot 192 

quantum electrodynamics 9, 111, 195, 216 
vacuum fluctuations 111, 197, 216 

quantum field theory 89, 111 

quantum-mechanical interference 122, 152, 156 

quarkonium 112 

quarks 9,112 

quartet term 136 


radial coordinate 12 
radial equation 40 
solutions 42-51 
radial functions 40, 47-9, 124 
nodeless 43-4 
normalization of 48 
table of 49 
radial probability density 54, 55, 56 
radiative transition 197 
driven by electric field in light 201 
driven by magnetic field in light 209 
selection rules for 208-11 
radio waves 199-200 
Rayleigh, Lord 67 
recurrence relation 45 
reduced mass 27, 39, 50-1, 90 
for deuterium atom 50-1, 91 
for diatomic molecule 78 
forexciton 235 
for helium ion 92-3 
for hydrogen atom 37, 90 
for muonic atom 94 
reduced radial equation 40 
reduced radial function 40 
relative atomic mass 101 
relative permittivity 191 
relativistic quantum mechanics 89, 108-10 
relaxation time 188 
residual electron—electron interaction 133, 136 
resonance 212 


restenergy 104 

rest frame 105 

rest mass 110 

Retherford, Robert 111 

rotational energies of hydrogen chloride molecule 146 
rotational states, selection rules for 199 

Rydberg energy 37, 42, 90-1 117 

Rydberg states 60-1, 96 


scaled Bohr radius 92, 192 
scaled Rydberg energy 92 
Schrödinger, Erwin 36, 89 
Schródinger's equation 
acceptance of 35 
for hydrogen atom 39 
non-separable 202, 206 
Schwinger, Julian 195 
screening 124—125, 130, 171, 181 
second-order approximation for energy eigenvalue 87 
second-order correction 87 
second-order perturbation theory 
for degenerate unperturbed states 87 
secular determinant 151, 173 
secular equation 151 
selection rules 196, 208-11 
for helium atom 211 
for one-electron atom 209-11 
self-consistent solution 126 
semiconductor 169, 187, 188-92 
doped 190-2 
electrical conductivity 188, 189, 192 
pure 189-90 
purification 188 
semimetal 192 
separable equation 17, 116, 124 
separation constant 17, 19 
separation of variables 17, 19, 40, 117, 120, 124 
shell 126 
energy-ordering 127 
silicon 169 
band gap 189 
electron number density 189 
silver, electrical conductivity 186 
simultaneous eigenfunctions 11, 17, 21, 25, 51, 147, 
178 
single bond 163 
singlet state 119, 122-3, 211 
singlet term 136 
single-valuedness condition 19 
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skin thickness in nuclei 97 
sodium atom, and spin-orbit interaction 31-2, 103 
sodium as conductor 187 
sodium chloride 130 
bonding 171-2 
crystal structure 171 
solid state physics 169 
Sommerfeld, Arnold 89 
special relativity 9,97, 103-4, 108 
spectral energy density function 214, 216-7 
spectroscopic dissociation energy 154-155, 161 
spectroscopic notation 
for atomic levels 137 
for atomic orbitals 117, 124 
for atomic terms 135-6 
for hydrogen atom 52 
for molecular orbitals 157-8 
spectrum 
deuterium atom 50-1 
electromagnetic 145-6, 199-200 
helium atom 9, 38, 131, 211 
hydrogen atom 9, 35, 36-8, 64, 131, 198 
hydrogen chloride 145-6, 198 
speed of light 199 
spherical coordinates 12-5 
and Born’s rule 14 
and Hamiltonian operator 13-4 
and orbital angular momentum 15-6 
time-independent Schródinger equation 12-4, 
17-8 
volume element 15 
spherical harmonics 18-24 
in atomic orbitals 117, 124, 210 
in hydrogen atom 40,51 
normalization 22, 48, 55 
orthonormality 22 
parity 22-3 
table of 21 
visualization 23-4 
spherical symmetry 11, 12, 25 
spin angular momentum operator 77, 107 
spinket 119 
spin-5 particles and Dirac equation 109 
spin-orbit interaction 25, 77, 105-6, 132-3, 136-8 
energy-level splitting due to 30 
Hamiltonian operator including 25 
in nuclei 32-3 
in sodium atom 31-2 
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remaining degeneracy 30, 137 
strong 137 
weak 136-7 
spinors 26, 109 
spontaneous emission of light 195, 196-197, 216, 218 
stationary states 39, 197, 215-6 
stimulated emission of light 195, 196—197, 212, 216, 
218 
symmetric 
molecular orbitals 158 
spatial function 118-9, 123 
spinket 119 


Taylor expansion 79-80, 104 
terms see atomic terms or molecular terms 
thermal energy 185 
Thompson, J.J. 141 
three-dimensional Fourier transform 63 
tight-binding method 180-4 

and Bloch’s theorem 180-1 

effective mass 184 

energy bands 183 

matrix elements 181-2 
time-dependent Hamiltonian operator 201-2 
time-dependent perturbation 202 
time-dependent perturbation theory see perturbation 

theory, time-dependent 

time-independent Schródinger equation 

for a diatomic molecule 142-3 

for a hydrogen atom 39 

for a many-electron atom 116 

for electrons in molecule 144 

for nuclei in a molecule 145 

in Cartesian coordinates 13 

in independent-particle model 116 

in spherical coordinates 14, 17 

in spherically-symmetric well 12-4, 16-7 

non-separable 13 

separable 17, 116, 124 
time-independent perturbation theory see 

perturbation theory, time-independent 

tin as semimetal 192 
total angular momentum 26-30, 136-8 

atomic see total atomic angular momentum 

commutation relations 27 

eigenvalues 28 

eigenvectors 28-30 

operators 26 

square of magnitude of 27 


total angular momentum quantum number 28, 137 vacuum in quantum field theory 111 

total atomic angular momentum 136-8 valence band 189 

total kinetic energy operator 115 valence electron 31, 127, 128—9, 171, 172, 207 
total magnetic quantum number 28 van de Hulst, Hendrik 108 

total orbital angular momentum operator 134 variational method 67-75 

total orbital angular momentum quantum number 134 accuracy 71 

total spin operator 107, 134 and adjustable parameters 69, 72-4 

total spin quantum number 134 and excited states 74-5 

total static energy 145, 154-5 and ground state 68-73, 74 

total wave function 118—20, 122 and harmonic oscillator 72-3 

transistor 7, 189 and hydrogen molecule ion 148-53, 155-6, 165 
transition element, cohesive energy 174-5 and one-dimensional infinite square well 70-1 
transition probability 206-207, 211-5 and solids 173 

translational symmetry 170, 174 choice of trial function 69, 70, 74, 148, 172 
transverse wave 199 compared with perturbation theory 83 

trial function 68, 69-71, 74, 148-9, 172 vibrating atomic cores, and electrical conductivity 188 
triple bond 164 vibrational energy 146 

triplet states 119, 122-3, 165, 211 vibrational states, selection rules 199 

triplet term 136 virtual particles 197 

tritium 91 visible light 199-200 

tungsten, crystal structure 170 volume element in spherical coordinates 14-5, 54 


twenty-one centimetre radiation 108 
wave vector 


ultraviolet light 145-6, 199—200 inaBloch wave 176, 180 
uncertainties in hydrogen atom 60 quantization in solids 179 
ungerade orbital 158 restrictions in crystal 179-80 


unperturbed Hamiltonian 76, 77, 78 

for helium atom 120 

in time-dependent perturbation theory 202 
Urey, Harold 51 


X-ray photon 94, 99-101 
X-ray spectrum 89, 99-101 


zeroth-order approximation 80, 82 
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Group I 2 3 4 3 6 n 8 9 10 11 12 13 14 15 16 17 I 
rcs 
Period I 5 
1 H He 
s shells filling 
: É p shells filling E f f s R B 
2 Li Be . i B N F Ne 
calls: d shells filling E g Bs 
11 12 4f shell filling [JD 13 14 5 là 7T 18 
3 Na | Mg 5f shell filling Al Si P S CI Ar 
19 20 21 22 23 24 28 29 30 31 32 33 34 35 36 
4 K Ca Sc Ti V Cr | Mn Fe | Co | Ni | Cu | Zn | Ga | Ge As Se Br | Kr 
37 38 39 40 Al 42 43 44 45 A6 AT 48 49 50 5l 52 53 54 
5 Rb | Sr Pu Zr | Nb | Mo | Tc | Ru | Rh | Pd Ag | Cd | In Su | Sb | Te I Xe 
55 56 74 75 76 ta 78 79 80 81 82 83 84 85 86 
6 Cs | Ba W | Re | Os Tr Pt | Au | Hg | TI Pb | Bi Po | At | Rn 
87 88 106 |107 108 |109 |110 311 |112 
T Fr | Ra Sg | Bh | Hs | Mt | Ds | Rg | Uub 


1 hydrogen; 2 helium; 3 lithium; 4 beryllium; 5 boron; 6 carbon; 7 nitrogen; 8 oxygen; 9 fluorine; 10 neon; 11 sodium; 

12 magnesium; 13 aluminium; 14 silicon; 15 phosphorus; 16 sulphur; 17 chlorine; 18 argon; 19 potassium; 20 calcium; 

21 scandium; 22 titanium; 23 vanadium; 24 chromium; 25 manganese; 26 iron; 27 cobalt; 28 nickel; 29 copper; 30 zinc; 

31 gallium; 32 germanium; 33 arsenic; 34 selenium; 35 bromine; 36 krypton; 37 rubidium; 38 strontium; 39 yttrium; 

40 zirconium; 41 niobium; 42 molybdenum; 43 technetium; 44 ruthenium; 45 rhodium; 46 palladium; 47 silver; 48 cadmium; 
49 indium; 50 tin; 51 antimony; 52 tellurium; 53 iodine; 54 xenon; 55 caesium; 56 barium; 57 lanthanum; 58 cerium; 

59 praseodymium; 60 neodymium; 61 promethium; 62 samarium; 63 europium; 64 gadolinium; 65 terbium; 66 dysprosium; 
67 holmium; 68 erbium; 69 thulium; 70 ytterbium; 71 lutetium; 72 hafnium; 73 tantalum; 74 tungsten; 75 rhenium; 

76 osmium; 77 iridium; 78 platinum; 79 gold; 80 mercury; 81 thallium; 82 lead; 83 bismuth; 84 polonium; 85 astatine; 

86 radon; 87 francium; 88 radium; 89 actinium; 90 thorium; 91 protoactinium; 92 uranium; 93 neptunium; 94 plutonium; 

95 americium; 96 curium; 97 berkelium; 98 californium; 99 einsteinium; 100 fermium; 101 mendelevium; 102 nobelium; 
103 lawrencium; 104 rutherfordium; 105 dubnium; 106 seaborgium; 107 bohrium; 108 hassium; 109 meitnerium; 

110 darmstadtium; 111 roentgenium; 112 ununbium 


Physical constants 


Planck’s constant 
vacuum speed of light 
permittivity of free space 
Boltzmann’s constant 
electron charge 

electron mass 

Bohr radius 


6.63 x 10-34Js 
3.00 x 108 ms-! 


8.85 x 10712? F m7! 


1.88 x 10723 J K7! 
—1.60 x 10-1? C 
9.11 x 107?! kg 
5.29 x 1071 m 


Planck's constant /27 h 


Coulomb law constant Nus 1 
TEQ 
permeability of free space uo 
Avogadro’s constant Nm 
proton charge e 
proton mass Mp 
atomic mass unit u 


1.06 x 10-?4] s 
8.99 x 10? m F^! 
4r x 1077H m^! 
6.02 x 1073 mol! 
1.60 x 10-1? C 
1.67 x 107?" kg 
1.66 x 107?" kg 


Spherical harmonics 


Yi (0, ¢) = Oi (0)e ^? i5 = I(l Jr 1)? Yim Los = mh Ym 
parity of Yim = (-1) l=0,1,2,... m= —l,—l+1,...,l—1,l 
2m rm 27 T 
f Yi m, (0; 9)Yim, (0, Q) sin 0 d dó = 61, 130m1 m; | f [Yi mif PR sind dọ = 1 
0 0 0 0 


Hydrogen and hydrogen-like atoms 


~ h? 1d ð L e T 
H- 5 H =E =1,2,...; l=0,1,2...,n— 
Qu r2 Or (« 2) 2u p ATE " nim n'Vnlm n $4 , EL QT 
l 
Maia f; 0, p) = Ra(r)Yim(8, $) Rri(f) = (=) (potynomia in z) a 
ao ag 
oo oo 
(rh) [| rR Or) ar ] Ra rar 5a, 
0 0 
ER mymes e) y " ie 1 e Areo R? 
n mı + m» 4m£9/ 2h 2uaĝ — 247€9a0 e u 
Er a f 1 3 e led _ 72 H led _ lum 
E = peled _ 72 gp scaled _ ^ PH 
is n? n , +5 &) à 4m&ohic 5s dH ^ 2 Zu " 
Spin-orbit coupling 
2 i "T e P 
J=L+S J has eigenvalues j(j + 1)h? J, has eigenvalues mjh 
For a spin-3 particle: j=l+4 Mp = =a laeg J] =A 
Terms from configuration with non-equivalent valence electrons (11, s) and (l2, s2): 
— \ly — ləl, |l — 0| +1, 4343 lj l5—1, ly 4 lo S= [51 — Sql, [51 — s3| + 1, aes 814-82 — 1, $81 + $9 
LS-coupling: levels from term with L and S: J-|L-S|,|L-S|-1..,L-S-iLLb-S 
Approximation methods 
. (lf a 50 os E a 
Egs < min AE H-H' +6H HOD = EDO En = EQ) + (bn? RO) 


l $5222 
U(x, t) = 9  ax(t)ux(z)e (P*U/^ ax() = ôki + iy f elit V, (1^) det! lp =U £1; mp = mi or mi + 
k 0 


Complex numbers and elementary functions (a > 0, b > 0) 


z—mry-iy- re? 


z'—y-—iy-re 


—i0 


Re(z) — EE Im(z) — = z” = r'en? 
2 2i 

e? — cos 0 + isin 8 g^" 1 etiT/2 — +i 

efe” =e? Ina + lnb = In(ab) em? — In(e*) = a 

cos(0 + 7) = — cos 0 sin(0 + r) = — sin 0 tan(0 + 7) = tan 0 

cos(0 + 7/2) = xr sin0 sin(0 + 1/2) = + cos 0 tan(0 + 7/2) = — cot 0 

1 1 
cos? 0 + sin? = 1 L1e4434 —. — — =1+r+r? +... 
lr l3 
r? r’ r? g^ r? rž 

e mlk pg t o r cosrz = 1 aptum siny-—azx-— 3 * 5v 

cos( A + B) = cos Acos B F sin Asin B sin(A + B) = sin Acos B + cos Asin B 

cos Acos B = 4 ( cos( A — B) + cos(A + B)) sin Asin B = $(cos(A — B) — cos(A + B)) 
Integrals (n and m positive integers) 

flzjde=0 (f(x) odd) » F(syda e M Fx (f(a) even) 


[so dz = 5 — sin(2r) 


| sin(nz) sin(ma) dx = 5 Sum 
0 


Onm (m+n even) 


a /2 T 
f sin(ng)sin(mz) dx = — 
—mn/2 2 


2n — — aas 
A (2n — 1) (2n — 3) l 
2a 


2n |. (0n- 1) 2n - 8)...1 
cos^" (x) dz = Pm T 


wre "dr = 


n.: 
prs for Re(a) 0 
(2n — 1) (2n — 3) ...1 


42 
re dr = 
2n 


Je 


foni nz) cos(ma) dx = 5 m (m 4- n even) 


"gin? (g antin! 
0 ~ (9n - 1) 2n - 1)...1 
ri cos?" (a) dx = 0 
0 
oo 
f ga dr = |a| (a real) 
oo 


f e@ dr = Vs 


